AD  740l 


FOREIGN  TECHNOLOGY  DIVISION 


AERODYNAMICS 

by 

A.  M.  Mkhitaryan 


D  D  C 

ZlSEDQilE. 

APB  81 

EtSEDTTE 

— -  E  -- 


Approved  for  public  release 
Distribution  unlimited. 


Reproduced  by 

NATIONAL  TECHNICAL 
INFORMATION  SERVICE 

Springfield,  V».  22151 


FTD-hc- 


EDITED  TRANSLATION 

AERODYNAMICS 

By:  A.  M.  Mkhitaryan 

English  pages:  318 

Source:  Aerodinamika  1970a  pp.  175-^28 
Translated  under:  F33657~71~D-0057 


Approved  for  public  release; 
distribution  unlimited. 


UR/0000-70-000-000 


THIS  TRANSLATION  IS  A  RENDITION  OF  THE  ORIGi- 
HAL  FOREIGN  TEXT  WITHOUT  ANY  ANALYTICAL  OR 
EDITORIAL  COMMENT.  STATEMENTS  OR  THEORIES 

PREPARED  BYi 

ADVOCATEDOR  IMPLIED  ARE  THOSE  OF  THE  SOURCE 

AND  DO  NOT  NECESSARILY  REFLECT  THE  POSITION 

TRANSLATION  DIVISION 

OR  OPINION  OF  THE  FOREIGN  TECHNOLOGY  Dl- 

FOREIGN  TECHNOLOGY  DIVISION 

VISION. 

WP-AFB,  OHIO. 

Date  7  Peb  1972 


FTD-HC-23-72C-71 


*• 

j  AERODYNAMICS 


<  4.  Oliem*TI«l  NOTH  (trp»  «(np«t«4  <MkMlM  MM) 

_ Translation _ 


Mkhitaryan,  A.  M. 


TOTAW  HO.  04  M«ll 


1970 


Tm.  om»iH4To«*«  airaii?  MuMOcmn 


;  *■  P33657-71-D-0057 


I  *  DIA  Task  No.  T70-01-12 

rto!  atOTMOUTION  OTATtMOMT 


FTD-HC-23-720-71 _ _ 

**•  B?wi*l?*ollt  wow  fiUr  iw  mmr  W  «Ml«w4 


Approved  for  public  release;  distribution  unlimited. 


ft*.  IOONWOINO  MUTt*«  ACTIVITY 


Foreign  Technology  Division 
Wright-Patterson  AFB,  Ohio 


bit.  »*»TA»ei 


SiThis  book  deals  with  the  fundamentals  of  aerodynamics  in  appli¬ 
cation  to  passenger  aircraft  configurations  and  includes  the 
laws  of  motion  of  gases  and  bodies  submerged  in  them,  similarity 
laws  for  gas  flows,  and  the  fundamentals  of  finite-wing  and 
boundary-layer  theory.  The  characteristics  of  the  earth's 
atmosphere  are  presented.  Aerodynamic  experiment  techniques  and 
equipment  are  described.  The  aerodynamic  characteristics  of 
wing  profiles,  wings  and  tails  of  various  shapes,  bodies  of  revolu¬ 
tion,  and  the  airplane  as  a  whole  are  examined.  Special  chapters 
are  devoted  to  the  specific  features  of  hypersonic  aerodynamics 
and  fundamentals  of  airscrew  (puller  and  pusher)  theory. ( 
text  is  intended  for  the  civil  aviation  college  students' biit  may 
also  be  recommended  to  a  broad  range  of  airline  and  industry 
engineers.  Ori.  art.  has:  8  tables,  289  figures. 


DD  .rr.,1473 


UNCLASSIFIED 

Secu.'itv  Clastthcation 


m 


UNCLASSIFIED 

Security  Ciaisiflcttinn 


T 

TABLE  OF  CONTENTS 


) 


CHAPTER  XI.  BOUNDARY  LAYER  THEORY  FUNDAMENTALS 


§  11.1.  The  Boundary  Layer  Concept 

§  11.2.  Integral  Relation  for  Steady  Incompressible 
Boundary  Layer  Flow 

§  11.3.  Use  of  Integral  Relation  to  Calculate 

Laminar  Flat  Plate  Boundary  Layer  and  Drag 

§  11.4.  Use  of  Integral  Relation  to  Calculate 

the  Turbulent  Flat-Plate  Boundary  Layer 
and  Drag 

§  11.5.  Boundary  Layer  Heating  at  High  Gas  wlow 
Velocities 

§  11.6.  Use  of  an  Integral  Relation  to  Calculate 
the  Boundary  Layer  on  a  Curved  Surface 

§  11.7.  Boundary  Layer  Control 


CHAPTER  XII.  WING  PROFILES  AND  THEIR  AERODYNAMIC 
CHARACTERISTICS 


§  12.1.  Wing  Profile  Geometric  Parameters 
§  12.2.  Aerodynamic  Forces  and  Moments 
§  12.3.  Profile  Aerodynamic  Coefficients  and  L/D 

§  12.4.  Dependence  of  Aerodynamic  Coefficients 
on  Profile  Angle  of  Attack.  Profile 
Polar 

§  12.5.  Dependence  of  Aerodynamic  Coefficients 
on  Re  j  e ,  and  Profile  Shape 


PAGE 


1 

1 

4 

8 

12 

16 

17 

24 

30 

30 

33 

37 

40 

43 


FTD-HC-23-720-71 


i 


PAGE 


§  12.6.  Center  of  Pressure.  Profile  Focus  45 

I  12.7.  Pressure  Distribution  Along  the  Profile  48 

CHAPTER  XIII.  AERODYNAMIC  COEFFICIENTS  OF  PROFILE  IN 

SUBSONIC  FLOW  54 

S  13*1.  Basic  Equation  of  Gas  Motion  and  its 

Linearization  by  the  Small  Perturbation 

Method  54 

S  13.2.  Connection  Between  Gas  Flow  and  Subsonic 
Incompressible  Fluid  Flow  About  a  Thin 
Profile  59 

§  13.3«  Influence  of  Compressibility  on  Profile 

Aerodynamic  Characteristics  65 

CHAPTER  XIV.  WING  PROFILE  IN  TRANSONIC  FLOW  72 

S  14.1.  Critical  Mach  Number  Concept.  Shock  Waves  72 

§  14.2.  Effect  of  Angle  of  Attack  and  Profile 

Shape  on  and  Flow  Structure  Around 
cr 

a  Profile  75 

§  14. 3 •  Pressure  Distribution  Over  Profile  in 

Presence  of  Local  Compression  Shocks  and 

Profile  Wave  Drag  Calculation  79 

CHAPTER  XV.  WING  PROFILE  IN  SUPERSONIC  FLOW  87 

5  15.1.  Characteristics  of  Supersonic  Flow  Past 

Bodies.  Flat  Plate  in  Supersonic  Flow  87 

S  15.2.  Pressure  Distribution  Along  Profile  92 

I  15.3*  Thin  Profile  in  Supersonic  Flow  95 

§  15.4.  Aerodynamic  Coefficients  for  Some  Typical 

Profile  Forms  101 

CHAPTER  XVI.  THEORY  OF  FINITE-SPAN  WING  IN  INCOMPRESSIBLE 

FLOW  108 

§  16.1.  Wing  Geometric  Characteristics  108 

§  16.2.  Aerodynamic  Model  of  Finite-Span  Wing  112 

§  16.3.  Downwash  at  the  Wing.  Induced  Drag  115 

§  16.4.  Approximate  Calculation  of  Induced  Drag  118 


§  16.5.  Calculation  of  Forces  Acting  on  Finite-Span 
Wing  with  Variable  Circulation 


123 


PAGE 


S  1 6.6.  Determining  Circulation  Distribution 

Along  Wing  Span  127 

§  16.7.  Wing  Lift  and  Induced  Drag  Coefficients 
*  with  Account  for  Circulation  Distribution 

Along  the  Span  131 

i  16.8.  Optimal  Wing  Planforra  133 

cr-  §  lC.9.  Conversion  of  Wing  Aerodynamic  Character¬ 
istics  from  one  Aspect  Ratio  to  Another  136 

S  16.10.  Moment  of  Wing  of  Arbitrary  Planform  139 

CHAPTER  XVII.  SWEPT  WINGS  IN  SUBSONIC  FLOW  148 

5  17.1.  Concept  of  Wing  Sweep  and  Its  Effect  148 

§  17.2.  Physical  Picture  of  Flow  Past  Swept  Wing  151 

i  17.3.  Connection  Between  Parameters  of  Swept  and 

Straight  Wings  153 

§  17. 4.  Small  Aspect  Ratio  Wings  157 

CHAPTER  XVIII.  MAXIMAL  LIFT  COEFFICIENT.  WING  MECHANIZATION  l6l 

§  18.1.  Flow  Separation  from  Wing  Surface  161 

§  18.2.  Calculation  of  Maximal  Lift  Coefficient  168 

§  18.3.  Wing  Mechanization  171 

§  18.4.  Influence  of  Ground  Effect  on  Maximal 

Lift  Coefficient  and  Wing  Polar  180 

CHAPTER  XIX.  WING  AERODYNAMIC  COEFFICIENT  AT  SUBSONIC 

AND  TRANSONIC  SPEEDS  185 

§  19.1.  Effect  of  Compressibility  on  Aerodynamic 
Characteristics  of  Finite-Span  Wing  in 
Subsonic  Flow  185 

§  19  2.  Critical  Mach  Number  of  Finite-Span  Wing  188 

§  19-3.  Wing  Aerodynamic  Characteristics  at 

Transonic  Flight  Speeds  190 

j  §  19.4.  Wing  Moment  Characteristics  195 

CHAPTER  XX.  AERODYNAMICS  OF  WING  IN  SUPERSONIC  FLOW  198 

§  20.1.  Effect  of  Wing  Planform  on  Nature  of 
f  Supersonic  Flow  Past  Wing  198 

§  20.2.  Lift  Force  203 


FTD-HC-23-720-71 


iii 


PAGE 


S  20.3. 
S  20.4. 
S  20.5. 

CHAPTER  XXI. 

§  21.1. 


Wave-Induced  Drag 

Wing  Wave  Drag  for  c  =  0 

tf 

Moment  Characteristics  of  Wing  in  Supersonic 
Flow 

AERODYNAMIC  CHARACTERISTICS  OF  BODIES  OF 
REVOLUTION 

Geometric  and  Aerodynamic  Characteristics 
of  Bodies  of  Revolution 


§  21.2.  Lift  of  Bodies  of  Revolution 
§  21.3.  Drag  of  Bodies  of  Revolution 


CHAPTER  XXII. 


§  22.1. 


§  22.2. 

§  22.3. 


TAIL  AND  CONTROL  SURFACE  AERODYNAMIC 
CHARACTERISTICS 

Tr.il  Aerodynamic  Characteristics 

Aileron  Aerodynamic  Characteristics 

Control  Surface  Hinge  Moments  and 
Aerodynamic  Balancing 


CHAPTER  XXIII.  AIRPLANE  AERODYNAMIC  CHARACTERISTICS 


§  23.1. 

§  23.2. 

§  23.3. 

CHAPTER  XXIV. 
§  24.1. 


§  24.2. 
§  24.3. 
§  24.4. 


Aerodynamic  Interference 
Airplane  Lift  Force 
Airplane  Drag 

AERODYNAMICS  OF  FLIGHT  AT  HYPERSONIC 
SPEEDS  AND  HIGH  ALTITUDES 

Concepts  of  Hypersonic  Flow  and  Rarefied 
Gas  Aerodynamics  (Hyper-  and  Super- 
Aerodynamics) 

Aerodynamic  Characteristics  of  Bodies 
in  Hypersonic  Flow 

Oblique  Compression  Shock  at  Hypersonic 
Speeds 

Profile  Aerodynamic  Characteristics  at 
Hypersonic  Speeds 


§  24.5.  Rarefied  Gas  Aerodynamics 
CHAPTER  XXV.  PROPELLERS 


§  25.1.  Principles  of  Air  Propeller  Operation, 

Their  Geometric  and  Kinematic  Characteristics 


FTD-HC-2 3-720-71 


s  25.2.  Ideal  Propeller  Theory.  Propeller 
Operation  in  Shroud 

§  25.3.  Isolated  Blade  Element  Theory 

§  25.4.  Propeller  Aerodynamic  Similarity  Conditions 
and  Aerodynamic  Characteristics 

§  25.5.  Mutual  Influence  of  Propeller  and  Airplane. 
Influence  of  Air  Compressibility  on 
Propeller  Efficiency 

§  25.6.  Pi opeller  Operation  in  the  Negative  Thrust 
and  Autorotation  Regimes 

CHAPTER  XXVI.  AERODYNAMICS  OF  HELICOPTER  MAIN  ROTOR 


§  26.1.  Main  Rotor  Operation 


§  26.2.  Effect  of  Oblique  Plow  on  Rotor  Aerodynamics 

§  26.3.  Rotor  Dynamic  Similarity  Conditions  in 
Forward  Flight 

§  26.4.  Lifting  Rotor  Aerodynamic  Characteristics 
REFERENCES 
SYMBOL  LIST 


PAGE 

275 

284 

28? 

291 

295 

300 

300 

303 

306 

309 

313 

316 


FTD-HC-23-720-71 


v 


CHAPTER  XI 


BOUNDARY  LAYER  THEORY  FUNDAMENTALS 


§11.1.  The  Boundary  Layer  Concept 

It  has  been  established  experimentally  that  viscosity  has  a 
significant  effect  on  gas  flow  only  in  a  very  thin  layer  near  the 
surface  of  submerged  bodies.  Beyond  the  limits  of  this  layer, the 
influence  of  viscosity  can  be  neglected.  The  fluid  layer  adjacent 
to  the  submerged  solid  body,  in  which  the  internal  fr.t _*ion  forces 
are  of  the  same  order  as  the  inertia  forces,  is  termed  the  boundary 
layer. 

Drag,  lift,  aerodynamic  heating  (at  supersonic  speeds),  and  so 
on  depend  to  a  considerable  degree  on  the  flow  structure  in  the 
boundary  layer.  The  air  particles  in  the  boundary  layer  are  retarded 
under  the  action  of  the  forces  of  adhesion  with  the  solid  surface 
and  the  viscous  forces,  which  transfer  this  retardation  from  the 
wall  some  distance  into  the  flow.  The  tangential  stresses  resulting 
from  the  viscous  forces  reduce  the  velocity  of  the  air  particles  and 
cause  them  to  rotate,  forming  vortices.  Study  of  the  flow  structure 
in  the  boundary  layer  permits  correct  analysis  of  such  important 
aerodynamic  phenomena  as  flow  separation  from  submerged  bodies  and 


vortical  wake  formation  behind  a  body,  and  also  makes  it  possible 
to  determine  the  air  friction  force  on  the  body  surface.  Analysis 
of  the  flow  in  the  boundary  layer  reduces  to  the  solution  of  a 
system  of  complex  differential  equations. 

Theoretical  analyses  of  the  boundary  layer  were  initiated  by 
Prandtl  in  1904  and  extended  by  Karman,  Pohlhausen,  Millikan,  Blasius, 
Schlichting,  and  others.  A  large  number  of  studies  of  Soviet  scien¬ 
tists  including  L.  S.  Leybenzon,  N.  Ye.  Kochin,  A.  A.  Dorodnitsyn, 

V.  V.  Golubev,  L.  G.  Loytsyanskiy ,  A.  P.  Mel’nikov,  K.  K.  Pedyayevskiy , 
and  others  have  been  devoted  to  further  development  of  boundary  layer 
theory. 

Soviet  aerodyr.amicists  have  carried  out  several  important  theo¬ 
retical  and  experimental  investigations  of  the  boundary  layer  and 
have  developed  efficient  wing  and  fuselage  forms  having  minimal  drag. 

Let  us  examine  the  flow  of  a  viscous  fluid  about  a  flat  plate 
of  length  L  (Figure  11.1).  Experiment  shows  that  the  fluid  particles 
contacting  the  plate  surface  are  completely  retarded.  As  we  move 
away  from  the  plate,  the  flow  velocity  increases,  approaching  asympto¬ 
tically  the  theoretical  velocity  corresponding  to  inviscid  fluid 
flow  past  the  plate  .  In  the  case  in  question  this  is  the  freestream 
velocity  VM. 


Figure  11.1. 
1  ayer 


Schematic  representation  of  boundary 
on  a  flat  plate 
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Usually  we  take  as  the  boundary  layer  thickness  6  that  (quite 
small)  distance  from  the  body  surface  at  which  the  velocity  Vx 

becomes  equal  to  the  outer  flow  velocity  or  differs  from  the  latter 
by  some  small  amount,  for  example  by  1%.  Other  definitions  of  the 
boundary  layer  thickness  are  also  frequently  used. 

If  the  submerged  plate  is  sufficiently  long,  the  flow  structure 
in  the  boundary  layer  at  different  distances  from  the  leading  edge 

of  the  plate  is  different.  Near  the  leading  edge  the  flew  within 

the  boundary  layer  is  laminar.  Such  a  boundary  layer  is  termed 
laminar.  As  we  move  away  from  the  leading  edge,  the  flow  in  the 

boundary  layer  becomes  turbulent  (Figure  11.2.).  In  the  turbulent 

boundary  layer  the  motion  is  turbulent  except  for  a  thin  viscous 
sublayer  Immediately  adjacent  to  the  body  surface.  The  distribution 
of  the  longitudinal  velocity  component  in  laminar  and  turbulent 
boundary  layers  is  shown  in  Figure  11. 3.  We  see  from  the  figure 

that  more  rapid  decrease  of  the  velocity  near  the  wall  Is  observed 

in  the  turbulent  boundary  layer  In  comparison  with  the  laminar. 


ft, 

■fisjwV'o**  o„w  5 

0O  O  O 


Figure  11.2.  Boundary  layer 
structure  with  transition  from 
laminar  to  turbulent  regime: 

1  —  laminar  layer;  2  —  transi¬ 
tion  point;  3  —  turbulent  layer; 
—  viscous  sublayer;  5  —  plate 


Figure  11.3.  Comparison  of 
velocity  profiles  in  laminar 
and  turbulent  boundary 
layers  : 

1  —  laminar  layer;  2  — 
turbulent  layer 
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The  boundary  layer  on  a  submerged  body  has  approximately  the 
same  structure  as  that  on  a  flat  plate.  Downstream  of  the  submerged 
body  the  boundary  layers  formed  on  the  upper  and  lower  surfaces  come 
together  and  form  the  vortical  wake  (Figure  11.4),  which  "diffuses" 
with  increasing  distance  from  the  body,  and  the  velocities  in  this 
wake  equalize  and  approach  the  freestream  velocity. 


Figure  11,4.  Schematic  of  viscous  fluid  flow 
past  a  body: 

1  —  laminar  layer;  2  —  turbulent  layer;  3  — 
vortical  wake;  4  —  transition  zone 


§11.2.  Integral  Relation  for  Steady  Incompressible 
Boundary  Layer  Flow 

Let  us  examine  fluid  flow  over  a  curvilinear  surface  of  small 
curvature.  In  this  case  it  is  convenient  to  take  the  Ox  coordinate 
axis  to  be  curvilinear,  locating  it  on  the  wetted  surface  along  the 
flow  (Figure  11.5).  We  shall  apply  the  momentum  theorem  to  the 
incompressible  fluid  within  the  elementary  boundary  layer  segment 
ABCD,  of  length  dx  and  width  equal  to  unit  length,  located  at  the 
distance  x  from  the  coordinate  origin.  The  fluid  mass  entering 
through  section  AB  during  the  time  dt,  with  velocity  which  is 
variable  across  the  section,  and  the  fluid  mass  leaving  through 
section  CD  equal,  respectively, 


4 
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rf/ejv^,</y  and  rf*ey  V*dy+dxJZ^V*dy\ 


Hence  the  difference  of  the 
fluid  masses  entering  and 
leaving  will  be 


Q(ttdXdx\  V*dy 


The  projection  on  the  Ox 
axis  of  the  momentum  of  the 
fluid  entering  through  section 
AB  is 

dt<i^V\dy 


Figure  11.5.  Derivation  of 
integral  relation  for  boundary 
layer  in  incompressible  fluid 


and  the  projection  of  the 
momentum  of  the  fluid  leaving 

through  section  CD  (considering  this  quantity  a  function  of  x)  is 


</,Q^V’dy-l-dx±jv’xdy'j 


> 

r 


On  the  basis  of  mass  conservation,  a  fluid  mass  must  enter  ABCD 
through  the  upper  boundary  AC  which  is  equal  to  the  difference  of 
the  fluid  massec  leaving  through  section  CD  and  entering  through 
section  AB,  i.e., 

i 

Q^dx±jVxdy 

This  fluid  brings  into  ABCD  momentum  equal  to 


i 

QV0dtdx£§Vxdy 
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where  VQ  —  is  the  velocity  at  the  outer  edge  of  the  boundary  layer. 


Thus,  the  projection  on  the  Ox  axis  of  the  increment  during 
the  time  dt  of  the  momentum  of  the  fluid  which  is  in  the  volume  ABCD 
at  the  time  t  will  be 

■j'W)  (a) 

We  consider  the  momentum  introduced  into  the  volume  ASCD  during  the 
time  dt  to  be  negative,  and  that  leaving  the  volume  to  be  positive. 

Now  we  calculate  the  projection  of  the  sum  of  the  impulses  of 
the  external  forces  acting  during  the  time  dt  on  the  fluid  within 
the  elementary  volume  ABCD.  The  projections  on  the  Ox  axis  of  the 
external  forces  (pressure  forces)  acting  on  the  faces  AB,  AC,  and 
DC  will  be,  respectively, 

-a  r 

where  —  is  the  sine  of  the  angle  between  the  face  AC  and  the 
Ox  axis. 


i 

I 

! 


Neglecting  small  quantities  of  higher  order  and  assuming  that 
the  projection  on  the  Ox  axis  of  the  pressure  of  the  wall  element  BD 
on  the  fluid  equals  zero,  we  find  the  sum  of  the  projections  of  the 
pressure  forces  on  the  Ox  axis 

P&-T  pdl— pi—pdl— 

_g  ^-dx~dld-*-d.K=s-ld-£-dx. 

dx  dx  dx 

The  projection  on  the  Ox  axis  of  the  pressure  force  impulse  will  be 


-l&dxdt 

dx 


(b) 
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The  impulse  of  the  friction  force  applied  to  the  face  BD, 
whose  area  is  dx  -  1,  is 

—rQdxdt 

where  xn  —  is  the  friction  force  per  unit  area. 


(c) 


Equating  the  sum  (a)  to  the  sum  of  the  expressions  (b)  and  (c) 
and  cancelling  dxdt,  we  obtain 

ai.D 


This  is  then  the  integral  relation  for  steady  incompressible 

boundary  layer  flow.  Assuming  in  view  of  stationarity  that  in 
(11.1.)  all  quantities  depend  only  on  x,  the  partial  derivatives 
can  be  replaced  by  total  derivatives 

i  i 

(11.2) 


The  quantities  VQ,  and  p  are  considered  known,  since  if  Vq  is 
known  from  the  solution  of  the  potential  flow  problem  or  from  experi¬ 
ment  we  can  find  ^  from  the  Bernoulli  equation. 


Thus,  in  this  integral  relation  there  are  three  unknowns : 

V  ,  6,  and  Tq.  Therefore  we  need  two  more  relations  to  solve  the 

problem,  for  example, 

Vx=Vx{y)  and  to = to  (6) 
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S11.3.  Use  of  Integral  Relation  to  Calculate 
laminar  Flat  Plate  Boundary  Layer  and  Drag 

Let  us  examine  the  simplest  case  —  longitudinal  flow  about  a 
flat  plate,  since  information  on  the  boundary  layer  thickness  and 
frictional  drag  for  this  case  can  be  used  for  the  approximate  calcu¬ 
lation  of  the  thin  profile  and  certain  other  profiles. 

The  integral  relation  (11.2)  simplifies  somewhat  for  the  flat 
plate.  At  the  upper  edge  of  the  boundary  layer  of  such  a  plate 

Vo=  V„— const. 

Then  it  follows  from  the  Bernoulli  equation  (5.5)  that  p^  *  const, 
and  the  integral  relation  takes  the  form 


JMr 


=»— Ta 


(11.3) 


The  velocity  distribution  across  the  boundary  layer  section  can  be 
found  approximately  if  we  represent  the  function  Vx  *  f(y)  in  poly¬ 
nomial  form,  for  example  the  second-order  polynomial 


Va—a+bf/+cjj*  ( 11 .  ^ ) 

where  a>  b,  and  c  —  are  constants  defined  from  the  boundary 

conditions . 

For  a  flat  plate  the  boundary  conditions  will  be: 


1)  at  the  lower  edge  of  the  boundary  layer,  i.e.,  at  the  wall 

for  0  V*«0 

2)  at  the  upper  edge  of  the  boundary  layer 

for  y=6  Vx-Vm 
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3)  the  friction  forces  are  zero  (t  =  0)  at  the  upper  edge  of 
the  boundary  layer  and,  consequently,  on  the  basis  of  the  Newton 


formula  (r  =  p  — )  for  y  =  6 


dy 


v/e  find  the  values  of  the  coefficients  from  these  boundary  conditions 


V  V 

a=0;  b= 2-=-;  e= - = 

I  l* 


(11.5) 


Then  the  velocity  distribution  across  the  boundary  layer  section  is 
expressed  by  the  formula 


v‘-v- 


(11.6) 


We  use  the  Newton  '’jrmula  to  find  t. 


t0=s* 


(m 

\*yh 


(11.7) 


From  (11.7)  and  (11.6)  we  obtain  the  formula  for  the  wall 


friction  stress 


t0=2{i- 


(11.8) 


Thus,  we  have  obtained  two  additional  relations  (11.6)  and 
(11.8),  which  together  with  the  integral  relation  (11.3)  make  it 
possible  to  solve  the  problem  of  the  boundary  layer  on  a  flat  plate. 


After  finding  the  two  integrals  in  (11.3) ,  with  account  for 
(11.6)  and  (11.8),  we  obtain 


ejv^=Q  (2f--£]dy=j-QVj; 
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S&&222& Si 


«m^^frr.->^.|^%Yr^; 


Substituting  these  expressions  into  (11.3)*  we  obtain  a 
differential  equation  in  the  form 

±Qv*  iL^Yz 

15  V  mix  *  » 

or,  after  separating  the  variables, 

*<rt=15-5-dx 

«v- 

Integrating  this  equation,  we  obtain 

-L«._,S  J-*fC 


(11.9) 


Setting  6=0  for  x  =  0  (boundary  layer  thickness  zero  at  the  lead¬ 
ing  edge  of  the  plate),  we  find  that  C  =  0.  From  (11.9)  we  find  the 
boundary  layer  thickness 


>-/ ^~5'48  |/£ 


(11.10) 


This  formula  can  be  written  as 


*=5,48-^==  where  Re,=^- 


Substituting  this  value  of  6  into  (11.8),  we  find 


a =0,365  j/  - 


(11.11) 


The  exact  solution  of  the  boundary  layer  problem,  obtained  by 
Blasius  by  integrating  the  differential  equations  of  motion  of  a 
viscous  fluid,  yields  the  following  expressions  for  6  and  tq 


S=m/5;  <.=M32  j/^5 


(11.12) 
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Comparing  the  approximate  relations  (11.10)  and  (11.11)  with 
the  exact  expressions,  we  conclude  that  their  agreement  is  good. 

We  see  from  (11.10)  that  the  boundary  layer  thickness  is  directly 
proportional  to  the  square  root  of  the  kinematic  viscosity  v  and 
plate  length  x,  and  inversely  proportional  to  the  square  root  of  the 
velocity  at  the  outer  edge  of  the  boundary  layer,  which  in  the 
present  case  equals  the  freestream  velocity  V^. 

The  boundary  layer  thickness  and  friction  stress  are  shown  as 
functions  of  x  in  Figure  11.6. 

Now  let  us  calculate  the 

frictional  resistance  force  X~ 

fr 

acting  on  one  side  of  a  flat 
plate  of  width  b.  The  friction 
force  on  an  elementary  area  will 
be  xbdx.  The  total  frictional 
resistance  force  on  a  plate  of 
length  l  is 

» 

*rp=jT0  edx 

Substituting  here  the  value  of  tq  from  (11.12),  we  obtain 

^=0,6646^^1/ 

Multiplying  the  numerator  and  denominator  by  V pW°° »  introducing  the 
Reynolds  number  and  considering  that  S  =  b l,  we  find 

*ip«i4-sc^  di.13) 

Re  2 

or 

v2 

Tp^O  "g-  (11.14) 


Figure  11.6.  Variation  of 
friction  stress  and  boundary 
layer  thickness  along  length 
of  plate 
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where 


<11.15) 


The  quantity  cx  is  the  friction  coefficient  for  a  flat  plate 

with  laminar  boundary  layer.  Thus,  the  larger  Re,  the  smaller  is 
this  coefficient. 


ill.1!.  Use  of  Integral  Relation  to  Calculate  the  Turbu¬ 
lent  Flat-Plate  Boundary  Layer  and  Drag 

The  integral  relation  (11.2)  is  also  applicable  to.  the  turbu¬ 
lent  boundary  layer.  However,  the  two  additional  conditions  (11.6) 
and  (11.8)  are  not  suitable  in  this  case,  since  the  friction  in  tfte 
turbulent  boundary  layer  obeys  other  and  more  complex  governing 
relations.  An  exact  theory  has  not  yet  been  developed  for  turbulent 
flows;  however,  it  has  been  established  experimentally  that  for  tur¬ 
bulent  flow  the  velocity  distribution  in  the  boundary  layer  can  be 
expressed  in  power-law  form 

v-“Mi)*  di.16) 


Experiment  shows  that  for  outer  flow  velocities  which  do  not 
exceed  half  the  speed  of  sound  we  can  take  n  *  7.  The  magnitude  of 
the  coefficient  n  increases  with  increase  of  the  flow  velocity.  To 
find  the  turbulent  friction  stress  Tq,  we  can  use  a  formula  obtained 

by  analogy  with  pipe  and  flat-plate  flows 

T,=0,022SeV,>(jji-)'  (11.17) 
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where 


Under  actual  conditions  some  region  near  the  leading  edge  of 
the  plate  is  occupied  by  a  laminar  boundary  layer.  The  turbulent 
boundary  layer  is  located  downstream  of  the  laminar  zone.  If  we 
assume  that  transition  from  laminar  to  turbulent  flow  takes  place 
instantaneously,  then  we  can  speak  of  a  transition  point  rather  than 
a  transition  zone.  The  location  of  tne  transition  point  depends  on 
several  factors,  primarily  freestream  turbulence  and  surface  rough¬ 
ness.  Surface  roughness  disturbs  the  laminar  flow  stability,  and 
therefore  the  greater  the  roughness ,  the  closer  the  transition  point 
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will  be  to  the  leading  edge.  Increased  freestream  turbulence  also 
favors  early  transition  to  turbulent  flow  in  the  boundary  layer. 

In  addition  to  these  factors,  the  location  of  the  transition 
point  also  depends  on  the  pressure  distribution  over  the  surface 
of  the  wing,  which  in  turn  depends  on  the  wing  geometric  character¬ 
istics.  Laminar  flow  is  maintained  only  with  negative  pressure 
gradients  along  the  streamlines.  Therefore,  in  practice  the  boundary 
layer  can  be  laminar  on  a  profile  only  ahead  of  the  maximal  suction 
point.  Laminar  flow  is  also  disturbed  in  the  case  of  marked  breaks 
in  the  contour  of  the  profile,  at  locations  of  slots,  protuberances, 
g.  J  so  on. 

If  a  flat  plate  is  aligned  parallel  to  the  freestream  velocity 
vector,  the  pressure  along  the  streamlines  above  the  plate  will  be 
constant  (zero-pressure-gradient  flow).  In  this  case  the  point  of 
transition  of  the  laminar  flow  to  turbulent  is  determined  by  the 
critical  Reynolds  number  RecI>,  which  lies  in  the  range  2  •  1C)5  — 

5  •  1C)5,  depending  on  the  plate  roughness  and  freestream  turbulence. 

If  part  of  the  surface  is  covered  by  a  laminar  boundary  layer 
and  part  by  a  turbulent  layer,  such  a  boundary  layer  is  called  mixed 
and  the  magnitude  of  the  flat-plate  friction  drag  coefficient  for 
zero-pressure-gradient  flow  Is  found  from  the  approximate  formula 

e'''“5l5r(R'-Re"+37Ret^  (11-23) 

For  Re  =  0,  (11.23)  takes  the  form  (11.22)  for  the  turbulent 
boundary  layer,  while  for  Re  *  Re  it  takes  the  form  (11.13)  for 

v  r 

the  laminar  boundary  layer. 

Surface  roughness  has  a  significant  effect  on  frictional  drag 
in  the  case  of  turbulent  flow  in  the  boundary  layer.  The  influence 
of  roughness  protuberances  and  Reynolds  number  on  the  frictional 
drag  coefficient  of  a  rough  plate  is  shown  in  Figure  11.7.  The 
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Figure  11.7.  Frictional  drag  coefficient  of  rough 
plate  as  function  of  Re  and  surface  roughness 


sloping  lines  correspond  to  the  values  of  c  .  for  a  constant  value 

X  1 1* 

of  the  parameter  Re  ^  (for  more  detail  see  [56]),  where  Re  = 

while  the  horizontal  lines  are  for  a  constant  value  of  the  relative 
roughness,  equal  to  the  ratio  of  the  roughness  protuberance  height  k 
to  the  plate  chord  b. 

We  see  from  the  curves  that  the  drag  increases  with  increase  of 
the  roughness;  for  a  definite  value  of  the  roughness,  beginning  with 
some  value  of  Re  the  drag  coefficient  is  independent  of  Re.  In  this 
case  the  frictional  drag  force  is  proportional  to  the  velocity 
squared.  This  drag  regime  is  termed  the  quadratic  or  seif-slml lar 

regime,  since  modeling  of  the  friction  forces  in  the  case  of  the 
quadratic  drag  law  is  provided  by  geometric  similarity  alone  and 
does  not  require  equality  of  the  Reynolds  numbers  for  the  full-scale 
and  model  conditions. 

Finally,  it  follows  from  the  curves  that  the  drag  increase 
owing  to  roughness  in  comparison  with  the  drag  of  a  smooth  plate 


FTD-HC-23-720-71 


15 


increases  with  increase  of  Re.  Therefore,  smooth  surfaces  are 
particularly  important  for  high-speed  airplanes. 


§11.5.  Boundary  Layer  Heating  at  High  Gas  Plow 

Velocities 

At  the  lower  edge  of  the  boundary  layer,  i.e.,  at  the 
wetted  surface  of  the  body,  the  air  particles  are  brought  to  rest 
(V  *  0).  In  the  absence  of  heat  exchange  between  these  particles  and 
the  surrounding  medium,  the  particle  temperature  will  be  equal  to  the 
stagnacion  temperature,  which  according  to  (9.3)  is 


for  air  with  k  =  1.4 


70=r.(l+0,2Mi) 


(11.24) 


where  and  are  the  freestream  temperature  and  Mach  number. 


Ir.  reality.  In  the  absence  of  heat  exchange  between  the  boundary 
layer,  the  surrounding  medium,  and  the  wetted  surface,  the  actual 
gas  temperature  at  the  wetted  surface,  which  is  termed  the  recovery 

temperature  and  is  denoted  by  T  ,  differs  somewhat  from  the  theo¬ 
retical  value. 


For  a  flat  plate  the  recovery  temperature  can  be  found  from  the 
formula 


T,**Tm  M*  j 


(11.25) 


where  r  —  is  the  temperature  recovery  factor,  characterizing  how 
close  the  retardation  in  the  boundary  layer  is  to  adia¬ 
batic  retardation,  for  which  r  =  1. 
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! 
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For  approximate  calculations  we  can  take  r  =  0.90  for  the  turbulent 
boundary  layer  and  r  =  O.85  for  the  laminar  boundary  layer. 

We  see  from  (11.25)  that  the  recovery  temperature  at  a  thermally 
insulated  wall  increases  markedly  with  increase  of  M^. 


§11.6.  Use  of  an  Integral  Relation  to  Calculate  the 
Boundary  Layer  on  a  Curved  Surface 


In  the  case  of  flow  past  a  curved  surface,  the  velocity  at  the 
outer  edge  of  the  boundary  layer  is  variable;  therefore  the  pressure 
in  the  boundary  layer  varies  along  the  flow,  i.e.,  the  longitudinal 
pressure  gradient  dp/dx  is  not  equal  to  zero.  In  calculating  the 
flow  in  the  boundary  layer  over  a  curved  surface,  it  is  necessary  to 
use  the  complete  integral  relation  (11.2) 

We  note  that  the  following  equality  holds 

%\Vxd9 

hence 

*  .  *  .  * 

J  v*dy=Q  vo[v-dy)~^[  v**y 


Moreover,  we  have  from  the  Bernoulli  euqation  (5-5) 


tL 

dx 


QV0d^=-QV0V' 


dx 


Then 


0 


l 


FTD-HC-23-720-71 


17 


With  account  for  these  relations  (11.2)  takes  the  form 

*  » 

e£j  VX(V0-  Vx)dy+QV'a  j  (V0-  Vx)dy=:Ta  ( U .  26 ) 

The  quantity  V^,  which  is  the  velocity  at  the  outer  “dge  of  the 

selected  boundary  layer  cross  section,  is  independent  of  y  and  there¬ 
fore  may  be  taken  outside  the  integral  sign. 

The  integral  in  the  second  term  of  the  left  side  of  this  equa¬ 
tion  is  the  reduction  of  the  mass  flow  rate  through  the  boundary 
layer  cross  section  of  height  6  and  width  equal  to  unit  length  owing 
to  the  influence  of  viscosity  in  comparison  with  the  ideal  fluid 
flow  rate  through  the  same  section.  This  integral  is  represented 
graphically  in  the  form  of  the 
area  ObaO  (shaded  region  in 
Figure  11.8).  The  quotient  ob-  J 

tained  by  dividing  this  integral 
by  the  magnitude  of  the  velocity 
at  the  outer  edge  of  the  boundary  <jr 

layer  yields  a  linear  quantity 
equal  to 

01.27) 

which  is  called  the  displacement  Figure  11.8.  Geometric 

determination  of  displace- 

thickness .  The  displacement  ment  thickness 

thickness  is  numerically  equal  to 
the  height  of  a  rectangle  equal 

in  area  to  the  area  ObaO  in  Figure  11.8  and  having  the  base  VQ. 

The  integral  in  the  first  term  of  the  left  side  of  (11.26)  is 
the  magnitude  of  the  momentum  change  in  the  boundary  layer  owing 
to  the  influence  of  viscosity.  Therefore  the  quotient  obtained  by 
dividing  it  by  the  velocity  Vq,  having  the  linear  dimension 
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(11.28) 


The  integral  relation  in  the  form  (11. 31)  with  the  parameters 

6  and  6  ,  termed  the  Karman  equation  or  the  momentum  equation, 

is  used  to  calculate  the  boundary  layer  on  curved  profiles.  Equa¬ 
tion  (11.31)  is  applicable  for  both  laminar  and  trr-bulent  boundary 
layers,  since  no  assumptions  were  made  concerning  the  concrete  ex¬ 
pression  for  the  t-argential  stress  in  terms  of  the  quantities 

*  ** 

<$  and  6 

In  the  approximate  solution  of  problems  using  (11.2),  the 
shape  of  the  velocity  profile  in  the  boundary  layer  is  usually 
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specified  and  then  this  equation  is  used  to  find  the  friction  stress 
tQ  at  the  wetted  surface,  and  also  the  boundary  layer  thickness  6, 

«  ** 

displacement  thickness  6  ,  and  momentum  loss  thickness  6 


We  note  that  the  boundary  layer  thickness  is  somewhat  greater 

* 

than  the  displacement  thickness  5  ,  and  the  latter  in  turn  is 

##  xxx 

greater  than  the  momentum  loss  thickness  6  ,  i.e.,  6  >  6  >6 

We  shall  show  this  using  the  laminar  boundary  layer  as  an  example. 


To  establish  the  connection  between  6  and  6  ,  we  substitute 
the  value  of  V  /Vq  from  (11.6)  into  (11.27).  Then  we  obtain 


t 


Consequently,  the  displacement  thickness  in  the  laminar  boundary 
layer  cn  a  flat  plate  amounts  to  about  one  third  of  the  boundary 
layer  chickness. 


During  flow  over  a  curved  surface,  for  example  a  wing  surface, 
qualitatively  new  phenomena  may  occur  which  are  not  possible  in  '•-he 
case  of  zero-pressure-gradient  flow.  At  the  leading  edge  of  the 
profile  the  tangential  velocity  for  potential  flow  equals  zero,  and 
the  px-essure  is  maximal  in  accordance  with  the  Bernoulli  formula. 
For  points  lying  downstream  the  velocity  increases  and  reaches  a 
maximum  at  point  m;  the  pressure  decreases  correspondingly  and 
reaches  a  minimum  at  point  m  (Figure  11.9).  The  fluid  particles  in 
the  boundary  layer  ahead  of  point  m  travel’  with  a  negative  gradient 

|£,  while  those  behind  this  point  will  travel  with  a  positive  gra¬ 
dient.  As  the  fluid  particles  enter  the  region  downstream  of  point 
m,  they  are  accelerated  by  the  positive  pressure  gradient  directed 
opposite  the  freestream  velocity.  Thus,  near  the  solid  surface 
the  medium  is  retarded  as  it  encounters  the  Increasing  pressure. 
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Figure  11.9 


Schematic  of  flow  with  boundary  layer 
separation 


If  we  assume  that  the  flow  in  the  boundary  layer  is  inviscid, 
the  relation  between  the  velocity  and  pressure  near  the  surface  is 
described  by  the  Bernoulli  equation,  and  the  kinetic  energy  of  the 
particles  is  sufficient  to  ensure  their  movement  to  the  trailing  edge 
against  the  increasing  pressure.  However,  in  reality  the  presence  of 
friction  in  the  boundary  layer  leads  to  more  rapid  reduction  of  the 
kinetic  energy,  so  that  at  some  point,  termed  the  boundary  layer 
separation  point  (n),  not  only  the  velocity  at  the  wall  but  also  its 

first  derivative  along  the  normal  to  the  solid  surface  and  therefore 
the  friction  stress  become  equal  to  zero 


(W* 

\  dy 


L  =0;  T»=|,(tL=0 


Under  the  influence  of  the  increasing  pressure  downstream  of  the 
separation  point,  reverse  flow  develops  in  the  boundary  layer  and 
leads  to  separation  of  the  boundary  layer  from  the  body  surface. 


Outside  the  viscous  zone  bp^nd  the  separation  point,  the  pres¬ 
sure  gradient  decreases  nearly  t^  zero  because  of  the  reduction  of 
the  main  flow  cross  section,  so  that  the  pressure  on  the  aft  part 
of  the  body  decreases  in  comparison  with  the  pressure  obtained  in 
the  case  of  inviscid  fluid  flow  past  the  body. 
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The  reverse  flow  velocities  are  ::ot  large  downstream  of  tin- 
separation  point,  but  the  tangential  stress  changes  markedly  and 

may  even  change  its  sign.  We  might  get  the  impression  that  the 
overall  drag  of  the  body  decreases  when  boundary  layer  separation 
occurs.  However,  this  is  not  really  so. 

The  drag  force  is  made  up  from  the  resistance  associated  with 
friction  in  the  boundary  layer  and  pressure  drag  owing  to  the  dif¬ 
ference  of  the  pressures  on  the  forward  and  aft  parts  of  the  sub¬ 
merged  bodies.  If  the  fluid  is  inviscid,  the  frictional  drag  is  zero. 
But  in  this  case  the  pressure  drag,  as  was  shown  for  the  example  of 
transverse  flow  past  a  cylinder  (see  Chapter  VI),  may  also  be  zero 
(this  is  possible  in  the  case  of  unseparated  flow,  when  the  pressure 
on  the  aft  region  will  be  the  same  as  at  the  forward  stagnation 
point ) . 

In  a  viscid  medium  both  frictional  drag  and  pressure  drag  are 
always  present.  The  relationship  between  these  components  depends 
on  the  shape  of  the  body.  If  the  body  has  large  transverse  dimen¬ 
sions  in  comparison  with  the  longitudinal  dimensions,  boundary 
layer  separation  is  always  observed  at  the  body  surface  and  this 
leads  to  incomplete  pressure  recovery  on  the  aft  part  of  the  body. 

The  pressure  on  the  aft  part  of  the  body  is  lower  than  on  the 
forward  part.  The  resultant  pressure  force  retards  body  motion 
in  the  flow. 

If  the  body  has  an  elongated  streamwise  form  with  smooth  con¬ 
tours,  even  if  flow  separation  Is  observed  it  will  be  only  on  a 
small  portion  of  the  body  surface  and  the  frictional  resistance 
makes  up  the  major  portion  of  the  drag.  Such  bodies  are  termed 
streamlined,  in  contrast  with  those  described  above,  for  which  pres¬ 
sure  drag  is  dominant  and  which  are  termed  bluff  bodies.  For  the 

same  cross  sectional  areas,  the  total  drag  of  streamlined  bodies  may 
be  many  time  less  than  that  of  bluff  bodies.  Therefore  bodies 
(wing,  fuselage,  and  so  on)  which  are  located  in  a  stream  are  always 
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given  a  streamlined  form,  so  that  boundary  layer  separation  is  un¬ 
likely  or  the  separated  flow  region  is  minimized. 

The  danger  of*  ooundary  layer  separation  can  be  reduced  by  re¬ 
ducing  the  magnitude  of  the  positive  pressure  gradient  (this  can  be 
achieved  by  giving  the  body  an  elongated  drop-like  shape)  or  by 
influencing  the  nature  of  the  flow  in  the  boundary  layer.  Usually 
boundary  layer  separation  takes  place  far  from  the  nose  portion  of 
the  body,  in  the  zone  of  positive  pressure  gradients,  where  the 
boundary  layer  is  turbulent.  The  greater  the  degree  of  turbulence 
of  the  boundary  layer  flow,  the  more  intense  is  the  momentum  exchange 
between  the  outer  and  wall  layers,  and  the  larger  the  velocity  near 
the  surface  and  therefore  the  less  the  danger  of  separation. 

The  degree  of  turbulence  in  the  boundary  layer  increases  with 
increase  of  Re.  This  means  that  increase  of  Re  reduces  the  danger 
of  boundary  layer  separation.  The  degree  of  turbulence  in  the  bound¬ 
ary  layer  increases  with  increase  of  the  degree  of  turbulence  of  the 
outer  flow.  Unfortunately,  we  have  no  control  over  the  degree  of 
turbulence  of  the  atmosphere.  However,  in  internal  problems  (flow 
in  a  diffuser)  we  can  increase  the  degree  of  turbulence  to  avoid 
the  onset  of  boundary  layer  separation.  Finally,  we  can  cause 
boundary  layer  transition  artificially  by  locating  special  protuber¬ 
ances  —  turbulence  generators  —  on  the  surface  of  the  body.  In 
this  case  the  frictional  drag  increase  is  compensated  by  the  reduc¬ 
tion  of  the  pressure  drag. 

The  influence  of  the  degree  of  outer  flow  turbulence  and  turbu¬ 
lence  generators  on  the  drag  of  bodies  is  so  large  that  the  degree 
of  wind  tunnel  turbulence  is  often  determined  on  the  basis  of  the 
magnitude  of  the  drag  coefficient  of  a  sphere  located  in  the  tunnel 
working  section.  The  higher  the  degree  of  turbulence,  the  smaller 
is  the  separation  zone  on  the  aft  part  of  the  bluff  body,  and  this 
means  that  its  drag  coefficient  is  smaller.  Figure  11.10  shows  the 
influence  of  the  degree  of  flow  turbulence  on  the  sphere  drag  co¬ 
efficient.  We  see  from  the  curves  in  Figure  11.11 
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Figure  11.10.  Effect  of 
flow  turbulence  on  sphere 
drag  coefficient 
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Figure  11.11.  Sphere  drag  coeffi¬ 
cient  versus  Re: 

1  —  subcritical  zone;  2  —  criti¬ 
cal  zone;  3  —  supercritical  zone 


that  with  increase  of  Re,  when  the  boundary  layer  becomes  turbulent 
ahead  of  the  separation  point,  there  is  a  marked  drag  reduction, 
which  can  be  explained  by  the  reduction  of  the  separation  zone 
dimensions  as  a  result  of  boundary  layer  turbulization,  and  this 
means  more  complete  pressure  recovery  on  the  aft  part  of  the 
body. 


Techniques  involving  energetic  influence  on  the  stream, 
termed  boundary  layer  control,  are  used  to  prevent  boundary  layer 
separation. 

§11.7.  Boundary  Layer  Control 

As  was  shown  above,  boundary  layer  separation  arises  because 
of  excessive  retardation  of  the  flow  near  the  surface  by  the  friction 
forces.  Therefore,  if  we  artificially  increase  the  velocity  near 
the  surface  we  can  avoid  the  onset  of  separation.  Increase  of  the 
velocity  can  be  achieved  In  two  ways  — -  either  by  sucking  the 
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retarded  flow  layer  into  the  submerged  body,  or  by  blowing  off  the 
retarded  layer  with  the  aid  of  a  jet  blown  with  high  velocity  along 
the  surface  in  the  direction  of  the  stream.  The  first  method  is 
called  boundary  layer  suction;  the  second  is  termed  boundary  layer 
blowing. 

Boundary  layer  suction.  Let  us  examine  a  cylinder  in  a  fluid 

stream.  Direct  observations  show  that  vortices  separate  periodi¬ 
cally  from  the  cylinder  (at  points  A  and  B)  and  form  a  vortex  street 
behind  the  cylinder  (Figure  11.12).  If  we  make  slots  at  the  separa¬ 
tion  points  A  and  B  and  use  a  vacuum  pump  to  suck  off  the  boundary 
layer,  then  we  can  improve  the  flow  past  the  cylinder  markedly 
(Figure  11.13). 


Figure  11.12.  Schematic  of 
flow  past  circular  cylinder 
and  formation  of  vortex 
street 


Figure  11. 13*  Separation- 
free  flow  past  cylinder  ob¬ 
tained  by  sucking  boundary 
layer  through  slots  A  and  B 


The  aerodynamics  of  an  airplane  wing  can  be  improved  similarly 
In  fact,  boundary  layer  suction  through  a  slot  located  on  the  upper 
surface  of  the  wing  near  the  trailing  edge  (Figure  11.14)  makes  it 
possible  to  maintain  separation-free  flow  over  the  wing  clear  up 
to  the  slot  itself,  even  at  high  angles  of  attack. 

Boundary  layer  suction  has  recently  been  used  to  reduce  fric¬ 
tional  drag,  since  the  point  of  transition  from  the  laminar  to  turbulent 
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boundary  layer  is  shifted 
downstream.  As  a  result,  the 
flow  is  laminarized  and  there¬ 
by  the  friction  is  reduced, 
since  the  friction  is  less  lh 
the  laminar  boundary,  layer 
than  in  the  turbulent. 

We  note  that  the  favor¬ 
able  influence  of  suction 
amounts  to  the  following. 

First,  the  fluid  particles 
which  are  slowed  down  in  the  rising  pressure  region  are  removed  from 
the  boundary  layer  before  they  can  separate  from  the  wall.  As  a 
result,  a  new  boundary  layer  which  is  capable  of  overcoming  back 
pressure  is  created  downstream  of  the  slot.  Second,  laminar  boundary 
layer  suction  creates  velocity  profiles  in  the  layer  which  have  a 
higher  stability  limit,  i.e.,  higher  critical  Re,  in  comparison  with  the 
velocity  profile  in  the  boundary  layer  without  suction. 

Theoretical  and  experimental  studies  of  this  boundary  layer 
control  technique  are  being  made  at  the  present  time.  Of  consider¬ 
able  interest  is  the  attempt  to  use  continuous  suction  along  the 
entire  wall  through  discrete  holes  or  creation  of  a  porous  wall, 
through  which  suction  can  be  performed  more  effectively. 

Boundary  layer  blowing.  The  blowing  method  can  also  be  used  to 

achieve  separation-free  flow  by  supplying  additional  energy  to  the 
retarded  fluid  particles  in  the  boundary  layer  (Figure  11.15).  The 
additional  energy  is  introduced  by  blowing  an  air  jet  into  the 
boundary  layer  from  inside  the  submerged  body.  In  this  case  the 
velocity  of  the  air  particles  in  the  layer  adjacent  to  the  wa'i  is 
increased,  eliminating  the  danger  of  separation. 


Figure  11.14.  Separation- free 
flow  past  wing  profile  obtained 
by  sucking  boundary  layer  through 
a  slot 


wyyyacy  aFgggS^  j=*^S^T^  *-^^TC5^ Jf  V 


We  note  that  boundary 
layer  control  with  the  aid 
of  blowing  and  suction  can 
have  a  large  effect  in  the 
sense  of  lift  coefficient 
increase.  However,  construc¬ 
tional  difficulties,  and  also 
the  large  energy  expenditures 
required,  prevent  the  use  of 
blowing  and  suction  in  civil 
aviation  practice  at  the  present  time. 


Figure  11.15.  Separation- free 
flow  past  wing  profile  in  pre¬ 
sence  of  blowing 


Other  boundary  layer  control  techniques  also  exist,  for  example, 
driving  the  wetted  wall  in  the  direction  of  motion;  however,  this 
technique  involves  still  greater  constructional  difficulties.  Ex¬ 
perimental  studies  are  being  made  of  boundary  layer  control  using 
vortex  and  electrodynamic  techniques t1) .  However,  these  techniques 
are  at  the  moment  only  of  scientific  and  theoretical  interest. 


REVIEW  QUESTIONS 

1.  What  leads  to  the  formation  of  a  boundary  layer  on  solid 
bodies  submerged  in  a  stream? 

2.  'What  factors  influence  the  location  of  transition  from 
laminar  to  turbulent  boundary  layers? 

3.  Describe  the  boundary  layer  control  techniques. 


Footnote  (1)  appears  on  page  29. 
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PROBLEMS 


1.  Find  the  friction  drag  coefficient  and  force  of  a  smooth 
plate  with  dimensions  l  -  0.5  m,  b  =  3m  at  o=  0.  The  flow  velo¬ 
city  V  -  12  m/sec.  Assume  the  flow  is  a)  laminar;  b)  turbulent. 
The  air  parameters  corres^nd  to  the  altitude  H  =  1000  m.  Find  the 
boundary  layer  thickness  at  the  end  of  the  plate. 

Answer:  a)  2cf  =  0.00417,  X  *  0.51  N,  S  =  4.65  mm; 

b)  2cf  =  0.01135,  X  =  1.36  N,  6  =  14.1  mm. 

2.  Find  the  profile  drag  coefficient  of  a  wing  with  relative 
thickness  c  =  14£  and  chord  b  =  3  m  in  flight  at  an  altitude  K  = 

600  m  at  a  speed  V  =  600  km/hr.  The  boundary  layer  transition 
point  is  20%  of  the  chord  from  the  profile  nose. 

Answer:  cf  =  0.0058. 

3.  An  airstream  with  velocity  V  =  30  m/sec  flows  past  a  thin 
flat  plate  aligned  with  the  stream  under  standard  atmospheric  con¬ 
ditions.  The  plate  length  l  -  200  mm.  Taking  an  average  value 

5 

5  •  10^  of  the  critical  Re  based  on  boundary  layer  length,  show 
that  the  boundary  layer  which  forms  on  the  plate  will  be  laminar. 
Find  the  friction  coefficient  cx  ^r.  The  kinematic  viscosity  of  air 

at  standard  conditions  is  v  =  0.1*J5  *  10  m  /sec 
Answer:  cx  f  *  0.002. 
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Footnotes 


Footnote  (1)  on  page  2J:  See,  for  example.  Collection  of  Scientific 

Papers  ’’Some  Problems  of  Aerodynamics  and 
Electrohydrodynamics,”  Vol.  1,  KIIGA, 

1964;  Vol.  2,  KIIGA,  1966;  Vol.  3,  KIIGA, 

1968). 
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CHAPTER  XII 


WING  PROFILES  AND  THEIR  AERODYNAMIC 
CHARACTERISTICS 


§12.1.  Wing  Profile  Geometric  Parameters 


A  body  which  creates  in  a  fluid  stream  a  lift  force  which  exceeds 
considerably  the  drag  force  is  called  a  wing.  As  a  rqle  a  wing  has  a 

from  which  is  symmetric  about  a  plane  called  the  plane  of  symmetry. 


Any  section  of  a  wing  by  a  plane  parallel  to  the  wing  plane  of 
symmetry  is  termed  the  wing  profile.  The  wing  profile  may  be  dif¬ 
ferent  in  shape,  size,  and  orientation  at  different  sections. 


One  possible  wing  profile 
is  shown  in  Figure  12.1. 

Point  A  is  the  profile  leading 
edge.  The  line  AB  connecting 
the  two  most  distant  points  of 
the  profile,  i.e.,  the  leading 
and  trailing  edges  of  the  pro¬ 
file,  is  termed  the  profile 


_  a 


Figure  12.1.  Profile  geometric 
parameters 


! 
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chord  b.  The  chord  divides  the  profile  into  two  parts  —  upper  and 


lower.  The  angle  between  the  profile  chord  and  the  freestream  flow 
direction  is  termed  the  angle  of  attack  o  If  the  freestream  velocity 

vector  is  parallel  to  the  profile  plane.  In  the  more  general  case, 
the  angle  of  attack  is  measured  by  the  angle  between  the  profile 
chord  and  the  projection  of  the  freestream  velocity  on  the  profile 
plane. 

In  studying  profile  geometric  characteristics,  we  use  a  rectan¬ 
gular  coordinate  system  in  which  the  origin  coincides  with  the  pro¬ 
file  leading  edge,  the  x  axis  Is  directed  along  the  chord  toward  the 
trailing  edge,  and  the  y  axis  is  directed  upward. 

In  this  coordinate  axis  system,  the  equations  of  the  upper  and 
lower  profile  contours  have  the  form  yu  =  f-^x)  and  y^  =  f2(x), 
respectively . 

The  profile  thickness  at  any  point  of  the  chord  is  expressed 
as  the  difference  of  the  ordinates  of  the  points  yu  and  y^.  The 

maximal  length  of  the  segment  perpendicular  to  the  chord  between  the 
upper  and  lower  profile  contours,  i.e.,  yu  -  y^,  is  called  the  pro¬ 
file  maximal  thickness  or  simply  thickness  and  is  denoted  by  c 
(see  Figure  12.1). 

The  ratio  of  the  profile  maximal  thickness  c  to  the  chord  b  is 
called  the  profile  relative  thickness 


or,  in  percent, 

-MOO=c94. 

» 

The  line  connecting  the  midpoints  of  the  segments  yu  ~ 
constructed  at  different  points  of  the  jhord  is  called  the  prof i le 
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mean  camber  line.  In  the  particular  case  in  which  the  profile  is 

symmetric,  the  mean  camber  line  coincides  with  the  chord.  The 
maximal  ordinate  of  the  mean  camber  line  is  called  the  profile 
camber  f  and  its  ratio  to  the  chord  is  called  the  relative  camber. 


or,  in  percent, 

100=/K. 


The  abscissas  of  the  profile  maximal  thickness  and  maximal 
camber  are  denoted  by  xfi  and  x^, respectively  (see  Figure  12.1). 

The  ratios  of  these  quantities  to  the  chord  are  termed  respectively 
the  relative  thickness  and  camber  abscissas 


The  values  of  xfi  for  subsonic  profiles  lie  in  the  25  -  30%  range, 
while  the  values  for  supersonic  profiles  lie  in  the  4o  -  50%  range . 


The  radii  of  curvature  at  the  "head"  and  "tall"  of  the  profile 
^head*  rtail^  are  a^so  referred  to  the  chord  and  are  often  expressed 

in  percent  of  the  chord  length.  For  example,  the  relative  radius 
r  =  r/b . 


A  series  of  profiles  can  be  obtained  by  deforming  some  initial 

profile  while  holding  one  or  more  of  the  dimensionless  parameters 
listed  above  constant.  The  quantities  b,  c,  xc>  x^.,  f,  r  are  the 

basic  profile  geometric  parameters, and  they  determine  its  aerodynamic 

characteristics.  The  relative  thicknesses  of  une  aerodynamic  pro¬ 
files  of  wings  and  propeller  blades  usually  lie  in  the  range  from 
3  -  4?  up  to  20  -  25*.  The  thin  profiles  are  used  at  the  tips  of 
propeller  blades  and  for  wings  of  supersonic  airplanes. 


FTD-HC-23-720-71 


32 


The  relative  camber  of  modern 
wing  and  propeller  blade  profiles, 
usually  does  not  exceed  2%.  The  , 
camber  of  the  airplane  profiles 
of  the  1920's  and  1930's  was 
considerably  greater  and  reached 
6  -  8*. 

Modifications  of  wing  profile 
shape  associated  with  flight 
vehicle  improvement  and  flight 
speed  increase  are  shown  in 
Figure  12.2. 

§12.2.  Aerodynamic  Forces 
and  Moments 

The  action  of  the  air  on  the 
wing  leads  to  the  appearance  of 
forces  distributed  continuously 
over  the  entire  wing  surface,  which 

can  be  characterized  by  the  magnitudes  of  the  normal  p  and  tangential 
x  stresses  at  every  point  on  the  wing  surface. 

We  term  the  force  R,  the  principal  vector  of  the  system  of  ele¬ 
mentary  aerodynamic  forces  distributed  over  the  wing  surface,  the 
total  aerodynamic  force.  However,  frequently  the  total  aerodynamic 

force  R  is  taken  to  mean  only  the  resultant  of  the  normal  forces, 
neglecting  the  friction  forces. 

The  moment  M  of  the  total  aerodynamic  force  about  the  wing 
leading  edge  is  termed  the  longj  tudinal  or  pitching  moment.  The 
moment  is  considered  positive  if  it  tends  to  rotate  the  wing  in 


Figure  12.2.  Aircraft 
profile  forms  (three 
lower  profiles  are 
supersonic) 
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the  direction  of  increasing  angles  of  attack,  and  negative  if  it  is 
directed  oppositely.  A  positive  moment  is  called  a  climbing  moment; 

a  negative  moment  is  called  a  diving  moment. 

In  theoretical  and  experimental  studies  of  the  force  interaction 
between  a  moving  body  and  a  medium,  we  usually  use  the  components  of 
the  vector  R  in  some  coordinate  system,  rather  than  the  vector  R  it¬ 
self.  Two  coordinate  systems  are  often  used  in  aerodynamics:  wing 
and  body  coordinates . 

In  the  wing  coordinate  system,  the  Ox  axis  coincides  with  the 
velocity  direction;  the  Oy  axis  is  perpendicular  to  the  Ox  axis  and 
lies  in  the  plane  of  symmetry  of  the  flight  vehicle .  The  Oz  axis 
forms  a  right-hand  system  with  the  Ox  and  Oy  axes  (directed  along 
the  right  wing).  The  coordinate  origin  can  be  chosen  arbitrarily. 
Most  often  the  origin  is  located  at  the  wing  leading  edge. 

In  the  body  coordinate  system,  the  Ox^  axis  is  directed  along 
the  wing  chord  or  airplane  longitudinal  axis.  The  Oy-j^  axis  Is  per¬ 
pendicular  to  the  axis  and  lies  in  the  plane  of  symmetry  of  the 

flight  vehicle  •  The  Oz^  axis  forms  a  right  hand  system  with  the 
Ox^  and  0y1  axes. 

We  shall  denote  the  pro¬ 
jections  of  the  force  R  in  the 
wing  coordinate  system  by  X, 

Y,  2  and  in  the  body  coordi¬ 
nate  system  by  A1 

(Figure  12.3).  In  the  solu¬ 
tion  of  plane  problems  the  jU 

aerodynamic  force  R  is  re¬ 
solved  into  two  components 

X,  Y  (X,,  Y.).  Figure  12.3.  Components  of  total 

x  1  aerodynamic  force  in  wing  and 

body  coordinate  systems 

3*» 
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In  the  body  coordinate  system  the  force  components  Y^  and 
are  called  respectively  the  normal  and  tangential  components . 

In  the  wing  coordinate  system  the  projection  of  the  force  R 
on  the  direction  perpendicular  to  the  freestream  velocity  is  called 
the  lift  force  Y,  and  the  projection  of  the  force  R  on  the  direction 

of  the  wing  (airplane)  velocity  is  called  the  drag  force  X. 


We  have  the  following  relations  between  the  forces  in  the  wing 
and  body  coordinate  systems  (see  Figure  12.3) 

K,=K coso-f  Jfslna,  \ 

■Y1=A‘cosa— Kslna  j  '  '  ' 

or,  conversely. 


K=K,  coso— Xt  sine,  1 
Jf=AfjCOso-J-Kjsfna.  J 


(12.2) 


Let  us  examine  a  cylindrical  wing  of  infinite  span  in  a  fluid 
stream  and  identify  as  the  characteristic  length  a  segment  of 
length  l  and  as  the  characteristic  area  the  area  S  =  lb  (b  is  the 
chord  length). 


We  assume  that  the  Ox  axis  is  directed  along  the  profile  chord, 
and  the  Oy  axis  coincides  with  the  line  of  measurement  of  the  maxi¬ 
mal  profile  thichness  (Figure  12.4).  The  elementary  pressure  force 
acting  on  the  wing  surface  element  dsJ  is  pdsl.  The  projections  of 
the  elementary  force  on  the  Ox  and  Oy  axes  are 

dYx — dslp  cos  {5  =  ±  lpdx\ 
dX^ =dslp  sin  $=lpdy. 

The  "plus"  sign  applies  to  the  lower  surface;  the  "minus"  sign  to 
the  upper  surface. 


To  find  the  forces  X-^  and  it  is  necessary  to  sum  the  ele¬ 
mentary  components  over  the  entire  profile  contour. 
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Figure  12.4.  Illustration 
for  calculating  lift  and 
drag 


Vie  make  the  summation  along  the  x  axis  separately  for  the  upper 
and  lower  profile  surfaces.  Then  we  obtain  for  the  normal  force 


(12.3) 


Wo  make  the  summation  along  the  y  axis  separately  for  the  for¬ 
ward  and  aft  parts  of  the  profile.  Denoting  respectively  the  pres¬ 
sure  on  the  forward  part  of  the  profile  by  p~  and  on  the  aft  part 
by  pa,  we  obtain 


Xi —i  J  {p.—p*)dy- 

•m 


(12.4) 


In  reality  the  force  X1  is  greater  than  that  defined  by  (12.4)  by 

the  magnitude  of  the  resultant  of  the  friction  forces  on  the  profile 
surface. 


Knowing  the  forces  and  X.^  for  every  angle  of  attack,  we  can 

use  (12.2)  to  find  the  corresponding  lift  force  Y  and  drag  force  X. 
The  total  aerodynamic  force  is 

R=Yy\+X\.  (12.5) 


Experiment  uhows  that  the  tangential  force  X^  and  the  profile 
height  are  small  l1’  comparison  with  the  normal  force  and  the 
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profile  chord;  therefore,  the  moment  from  the  tangential  force  is 
usually  neglected  in  view  of  its  smallness. 

The  elementary  moment  from  the  normal  force  dY^  is 
dM  — — dYxx—  —(/>.— p,)lxdx. 


Then  the  total  moment  is 


M—  ~l  f  (P,~ Pjxdx. 

1AM 


(12.6) 


§12.3.  Profile  Aerodynamic  Coefficients  and  L/D 


Formulas  were  presented  in  Chapter  VII  for  finding  the  aero¬ 
dynamic  forces .  We  have  the  following  formulas  for  the  lift  and  drag 


Y=cyqS,  X—cj}St 


(12.7) 


where  q  =  p 


2 

c 


is  the  velocity  head  or  dynamic  pressure; 
is  the  lift  coefficient; 


cx  —  is  the  drag  coefficient; 


S  —  is  the  wing  lifting  area; 

—  is  the  freestream  velocity  or  the  wing  (airplane) 
velocity . 


The  formulas  for  the  normal  and  tangential  forces  have  the  form 

Yi=Cyi<jS,  Xi=cxlqS,  (12.8) 

where  c  cx^  — are  the  normal  and  tangential  force  coefficients. 

If  we  denote  the  total  aerodynamic  force  coefficient  by  cR  and 

the  total  moment  coefficient  by  c  ,  we  can  write 

m 
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R--crfS,  M=c/mqSb. 


(12.9) 
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We  obtain  similarly  the  formula  for  cm 


For  small  angles  of  attack,  this  expression  can  also  be  used 
to  find  the  lift  coefficient 


(12.15) 


Thus,  knowing  the  pressure  distribution  on  the  upper  and  lower 
surfaces  of  the  profile,  we  can  obtain  the  value  of  the  lift  coeffi¬ 
cient.  To  realize  this  method  we  must  carry  out  an  experiment  with 
a  pressure  tapped  profile  model,  providing  flow  conditions  corre¬ 
sponding  to  infinite  wing  span  (plane  flow) . 


The  aerodynamic  coefficients  are  usually  obtained  by  the  force 
balance  method.  Special  balances  are  used  to  measure  directly  the 
forces  and  moment  acting  on  a  wing  model  in  a  wind  tunnel,  and 
then  the  coefficients  are  found  by  calculation. 


The  profile  efficiency  K  is  used  to  evaluate  the  aerodynamic 
properties  of  the  profile.  The  profile  aerodynamic  efficiency  is 

the  ratio  of  the  lift  to  the  drag 


We  see  from  Figure  12.3  that  this  quantity  is  the  slope  of  the  total 
aerodynamic  force  R  to  the  freestream  direction,  i.e., 


Th ..  lcw;r  the  drag  for  the  same  lift,  the  higher  is  the  effi¬ 
ciency.  Tie  dimensionless  quantities  c^,  c^,  cm,  c^  and  K  are  the 

basic  aerodynamic  coefficients  of  the  wing  profile. 
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on  Profile  Angle  of  Attack.  Profile  Polar 


The  aerodynamic  coefficients  cx>  cy,  cm  are  independent  of  one 
another,  and  the  coefficients  c0  and  K  are  found  from  the  correspond 

It 

ing  formulas . 

The  total  aerodynamic  force  coefficient  cR,  and  also  its  com¬ 
ponents  cx  and  cy,  the  moment  coefficient  c^,  and  the  aerodynamic 

efficiency  K  depend  on  the  profile  form,  angle  of  attack,  similarity 
criteria  Re  and  M,  degree  of  turbulence,  and  so  on.  These  coeffi¬ 
cients  are  the  same  for  dynamically  similar  flows  and  are  therefore 
convenient  to  use.  For  this  reason  the  results  of  experimental 
studies  are  presented  in  the  form  of  relations  for  the  aerodynamic 
coefficients.  For  a  given  profile  and  given  Re  and  M,  change  of 
the  angle  of  attack  a  leads  to  marked  change  of  the  profile  aerody¬ 
namic  coefficients. 

The  curve  of  aerodynamic  lift  coefficient  c  versus  angle  of 

O' 

attack  a  for  low  flow  speeds,  when  gas  compressibility  can  be 
neglected,  is  shown  in  Figure  12.5.  The  maximal  value  of  c  for 

y 

a  =  acr  is  denoted  by  cy  max.  For  the  usual  profiles  cy  max  varies 

In  the  range  0.9  -  1.4.  At  the  angle  of  attack  a  *  0°  the  modern 
profiles,  having  some  camber,  already  have  some  lift  force.  The 
greater  the  profile  camber  f,  the  further  to  the  left  the  curve  cy  = 
f(a)  lies  (see  Figures  12.5).  The  angle  of  attack  at  which  c  *  0 

V 

is  called  the  zero  lift  angle  of  attack  and  is  denoted  by  <Xq.  It 
is  usually  negative  and  small  (aQ  =  -0.02  -  -0.05  rad).  For  sym¬ 
metric  profiles  aQ  =  0. 
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Experiment  and  theory  shew  that  for  separation-free  flow  past 
a  profile  the  coefficients  cy  and  cn  depend  linearly  on  the  value  of 

a  over  a  wide  range  of  angle-of-attack  values 

}  (12.16) 

where 


<V=c;(a-<g, 


OCg  9 


<“•«  —  is  the  moment  coefficient  at  zero  lift; 
—  are  constants  for  a  given  profile. 


For  angles  of  attack  approaching  o  the  positive  pressure  gradient 

of  the  aft  part  of  the  profile  increases  so  much  that  it  leads  to 
boundary  layer  separation  —  the  flow  around  the  wing  is  no  longer 
smooth.  As  shown  above  in  Chapter  XI,  separation  of  the  laminar 
boundary  layer  occurs  earlier  than  for  the  turbulent  boundary  layer 
for  the  same  pressure  gradient. 


In  level  flight  the  airplane  weight  6  is  balanced  by  wing 
lift,  i.e.. 


or 


v-V 


20 

Qe»S 


We  see  from  this  formula 

that  the  larger  c  .  the  lower 
«y 

is  the  airplane  speed.  The 

minimal  value  of  the  speed  is 

obtained  for  c  *  c 

y  y  max. 

The  normal  force  coeffi¬ 
cient  cyl  changes  with  change 

of  the  angle  of  attack  similarly 
to  the  coefficient  c . 


Figure  12.5. 
efficient  c. 


Aerodynamic  co~ 
versus  angle  of 


attack  a 
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With  increase  of  angle  of  attack  a,  the  profile  drag  coefficient 
cx  first  changes  slowly  (Figure  12.6)  and  then*  beginning  at  angles 

of  attack  s one what  less  than'  acp,  increases  rapidly  as  a  result  of 

intensification  of  boundary  layer  separation.  At  an  angle  of  attack 
close  to  the  zero  lift  angle  cx  *  cx  nt1n. 

The  nature  of  the  variation  of  the  coefficient  cxl  differs 
markedly  from  the  variation  of  cx«  The  drag  coefficient  cx  15 
always  positive*  while  the  tangential  force  coefficient  cxl  may  be¬ 
come  negative  at  large  angles  of  attack,  which  is  seen  from  (12.11). 

The  nature  of  the  wing  profile  aerodynamic  efficiency  variation 
as  a  function  of  angle  of  attack  is  shown  in  Figure  12.7-  The  maxi¬ 
mal  value  of  th«  efficiency  is  ■  25  for  wing  profiles. 


Figure  12.6.  Aerodynamic  co¬ 
efficient  cx  versus  angle  of 

attack  a 


Figure  12.7.  Wing  profile 
efficiency  versus  angle  of 
attack 


The  relations  cy  ■  f  (cx);  cyl  »  f  (cxl)  are  important  in 
practice.  The  curve  cv  *  f  (cx)  is  called  type  I  polar  (Figure  12.8) 
the  curve  cyl  *  f  (cxl)  is  ter  ted  the  type  II  polar  (Figure  12.9). 
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Figure  12.8.  Type  I  polar 


Figure  12.9.  Type  II  polar 


If  in  plotting  the  polar ,  the  scales  are  taken  to  be  the  same 

along  the  c  and  c  axes,  then  the  vector  connecting  the  coordinate 
x  y 

origin  with  any  point  of  the  type  I  polar  represents  in  magnitude 
and  direction  the  resultant  aerodynamic  force  coefficient  corre¬ 
sponding  to  the  given  angle  a  We  obtain  the  angle  of  attack  corre¬ 
sponding  to  the  maximal  efficiency  Kmax  at  the  point  of  contact  of 

the  tangent  drawn  from  the  coordinate  origin  to  the  type  I  polar. 

We  note  that  the  scale  along  the  cx  axis  is  usually  5-10  times 

larger  than  that  along  the  c  axis . 

«y 


§12.5.  Dependence  of  Aerodynamic  Coefficients  or, 

Re,  e,  and  Profile  Shape 

For  a  given  profile  and  constant  M,  e  (degree  of  turbulence), 
and  angle  of  attack  a  the  maximal  lift  coefficient  and  minimal  drag 
coefficient  depend  to  a  considerable  degree  on  Re.  For  profiles  of 


i<3 
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moderate  relative  thicknesses  (c  *  10  -  15%),  increases  with 

y  max 

increase  of  Re.  For  small  values  of  Re,  the  coefficient  c  is 

1  y  max 

determined  by  {separation  of  the  laminar  boundary  layer.  With  in¬ 
crease  of  Re  the  point  of  transition  from  laminar  to  turbulent 
boundary  layer  usually  shifts  upstream,  and  therefore  separation  of 
the  turbulent  boundary  layer  will  take  place.  There  is  a  reduction 

of  the  separation  zone  size  and  increase  of  the  coefficient  c _ . 

y  max 

For  thin  profiles  (c  =  5  -  6%)  and  profiles  with  sharp  leading 

edge  the  coefficient  c„  _ „  remains  nearly  constant  with  change  of 

y  max 

Re,  since  flow  separation  for  the  thin  profiles  takes  place  near 
the  profile  leading  edge  and  at  low  angles  of  attack.  For  thick 
profiles  (c  =  15  -  20!O,  the  coefficient  cy  max  decreases  with  in¬ 
crease  of  Re,  since  large  pressure  gradients  develop  on  the  aft  por¬ 
tion  of  such  profiles  even  at  low  angles  of  attack,  leading  to 
earlier  separation  of  the  boundary  layer. 

The  minimal  drag  coefficient  cx  min  is  determined  by  the  flat- 
plate  friction  coefficient  cx,  which  in  turn  depends  on  Re 


where  n  =  0.5  for  the  laminar  boundary  layer  and  n  =  0.2  for  the 
turbulent . 

Hence  we  see  that  -there  is  a  reduction  of  the  minimal  drag 

coefficient  c  .  with  increase  of  Re, 
x  min 

With  increase  of  the  initial  degree  of  stream  turbulence  e, 
the  coefficient  cx  min  increases,  while  the  coefficient  cy  may  of 

thin  and  thick  profiles  changes  only  slightly;  the  coefficient 

c  _  for  profiles  of  moderate  thickness  increases.  This  influence 

y  max 

of  initial  stream  turbulence  on  the  profile  aerodynamic  character¬ 
istics  is  explained  by  the  change  of  the  location  of  the  point  of 
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transition  from  laminar  layer  to  turbulent  boundary  layer  with  in¬ 
crease  of  the  initial  degree  of  turbulence  e. 

The  profile  geometric  parameters  have  considerable  effect  cn 
the  profile  aerodynamic  coefficients.  Increase  of  the  profile  rela¬ 
tive  thickness  c  causes  increase  of  the  minimal  drag  coefficient 
cx  £  .  With  increase  of  c  in  the  range  5  -  12$,  the  maximal  lift 

coefficient  cy  max  increases,  while  in  the  range  12  -  20$  it 

decreases . 

With  increase  of  the  profile  relative  camber  f  the  coefficients 
cx  min  (for  profi.es  of  moderate  thickness)  and  cm  and  the  zero  lift 

angle  (in  absolute  magnitude)  increase.  Figure  12.10  shows  the 
effect  of  camber  f  and  of  the  abscissa  x^,  on  the  maximal  lift  co¬ 
efficient  cy  max  for  a  subsonic  profile  of  large  relative  thickness. 


Figure  12.10.  cymax  as  a 

function  of  f  and  the  ab¬ 
scissa  xf 


§  12.6.  Center  of  Pressure .  Profile  Focus 


The  point  0  of  intersection  of  the  line  of  action  of  the  aero¬ 
dynamic  force  R  with  the  wing  chord  is  called  the  center  of  pressure 

(Figure  12.11).  The  ratio  of  its  abscissa  to  the  profile  chord  is 
denoted  by  =  x^/b .  To  find  the  abscissa  of  the  aerodynamic  force 

point  of  application,  we  must  know  the  moment  of  the  aerodynamic 
force  about  some  point  on  the  profile. 

^5 
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Figure  12.11.  Definition 
of  profile  center- of- 
pressure  and  focus 


The  moment  about  the  profile  leading  edge  is 
Mt—  —  K,jc4=  —  (K  cosa-f,Y  sina)jra. 


(12.17) 


From  (12.17)  we  find  the  abscissa  of  the  center  of  pressure 

_  .  Mt  (12.18) 

TFT* 

On  the  basis  of  (12.8),  (12.9),  (12.11)  we  have 


Cm 


(12.19) 


Cycosa  +  cx  sin  a  cyi 


Now  let  us  find  the  moment  of  force  about  the  point  F  on 
the  profile  (see  Figure  12.11) 

Mp—  — KjC*,,  —  Xp) — Mt  -{-  Y 1  Xp. 


Converting  to  coefficients  and  using  (12.16),  we  find 

C„.p  —Cm-\~CyiXp~  Cn0  -\-tnCyl-{-CyiXp'=S 

+  (IT.  20) 

Hence  wo  see  that  for  xp  =  -m,  cmp  =  cmQ  and  is  independent  of  the 

angle  of  attack.  The  point  having  this  property  is  called  the  pro 
file  focus. 
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The  dimensionless  coordinate  of  the  profile  focus  determines 
the  rate  of  change  in  moment  coefficient  about  the  profile 
leading  edge.  In  fact,  it  follows  from  (12.16)  and  (12.20)  that 


(12.21) 


The  moment  coefficient  relative  to  any  other  point  B  on  the 
chord  with  the  abscissa  x  can  be  found  from  the  formula 

CmB=Cmoi-(x~X^)cyl.  (12.22) 


For  most  profiles  at  low  Mach  numbers  (i.e.,  without  account 
for  compressibility)  the  coefficient  m  =  -0.22  -  -0.25;  this  means 
that  xp  =  -m  =  0.22  -  0.25  or  Xp  =  0.22  -  0.25  b,  i.e.  the  focus 

is  located  about  one  quarter  chord  from  the  leading  edge.  We  note 
that  a  fixed  position  of  the  focus  on  the  chord  is  possible  only 
with  a  linear  relation  cm  =  f  (cy).  For  a  symmetric  wing  profile 

the  curves  cm  ®  f  (a)  and  cy  =  f  (a)  pass  through  the  coordinate 

origin  (Figure  12.12). 

Within  the  limits  of  the  linear  dependence,  we  can  obtain 
from  two  triangles  (see  Figure  12.12) 

~-cm— a,tg <?,;  fi,=a,tg?2. 

Then  the  relative  coordinate  of  the  center  of  pressure 

X ;=— ~  =  -^i-  =  C0nSt.  (to  po) 

*  Cy  lgW 


Consequently,  the  position  of  the  center  of  pressure  remains  con¬ 
stant  for  a  symmetric  wing  profile. 


For  an  asymmetric  profile  the  center  of  pressure  shifts  along 
the  chord  or  its  extension  from  minus  infinity  to  plus  infinity  with 
variation  of  the  angle  of  attack.  Substituting  the  value  of  c 
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from  (12.16)  into  (12.19),  we  obtain 


C* 


(12.2k) 


c$ 


m- 


Por  thin  and  slightly  cam¬ 
bered  profiles  the  quantities 
a  are  nearly  independent  of  the 

cy 

profile  shape,  while  cmg,  con¬ 
versely,  depends  markedly  on  the 
profile  shape.  We  see  from 
(12.2k)  that  for  the  symmetric 
profiles,  for  which  Cm0  =  0,  the 

profile  center  of  pressure  and 
focus  coincide,  i.e.,  they  are 
at  the  same  point.  For  asym¬ 
metric  profiles  at  large  posi¬ 
tive  and  negative  angles  of 
attack  a,  xD  xp,  while  for 


Figure  12.12.  Aerodynamic 
coefficients  Cy  and  cm  ver¬ 
sus  angle  of  attack  a  for 
symmetric  profile 


a  =  Oq  (which  corresponds  to  cy  =  0)  x^  =  +  °°,  since  in  the  absence 

of  a  lift  force  the  aerodynamic  effect  on  such  a  profile  reduces 
to  a  couple. 


§12.7.  Pressure  Distribution  Along  the  Profile 

In  strength  analysis  of  the  wing,  in  addition  to  the  magnitudes 

of  the  coefficients  c  ,  c  ,  c  ,  we  must  know  the  pressure  distrlbu- 

x  y  m 

tion  along  the  profile.  Pressure  distribution  diagrams  for  an 
asymmetric  profile  at  different  angles  of  attack  a  (a  =  -0.05  rad, 
0.20  rad,  0.25  rad)  are  shown  in  Figure  12.13.  These  diagram'  were 
obtained  for  low  M,  i.e.,  without  account  for  compressibility  of 
the  fluid  stream,  "’he  abscissa  is  the  relative  distance  x  =  x/b, 


*8 
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and  the  ordinate  is  the 

Ap  =  ploc  ”  p»  311(1  = 

If  P1oo  >  p^,  then  p  >  0  and  the  pressure  is  called  positive. 

If  p  <  0  the  pressure  is  termed  negative  or  suction. 

At  angles  of  attack  approaching  acr> large  pressure  gradients 

develop  on  the  wing  surface  and  cause  separation  of  the  boundary 
layer. 

A  schematic  of  flow  past  a  profile  at  the  critical  angle  of 
attack  and  separation  of  the  boundary  layer  from  the  upper  profile 
surface,  and  also  pressure  diagrams  for  flow  with  and  without 
separation  of  an  incompressible  fluid,  are  shown  in  Figure  12.1*1. 
Figure  12.15  shows  the  vector  diagrams  of  the  pressure  distribution 
for  different  angles  of  attack.  The  relative  pressure  difference  p 
is  shown  in  the  form  of  arrows  —  vectors  plotted  along  the  normal 
to  the  profile  surface.  For  clarity  the  suction  region  is  indicated 
by  a  "minus"  sign  and  the  positive  pressure  region  by  a  "plus"  sign, 
with  suction  shown  by  arrows  directed  along  the  outward  normal  and 
positive  pressure  by  arrows  directed  along  the  jnward  normal.  We 
see  from  the  figure  that  at  the  angle  a  »  ctQ  there  is  on  the  upper 

surface  of  the  profile  near  the  leading  edge  a  positive  pressure, 
which  then  transitions  into  a  suction.  The  reverse  phenomenon  oc¬ 
curs  on  the  lower  surface:  near  the  leading  edge  there  is  suction, 
which  transitions  into  a  weak  positive  pressure. 

At  the  point  where  the  stream  splits  at  the  leading  edge,  where 
V-^oc  =  0,  p  -  1  (for  a  compressible  fluid  the  pressure  difference  is 

V2. 

somewhat  larger  than  p  -j-  and  p  >  1).  At  negative  angles  of  attack 
this  point  lies  on  the  upper  surface  of  the  profile,  while  for  a  >  0 


pressure  coefficient  p  =  Ap/qw,  where 
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«=*0,25rad 


oc- 0,20  rad ! 


oc=-005rad 


Figure  12.14.  Flow  over  profile  at 
stalling  angle  of  attack: 

1  —  flow  without  separation;  2  — 
flow  with  separation  (point  m  is 
point  of  boundary  layer  separation) 


o  10  n  12  13  n  » 


Figure  12.13.  Pressure 
distribution  diagrams  for 
asymmetric  profile  at  dif¬ 
ferent  angles  of  attack: 

1  —  lower  surface;  2  — 
upper  surface 


*0,25  rad 


Figure  12.15.  Vector  diagrams  of 
differential  pressure  distribution 
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it  shifts  to  the  lower  side.  At  angles  of  attack  greater  them 
0-0.5  rad,  negative  pressure  extends  over  nearly  the  entire  upper 
surface,  and  positive  pressure  over  the  entire  lower  surface. 

At  angles  of  attack  near  the  stall,  the  suction  on  the  upper 
surface  reaches  very  large  values  (p  =  -2  to  —3  or  less),  while  the 
positive  pressure  on  the  lower  surface  is  characterized  as  before  by 
a  value  1- 

This  implies  that  the  wing  lift  force  is  created  primarily  by 
suction  on  the  upper  surface  and  to  a  lesser  degree  by  positive 
pressure  on  the  lower  surface. 

The  minimal  pressure  point  on  the  subsonic  profiles  which  have 
been  used  in  the  past  was  located  on  the  upper  surface  near  the 
leading  edge.  This  favors  early  transition  of  the  lamina"  boundary 
layer  into  a  turbulent  layer,  and  at  large  pre-stall  angles  of 
attack  a  for  profiles  with  a  thin  ’’nose''  leads  to  flow  separation. 

The  pressure  diagrams  make  it  possible  to  plot  the  distribution 
along  the  profile  chord  of  the  loading  resulting  from  the  pressure 
forces.  In  this  case  the  vectors  p  are  projected  on  the  perpendi¬ 
cular  to  the  chord,  and  these  projections  are  laid  off  upward  or 
downward  relative  to  the  chord  depending  on  the  direction  of  the 
vector  p.  For  example,  the  projections  of  the  suction  vectors  on 
the  upper  surface  and  the  positive  pressure  vectors  on  the  lower 
surface  are  plotted  above  and  below  the  chord,  respectively. 

Summation  of  the  loads  distributed  along  the  chord  yields  the 
magnitudes  of  the  aerodynamic  force  components  X  and  Y  and  their 
coefficients  c  and  c  . 

O' 


FTD-HC-23-720-71 


51 


REVIEW  QUESTIONS 


1.  Define  wing  profile.  Write  down  the  wing  profile  aero¬ 
dynamic  coefficients. 

2.  Define  profile  center-of-pressure  and  focus. 

3.  How  is  the  optimal  angle  of  attack  found  from  the  profile 
polar? 

4.  How  does  the  lift  coefficient  c^  depend  on  the  angle  of 
attack  for  symmetric  and  asymmetric  profiles? 

5.  Analyze  the  diagrams  of  the  pressure  distribution  over 
the  profile  for  different  angles  of  attack. 


PROBLEMS 

1.  Find  the  magnitude  of  the  average  circulation  around  the 
wing  profile  of  an  airplane  with  takeoff  weight  G  *  588,000  N, 
flying  at  H  =  8500  rr.  and  V  =  828  km/hr.  The  wingspan  Z  *  32  m. 

2 

Answer:  T  ,  =  161  m  /sec. 

civ 


2.  The  drag  coefficient  c  of  a  new  airplane  was  0.019. 

A 

During  operation  and  after  repairs  to  the  skin  the  drag  coefficient 
increased  ^0  0.021.  Find  how  much  the  drag  force  increased  in 
flight  at  H  =  6000  m  and  V  =  648  km/hr.  The  airplane  wing  area 
S  =  140  m2. 

Answer:  AX  =  3020  N. 
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3.  During  flight  of  an  airplane  with  wing  angle  of  attack 
a  =  0.0?  rad  the  lift  coefficient  was  0.4.  What  is  the  zero  lift 
angle  if  3c  /3a  =  5-3- 

Solution.  According  to  (12.16) 

c„=(\(a-a 0), 

hence 

a0=--5«-+a=— ^-+0,07= -0,0054  rad. 

5,3 
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CHAPTER  XIII 


AERODYNAMIC  COEFFICIENTS  OF  PROFILE  IN  SUBSONIC  FLOW 


§13.1.  Basic  Equation  of  Gas  Motion  and  Its  Linearization 
by  the  Small  Perturbation  Method 


To  obtain  the  equation  of  motion  of  a  barotropic  gas  and  ana¬ 
lyze  the  aerodynamic  properties  of  wings  at  subsonic  speeds  with 
account  for  compressibility  in  steady  plane -parallel  flow,  we  write 
the  two  Euler  Equations  (5-3)  and  the  continuity  Equation  (2.6*) 
in  the  form* 


(13.1) 


a(QVr)  ,  d(jVy)  _  n  (13- 2) 

dx  "**  dy 


Equation  (13.2)  after  differentiation  takes  the  form 

(13.3) 

\  dx  ’  dy  }  dx  '  dy 
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In  this  case  in  which  p  -  p  (p)  and,  conversely,  p  = 
partial  derivatives  and  in  (13-3)  with  account 


p  (p),  the 
for  the  formula 


for  the  speed  of  sound  will  have  the  form 


Jp,  ag  de  dp  i  dp  ^ 

dx  dp  dx  tit  dx'  dp  dp  dp  td  dp 


Substituting  these  expressions  into  (13-3) ,  we  obtain 

„  /<*V  ,  i  i£.  ,  Vw_  *p  n 
dx'td  dp 


or,  with  account  for  (13.1), 

arg 


'( 


dx 


dy 


9fs  .  VyVx 

y 

dx  1  at 

<v  / 

_JM£. 

\  eti  dx  at  dp  / 


After  transformation  we  have 


/.jy 

i  dVv 

V*Vy 

(dVx 

Lj^tV 

\  at) 

1  -sr+v1 — s  J 

dy 

"  at  1 

{  dy 

h  dx  ) 

If  we  examine  irrotational  motion,  the  velocity  components  are 
expressed  in  terms  of  the  velocity  potentiai 


dVx  _  dpf  .  dVy  __»t  ' 
dx  >jr*  'dp  dyt' 


With  account  for  these  expressions,  (13.4)  takes  the  form 


dtp 


(13-5) 


dxi 


dpt 


This  equality  is  called  the  basic  equation  of  motion  of  a  com¬ 
pressible  fluia  in  plane-parallel  flow.  It  can  be  used  for  various 
theoretical  studies  of  subsonic  and  supersonic  gas  flow  past  wings. 
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Equation  (13-5)  is  a  nonlinear  partial  differential  equation,  since 

the  speed  of  sound,  expressed  in  terms  of  the  velocity  components, 

depends  on  and  |^-.  It  is  difficult  to  find  the  general  solution 

for  such  equations;  therefore  we  resort  to  their  linearization , 

i.e.,  we  reduce  the  equations  ro  a  linear  form  by  one  method  or 
another. 

Exact  solutions  have  been  obtained  only  for  a  few  simple  flows . 
The  most  successful  solution  is  that  of  Chaplygin,  who  converted  in 
(13. 5)  to  new  variables  (velocity  hodograph  variables)  and  after  the 
relevant  transformations  obtained  a  linear  equation.  Several  exact 
solutions  for  jet  flow  problems  are  obtained  with  the  aid  of  the 
Chaplygin  transformation.  S.  A.  Khristianovich  applied  the  Chaplygin 
method  with  success  to  wing  profiles  and  solved  the  problem  with 
account  for  the  influence  of  air  compressibility  on  the  pressure 
distribution  over  the  profile .  We  shall  not  discuss  these  methods 
further. 

Let  us  turn  to  the  approximate  linearization  of  (13-5).  In 
the  case  of  flow  about  a  thin  profile  at  small  angle  of  attack,  the 
changes  or  perturbations  of  the  gas  parameters  (velocity,  density, 
pressure)  will  be  small  in  comparison  with  the  freestream  parameters. 
Therefore  in  the  equation  of  motion  we  can  neglect  terms  containing 
products  of  the  perturbations. 

If  we  direct  the  flow  along  the  Ox  axis ,  for  our  case  the 
velocity  components,  velocity,  pressure,  and  density  are  expressed 
by  the  formulas 

V^Vvi+Vl&V.+Vj  (13. 6) 

<?=Q-+e'. 
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where  V*  ,  V*  ,  p*,  p*  —  are  small  perturbations  at  an  arbitrary 

x  y 

point  caused  by  the  flow  past  the  profile. 

Neglecting  terms  containing  products  of  the  perturbations, 
we  find 

&*=  (o-  +Q')(V- + K)~q.v. +e. 
cYWe.-W;*?-  v-r 

Substituting  these  values  into  the  continuity  equation  (13.2),  we 
obtain 


dx  dx  dy 


(13.7) 


This  equation  is  the  linearized  continuity  equation. 


For  isentropic  flow  we  have 


Expanding  into  a  series  and  neglecting  small  quantities  of 

2  d  1 

second  order,  we  find  p’  =  a  :  hence  p'  s  Differentiating  p' 


cop 


a_ 


with  respect  to  x  and  substituting  3p'/3x  into  (13*7),  we  obtain  the 
continuity  equation  in  a  different  form 


-IV  £+*!+!£ _o. 

dx  dx  ~  dy 


(13-8) 


Now,  linearizing  the  Bernoulli  Equation  (5-5) 


and  substituting  herein  the  values  of  p  and  V  from  (13.6),  at  an 
arbitrarily  chosen  point  A  of  the  thin  profile  (Figure  13.1) 
we  obtain 
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Neglecting  small  quantities 
of  second  order,  we  have 

dp=-Qmv„d\r. 


Integrating,  we 


obtain 


/>=-e-K.v;+c: 

Considering  that  far 
from  the  profile  V  '  =  C, 


y\ 

9,P>*  I 

y 


(v*J 


Vt-v^+ri 


Figure  13.1.  Thin  profile  in  gas 
flow  ■< 


we  find  the  value  of  the  constant  of  integration 


C=pm 


Consequently 


p~p.-Q.VJT* 


(13. 9) 


With  account  for  (13-6)  and  (13*9)  we  have 


(13.90 


Equations  (13-9)  and  (13.9’)  are  called  the  linearized 
Bernoulli  equations . 


Substituting  the  value  of  p’  into  (13.8),  we  obtain 

.  vJz  <  I K  ,  K  n 

al  dx'dx'dy 


Considering  that  —  =  we  have 


Expressing  the  percurbafcion  velocity  components  V  '  and  V  '  for 

x  y 

irrotational  flow  in  terms  of  the  velocity  potential  and  substituting 
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their  values  into  the  last  equation,  we  obtain  the  linearized 
equation  or  the  velocity  potential  cf  the  perturbed  gas  motion 


(13-10) 


In  contrast  with  (13.5) »  Equation  (13.10)  is  a  linear  differ¬ 
ential  equation  and  is  used  to  determine  approximately  the  influ¬ 
ence  of  compressibility  on  the  aerodynamics  of  a  profile  in  gas 
flow.  This  technique  is  called  the  linearization  method,  and  the 
flow  described  by  (13.10)  is  called  a  linearized  flow. 


§13.2.  Connection  between  Gas  Flow  and  Subsonic 
Incompressible  Fluid  Flow  About  a  Thin  Profile 

Assume  a  thin  profile  (see  Figure  13-1)  whose  form  is 
given  by  the  equation  y  =  F(x)  is  in  a  gas  flow.  Let  us  suppose 
that  the  gas  flow  is  irrotational  and  is  defined  by  the  velocity 
potential 

?=V'jc-H'(x,  y). 

where  <j>"  (x,  y)  —  is  the  induced  (perturbed^  velocity  potential. 
Equation  (13.10)  holds  for  a  thin  profile. 


According  to  (2.1)  the  equation  of  a  streamline  for  plane  flow 


has  the  form 


dx _ dg 

V*  ~V,  ' 


(13-11) 


Since  the  unseparated  flow  boundary  condition  is  satisfied  at  the 
profile  surface. 

Ml) 

WjcJ npo$n.u  \dx  /Knuryp, 


The  boundary  condition  with  account  for  (13.6)  at  points  of  the 
profile  contour  can  be  written  as 


FTD-HC-2 3-720-71 


59 


v,-v=iy.+v^). 

If  we  neglect  the  small  quantity  V'  contour,  with  the  aid  of 

the  Derturbed  flow  velocity  potential  this  boundary  condition 
takes  the  form 

££—1/ 

dy  dx *  (13-12) 

At  an  infinitely  distant  point 

<p'— >0  as 

Equation  (13.10)  together  with  the  boundary  condition  (13.12)  de¬ 
fines  the  function  uniquely. 


Equation  (13.10)  can  be  transformed  into  the  Laplace  equation 
if  we  introduce  the  new  variables  and  y^,  connected  with  x  and 

y  by  the  relations 

x=x1;  j/i—t/Y  1-Mi. 


In  fact 


»f‘ 

1 


If  in  (13.10)  we  substitute  in  place  of  — |- 


^and  O 


» 


8x 


9y‘ 


their  values. 


after  cancelling  out  (1  -  Mro)  we  obtain  the  Laplace  equation  in 
the  form 

?4+i4=o-  (13.13) 

ArJ  dy{ 


The  potential  <j»*  (x,  y),  satisfying  (13.13)  corresponds  to  some 
incompressible  fluid  flow  in  the  x10y1  coordinate  plane,  it  is 

obvious  mat  in  this  case  the  boundary  condition  (13.12)  is  violated 
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:7c 


i 


K. 


If 


I 


K 


K 


it; 


r 


> 

IT 


i 


MSS' 

|8H 

TBSi 

Ejf- 


I 


I 


for  the  function  ?'  — 9*  (**•#  |/  1— M* )  .  This  means  that  the  in¬ 
compressible  fluid  flow  obtained  by  such  a  change  of  variables 
flows  past  a  profile  of  different  form  than  the  specified  profile. 
It  can  be  shown  that  this  fictitious  profile  has  a  thickness  which 

1 

is  y"j-_  ^  times  greater  than  that  of  the  original  profile  and 
is  aligned  in  the  flow  at  an  angle  of  attack  which  is  larger  by 

1  m 

a  factor  of  y— — — .  v  ' 

In  order  to  restore  the  boundary  conditions  (13.12)s  i.e., 
to  obtain  the  flow  pattern  about  the  original  profile  in  the 
incompressible  stream,  we  introduce  the  new  velocity  potential 
<p,*.  connected  with  4>'  by  the  relation 

9,-=9'Y. 

where  y  —  is  a  constant. 

The  function  (j^'  satisfies  the  Laplace  equation,  which  can 
be  easily  verified  by  direct  substitution  into  (13.13)* 

Let  us  find  y  from  the  incompressible  fluid  flow  condition 
past  the  original  profile.  The  boundary  condition  in  the  gas 
flow  at  points  of  the  profile  contour  has  the  form 

_ \r  ty  • 

dy  “  dx  ‘ 

The  corresponding  boundary  condition  in  the  incompressible  fluid 
flow  at  points  of  the  profile  contour  will  be 


Footnote  (1)  appears  on  page  71. 
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_i/  i»L 

dgt  ~ 


If  we  assume  the  contours 
points  of  the  contours 


to  be  the  same  in  both  flows,  then  at 
dyl 

*  ,  and  consequently  the  condition 


dy  dy,  * 

must  be  satisfied.  Then 


Hence  we  have 


»*_.*»«  y  d±_ 

dy  dyj  1  dy  dy,  * 


v=fe.=  /rriC 


Thus,  the  incompressible  stream  flowing  past  the  same  contour 
as  the  gas  stream  must  have  the  potential 

This  implies  that  the  longitudinal  components  of  the  induced  (per¬ 
turbed)  velocities  in  the  incompressible  fluid  stream  will  be 
greater  than  in  the  gas  stream 

'we  have  for  the  transverse  components  of  the  Induced  (perturbed) 
velocities 


VHe  dy,  dy  dy,  oyV 


VT^ar  v'*cx' 


We  shall  express  the  pressure  at  point  A  in  terms  of  Mw>  for 
which  we  use  the  Bernoulli  equation  in  the  form 


«3  .VI 


*-l  '  2  k-l 
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£ 


where  a  —  is  the  sound  speed  at  the  considered  point; 

Sq  —  is  the  sound  speed  in  the  gas  at  rest. 

? 

Substituting  into  the  Bernoulli  equation  in  place  of  V  its  value 

2  2 

from  (13-6)  and  neglecting  V*  and  V*  as  small  quantities  of 

x  y 

second  order,  we  obtain 

*=a\-k^V\.-[k-\)V.V’=al- (k-DVjr, 


Hence 


V  x 


m  m 


(13. 14) 


For  an  adiabatic  process  we  can  write 


» 


Using  the  connection  obtained  between  the  pressure  and  the  sound 
propagation  velocity,  on  the  basis  of  (13-14)  we  have 


(13.15) 


Expanding  the  right  side  into  a  binomial  series  and  neglecting  small 
quantities  of  second  order,  we  obtain 


Pk. 


Hence 


The  pressure  coefficient  at  point  A  is 


-  P-r,  :  „*/>.  Min 
P  “  c.  v--;  r_ 

2 
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(13.16) 


! 


If  we  use  the  relation  expressing  the  connection  between 

V’  .  _  and  V’  ,  then  on  the  basis  of  (13.16)  we  can  obtain 

x  incom  x  com 

the  connection  between  the  pressure  coefficients  at  corresponding 
points  of  the  flows 


P'»= 


_ Pmc _ _ 

V\^Wm  * 


(13.17) 


This  formula  expresses  the  familiar  Prandtl-Glauert  rule:  the 
local  pressure  coefficient  for  a  thin  body  in  subsonic  compressible 


flow  with  Mach  number  M_  is  -  times  greater  than  the  corre- 

-  *  —  /i-m*.  - 6 - 

sponding  pressure  coefficient  for  the  same  body  in  incompressible 
flow .  This  conclusion  does  not  extend  to  those  flow  regions  near 

the  thin  profile  where  the  perturbation  velocities  cannot  be  con¬ 
sidered  small .  Such  regions  include  those  near  the  stagnation 
points  (these  regions  are  circled  in  Figure  13. 1).  Specifically, 
for  sufficiently  small  the  pressure  coefficients  at  the  stagna¬ 
tion  point  are  connected  with  one  another  by  the  following  relation 
to  within  small  quantities  of  second  order 


Let  us  derive  the  relation  connecting  the  densities  at  point  A 
and  at  an  infinite  distance  from  the  profile.  It  is  known  that 


1 


(13.18) 


Substituting  herein  the  value  of  ^  fr°n»  (13.11<)>  we  expand  the 

a® 

right  side  into  a  binomial  series.  Neglecting  small  quantities  of 


6*J 
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Formulas  (13-20)  and  (13.21)  make  it  possible  to  scale  the 

values  of  the  coefficients  c  and  c  obtained  (by  calculation  or 

y  m 

experiment)  for  flow  of  an  incompressible  medium  past  a  thin  profile 
to  high  subsonic  gas  flow  past  the  same  profile.  These  formulas  are 
not  suitable  in  the  case  of  gas  flow  past  a  profile  of  considerable 
thickness,  nor  in  the  case  in  which  is  close  to  one  (for  =  1, 

c  approaches  infinity ) .  The  values  of  c  as  a  function  of  M  , 

y  com  y  00 

calculated  using  (13-20)  and  measured  experimentally,  are  shown  in 

Figure  13-2  . 

The  drag  coefficient  cx  for 

thin  profiles  is  determined  pri¬ 
marily  by  the  friction  forces . 

Therefore  compressibility  has  a 
considerable  influence  on  its 
magnitude,  since  it  affects  the 
gas  flow  conditions  in  the 
boundary  layer. 

Let  us  first  examine  the 


boundary  layer  on  a  flat  plate, 
restricting  ourselves  to  a 
purely  qualitative  evaluation 
of  the  effect  of  compressibility. 
At  the  plate  surx'ace,  where  the 
velocity  vanishes,  the  gas  tem¬ 
perature  reaches  the  stagnation 
temperature  Tq.  Through  the 


Figure  13.2.  Comparison  of 
actual  values  of  Cy  and 

those  calculated  using  linear 
theory  in  the  subsonic  region: 

1  —  experimental  values;  2  — 
theoretical  values 


thickness  of  the  boundary  layer  the  gas  temperature  will  vary  in 
accordance  with  the  velocity  variation.  The  approximate  temperature 
variation  in  laminar  and  turbulent  boundary  layers  is  shown  in 
Figure  13-3.  We  can  speak  of  some  average  temperature  T  in  the 

boundary  1 ayer>  whx:h  is  greater  than  the  temperature  at  the  edge 

T 

of  the  layer.  Figur*  13-^  shows  the  relation  =  f  u^). 
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Figure  1.3-3-  Temperature  Figure  13-1*.  Temperature  in 

variation,  in  boundary  layer:  turbulent  boundary  layer  versus 

M 

1  —  laminar  flow;  2  —  tur-  « 

bulent  flow 

calculated  for  a  turbulent  boundary  layer  with  variation  of  the 
velocity  across  the  boundary  layer  section  following  (11.16)  with 

n  -  7. 

As  a  result  of  the  temperature  increase,  the  gas  density  in  the 
boundary  layer  decreases,  leading  to  increase  of  the  boundary  layer 
thickness.  Figure  13*5  shows  the  boundary  layer  thickness  as  a 
function  of  H^.  On  the  other  hand,  the  gas  viscosity  increases  as 

a  result  of  the  temperature  increase  in  the  boundary  layer.  The 
boundary  layer  thickness  increase  is  of  greater  importance  than  the 
viscosity  increase.  Therefore , calculation  shows  that  the  friction 
coefficient  of  a  flat  plate  in  gas  flow  is  less  than  in  incompressible 
fluid  flow. 

The  effect  of  M  on  the  value  of  c  is  shown  in  Figure  13.6. 

co  x  ° 

The  influence  of  compressibility  on  cx  can  be  evaluated  using  the 
G.  F.  Burago  aprroximate  formula 
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Figure  13*5-  Turbulent 
boundary  layer  thickness 
versus  M 

CO 


Figure  13.6.  Flat  plate  drag 

coefficient  versus  M  : 

00 

1  —  xt  *  1;  2  —  0  <  xt  <  1; 
3  —  xt  =  ° 


In  subsonic  flow,  when  heating  is  not  significant,  the  variation 
of  c  is  evaluated  quite  accurately  by  the  K.  K.  Fedyayevskiy  formula 

X 


j/V+o,2m*„ 


In  addition  to  friction  drag,  thick  profiles  experience  pressure 
drag.  Experiment  shows  that  the  pressure  drag  rises  quite  rapidly 
with  Increase  of  M^.  This  Is  a  result  of  increase  of  the  pressure 
gradient 

dPt*  _  dP  1 

dx  dx  — m* 


In  the  convergent  region,  where  the  boundary  layer  is  laminar, 
increase  of  the  negative  pressure  gradients  leads  to  decrease  of  the 
boundary  layer  thickness.  In  the  divergent  region,  where  the  boundary 
layer  is  usually  turbulent,  increase  of  the  positive  pressure  gradi¬ 
ents  leads  to  thickening  of  the  boundary  layer.  This  implies  tnat 
the  degree  of  influence  of  compressibility  on  the  profile  viscous 
drag  depends  on  the  length  xfc  of  the  laminar  portion  of  the  boundary 
layer. 
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1 


I 


! 


The  profile  drag  coeffi¬ 
cient  depends  on  several  basic 
factors:  angle  of  attack, 

Re,  and  relative  profile  thick¬ 
ness  c  (Figures  13-6,  13-7). 

For  small  relative  profile 
thickness  (0  <  c  <  0-05)  the 
pressure  drag  is  small  in  com¬ 
parison  with  the  overall  profile 
drag;  therefore  the  drag  coeffi¬ 
cient  decreases  with  increase 
of  (see  Figure  13.6).  For 

profiles  of  moderate  thickness 
(0.05  <  c  <  0.12)  the  drag 
first  decreases  and  then  for 
*  0.05  -  0.5  begins  to  in¬ 
crease  as  a  result  of  the 
pressure  drag.  Finally,  the 
drag  coefficient  of  thick  pro¬ 
files  increases  over  the  entire 
subsonic  range  (see  Figure  13 


Figure  13. 7-  Effect  of  air 
compressibility  on  drag  coeffi¬ 
cient  for  several  profiles  of 
different  thickness 


7). 


REVIEW  QUESTIONS 

1.  How  do  the  coefficients  c  and  c  change  with  increase  of 

x  y 

M^?  Describe  their  dependence  on  angle  of  attack  for  different 

2.  How  does  compressibility  affect  the  wing  profile  polar? 

3.  How  does  compressibility  affect  the  position  of  the  boundary 
layer  separation  point? 

4.  How  does  the  pressure  distribution  along  the  profile  con¬ 
tour  change  with  increase  of  M^,? 
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PROBLEMS 


1.  The  profile  lift  coefficient  cy  incom  for  =  0  is  0*3. 


Find  the  lift  coefficient  c  _  for  m  =0.8. 

y  com  * 


Solution.  According  to  (13-20) 

-  fi «  0,3 

*>C*  ~ - - 


Answer :  c 


y  com 


F'l-Mi  V  i  — o,s* 

=  0.5. 


=0,5. 


2.  By  whac  percent  does  the  value  of  the  lift  coefficient  c 

increase  in  flight  at  H  =  500  m  and  V  *  652  km/hr  if  compressibility 
is  considered? 

Answer:  by  17 . 8% . 

3.  The  lift  force  Y  of  a  wing  segment  of  infinite  span  and 
area  S  =  10  m2  at  a  =  0.0431*  rad  and  flight  speed  V  *  880  km/hr  at 
sea  level  is  17,760  N.  For  the  profile  3c  /3a  =  5-^0.  Find  the  zero 

lift  angle  aQ  and  lift  coefficient  c  for  flight  speed  V  =  720  km/hr 

and  angle  of  attack  a  =  0.069  rad. 

Answer:  aQ  =  0.0209  rad;  cy  =  0.228. 
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FOOTNOTES 


Footnote  (1)  on  page  61:  In  this  connection,  to  obtain  the  aero¬ 
dynamic  characteristics  of  the  profile  at 
high  subcritical  values  of  an  experi¬ 
ment  can  be  conducted  under  conditions  of 
incompressible  fluid  flow  past  the  thick¬ 
ened  profile  at  the  higher  angle  of  attack. 


A  wing  profile  in  a  gas  stream  displaces  by  its  volume  part  of 
the  gas  and  constricts  the  stream  filaments  flowing  around  it.  The 
gas  velocity  first  increases  along  the  profile,  reaching  the  maxi¬ 
mal  value  V  „  at  the  most  constricted  stream  filament  section,  and 
max  * 

then  decreases. 


In  the  case  of  adiabatic  gas  flow,  the  sound  speed  a  in  the  gas 

decreases  with  increase  of  the  gas  velocity  V.  At  the  profile  point 

where  V  =  V _ .  a  =  a  .  .  Consequently,  the  maximal  value  of  the 

max  min 

local  Mach  number  M  =  M  >  M  is  reached  at  the  point  where  the 

scream  filament  section  is  minimal  (w  =  u>  ^n)  (Figure  1*4.1).  This 

point  also  corresponds  to  the  minimal  pressure  and  minimal  value  of 
the  pressure  coefficient  (p  =  p  ^n).  With  increase  of  the  gas 
velocity 


M 


mu  — 


®ml» 
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Figure  14.1.  Wing  profile  in  subsonic  flow 


At  a  definite  value  of  V  for  a  given  profile  the  local  gas 

velocity  V  at  the  profile  surface  becomes  equal  to  the  local  speed 
of  sound,  in  spite  of  the  fact  that  the  freestream  velocity  is  still 
subsonic. 

The  value  of  for  which  the  local  flow  velocity  at  the  profile 
surface  equals  the  local  speed  of  sound  (the  local  Mach  number  equals 
one)  is  termed  the  critical  Mach  number  and  is  denoted  by  M  .  This 

number  is  always  less  than  or  equal  to  one,  and  depends  on  the  profile 
shape  and  its  angle  of  attack.  The  Mach  number  =  Mcr  is  the  upper 

limit  of  the  values  of  for  which  the  relations  obtained  for  com¬ 
pletely  subsonic  flow  are  valid. 

With  further  increase  of  V  ,  when  1  >  Mw  >  M  .  at  the  surface 

<x>  CV 

of  a  profile  in  a  subsonic  gas  stream  there  are  formed  regions  of 
supersonic  velocities;  in  the  latter  the  gas  parameter  variation  no 
longer  obeys  the  subsonic  flow  laws. 

The  formulas  of  the  preceding  chapter  which  account  for  the  in¬ 
fluence  of  air  compressibility  on  the  aerodynamic  characteristics 

of  thin  profiles  contain  the  quantity  V  l  —  Mi >  which  vanishes  for 

=  i.  These  formulas  are  not  valid  for 1  since  the  aerodynamic 

coefficients,  which  are  inversely  proportional  to  V\— h\\  ,  increase 

without  limit  in  this  case,  while  this  does  not  occur  in  reality. 
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The  supersonic  flow  regions  are  usually  closed  by  compression 
shocks  (shock  waves).  The  appearance  of  compression  shocks  causes 
additional  mechanical  energy  losses  in  the  flow  around  the  body. 

This  phenomenon  is  usually  termed  shock  stall.  In  many  cases  the 

shocks  also  cause  separation  of  the  boundary  layer. 

At  the  instant  of  stall  onset,  M  =  M  and  sonic  flow  velocity 

appears  on  the  profile  at  that  point  of  its  surface  at  which  the 

pressure  is  minimal.  S.  A.  Khristianovich^"^  showed  that  M  for  any 

profile  is  a  function  only  of  the  magnitude  of  the  minimal  pressure 
coefficient,  defined  from  the  pressure  distribution  patterns  along 
the  contour  for  low  incompressible  fluid  flow  velocities  past  the 
profile  (Figure  1*4.2).  The  relationships  between  Kcr  and  Pmin  incom 

for  air,  obtained  using  the  Khristianovich  and  Burago  methods,  are 
shown  as  curves  ir.  Figure  1*4.3. 


Figure  1*4.2.  Variation  of 
pressure  coefficient  p  along 
profile  contour  in  incom¬ 
pressible  flow 


Figure  1*k3.  Minimal  pressure 

coefficient  versus  M  : 

cr 

1  —  Khristianovich  method:  ?  — 
Burago  method 


Fcotr.-t.e  ( )  appears  on  page  86. 


Pro-;..  -2  - 
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Thus  for  M  >  M  _  there  are  on  the  wetted  surface  both  subsonic 
cr 

and  supersonic  flow  zones.  The  subsonic  zones  do  not  disappear 
immediately  upon  reaching  supersonic  flight  speeds .  Depending  on 
the  profile  shape,  this  occurs  at  M  =  1.2  -  1.4  or  more.  The  flow 
regime  in  which  there  are  both  subsonic  and  supersonic  zones  in  the 
flow  around  the  profile  is  termed  transonic .  This  regime  includes 

Mach  numbers  in  the  range  Mcr  <  M  <  1  and  in  the  low  supersonic 

range . 


§14.2.  Effect  of  Angle  of  Attack  and  Profile  Shape 


on  M  „  and  Plow  Structure  Around  a  Profile 
-  cr  - 


Figure  14.4  shows  the  theoretical  values  of  MQr  for  a  family 

of  symmetric  profiles  as  a  function  of  relative  thickness  and  angle 
of  attack  a.  With  increase  of 
the  angle  of  attack  a,  the  con¬ 
striction  of  the  elementary 
stream  filaments  by  the  profile 
increases  and  consequently  M 


decreases.  For  an  infinitely 
thin  flat  plate  (c  =  0)  at  zero 


angle  of  attack  (a  =  0),  Mcr  =  I 

for  all  angles  of  attack  a  >  0, 
M  =  0.  This  is  explained  by 

the  fact  that  near  the  leading 
edge  of  an  infinitely  thin  flat 
plate  there  arise  large  local 
flow  velocities  and  the  local 
Mach  numbers  M  >  1. 


0.(74  0,08  0J2  0.16 


Figure  14.4.  Effect  of 
profile  relative  thickness 
and  angle  of  attack  on  M 


With  increase  of  the  profile  relative  thickness,  the  local 
Mach  numbers  near  the  now  rounded  and  thickened  leading  edge  first 
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decrease  and  then  increase,  since  further  increase  of  the  relative 
thickness,  beginning  with  some  value  of  c,  leads  to  constriction 
of  the  gas  stream  filaments  downstream  of  the  profile  leading  edge. 
Correspondingly,  M  first  increases  and  then  decreases. 

For  an  asymmetric  profile  at  a  =  0  the  local  maximal  velocities 
will  be  lower  and  the  values  of  Pm^n  incom  will  be  larger,  the 

tninner  the  profile.  Consequently,  Mcp  increases  with  reduction 

of  the  profile  relative  thickness. 

Judging  by  some  experimental  data,  not  only  the  profile  rela¬ 
tive  thickness  c  but  also  the  relative  abscissa  x  has  an  effect  on 

the  pressure  distribution  (Figure 

14.5).  For  small  angles  a  (or 

for  small  values  of  c  )  M  in- 

y  cr 

creases  with  increase  of  x  , 

c 

while  for  large  angles  of  attack 

M  decreases, 
cr 

For  symmetric  profiles  the 

value  of  M  ^  reaches  a  minimum 
cr 

at  a  =  0  or  at  cy  =  0,  and  the 

maximal  pressure  reduction  above 

and  below  the  profile  are  equal. 

For  asymmetric  profiles  the 

maximal  value  of  M  „  is  obtained 

cr 

at  that  angle  of  attack  a  (or 
for  that  value  of  c  )  for  which 

the  maximal  pressure  reductions  above  and  below  the  profile  are 

equal.  !J;,uaily  this  occurs  at  small  negative  angles  of  at\  ‘•ck. 

With  increa  ■  rf  rje  profi le  camber ,  there  is  an  increase  of  the 

value  of  e  f.  r  whJ>h  the  maximal  value  of  M  in  reached. 

cr 


c 


Figure  14.5.  Effect  of 
profile  maximal  thickness 
location  on  pressure  dis¬ 
tribution 
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zx^t, 

_ ^-—^wwraew fK=W5«S55SH*S^^ 


Now  let  us  examine  the  flow  structure  abc  «  wing  profile 
in  a  stream  with  M  >  M  .  As  was  shown  above ,  for  M  >  M  the 

flow  velocity  becomes  equal  to  the  local  sound  speed  at  some  point 
of  the  profile  surface,  and  the  minimal  value  of  the  pressure  coeffi¬ 
cient  is  reached  at  this  point.  With  further  increase  of  M  a 

i  supersonic  flow  zone  is  formed  downstream  of  this  point ,  usually 

|  closed  by  a  compression  shock.  The  location  of  the  compression 

§  shock  and  the  extent  of  the  supersonic  velocity  zone  depend  on  M^. 

|  With  increase  of  the  compression  shocks,  forming  initially 

on  the  upper  surface,  displace  together  with  the  boundary  of  the 
1  supersonic  velocity  zone  toward  the  trailing  edge  of  the  profile. 

|  Then  a  supersonic  zone  is  also  formed  on  the  lower  surface  of  the 

|  profile.  The  growth  of  the  supersonic  zone  on  the  lower  surface  of 

I  the  profile  takes  place  more  rapidly  than  on  the  upper  surface • 

I  Therefore  for  some  <  1  the  closing  compression  shock  on  the  lov/er 

|  surface  overtakes  the  compression  shock  on  the  upper  surface  as  it 

I  travels  toward  the  trailing  edge  of  the  profile.  When  Mm  approaches 

one,  the  supersonic  zones  encompass  nearly  the  entire  surface  of  the 
profile . 

!The  supersonic  zone  ahead  of  the  compression  shock,  resting  on 
the  profile  and  bounded  on  the  left  by  the  subsonic  flow  velocity 
|  zone,  is  shown  in  Figure  1^.6. 

I  We  note  that  the  boundary  layer,  which  forms  on  the  wing  sur¬ 
face  as  a  result  of  friction,  has  an  effect  on  the  shape  of  the  com¬ 

pression  shock.  It  has  been  established  experimentally  thau,if  the 
boundary  layer  ahead  of  the  compression  shock  is  laminar,  then  near 
tne  boundary  layer  the  normal  shock  splits  and  takes  a  sort  of 
X-shaped  form  (Figure  1^4  •7'1  •  The  forward  leg  of  the  lambda  shock 
i  is  an  oblique  compression  shock  while  the  aft  leg  is  a  continuation 

of  the  basic  normal  compression  shock. 
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Figure  14.6.  Air  flow  past  Figure  14.7*  Flow  past  profile  for 

profile  for  M  >  M  M  >  M  with  transition  of  laminar 

o  CT  00  CT 

boundary  layer  into  turbulent 

Upon  increase  of  Re  the 
!  laminar  boundary  layer  becomes 

turbulent  and  the  shock  changes 
its  shape.  These  changes  lead 
to  oscillations  of  the  loads 
on  the  profile. 

If  the  boundary  layer 
ahead  cf  the  compression  sh  ,>ck 
is  turbulent,  only  a  singl" 

I 

|  normal  compression  shock  is 

formed  in  the  supersonic  zone. 

In  this  case  nearly  the  en¬ 
tire  t'  j.idary  layer  is  super  - 
sonic ,  The  normal  compression 
shock  nearly  rests  on  the  wall 
and  is  most  stable. 


Figure  14.8.  Division  of  bound¬ 
ary  layer  Into  subsonic  and 
supersonic  regions : 

1  —  boundary  layer  supersonic 
region;  2  —  boundary  layer 
subsonic  region;  3  —  high- 
pressure  region;  4  —  direction 
of  pressure  equalization 


§14.3.  Pressure  Distribution  Over  Profile  in 


Presence  of  Local  Compression  Shocks  and 
Profile  Wave  Drag  Calculation 


Let  us  isolate  a  thin  stream  filament  at  the  wing  surface.  In 
the  absence  of  friction  the  flow  in  the  stream  filament  can  be 
likened  to  the  flow  in  a  Laval  nozzle .  We  shall  examine  three 
characteristic  flow  cases  (Figure  14.9). 


1.  For  M  M  the  flow 

»  <  cr 

is  subsonic  along  the  entire 
stream  filament.  Up  to  the 
minimal  (critical)  section 
u>cr>  the  velocity  increases 

while  the  pressure  decreases; 
benind  this  section,  conversely, 
the  velocities  decrease  and  the 
pressure  increases. 

2.  For  M  =  M  the 

oo  cr 

velocity  at  the  critical  sec¬ 
tion  equals  the  local  sound 
speed,  while  the  flow  is  sub¬ 
sonic  at  all  the  other  sec¬ 
tions.  The  critical  pressure 
(see  Chapter  X)  is  Pcr  = 

0.528  Pq,  where  Pq  is  the  pres¬ 
sure  at  the  profile  forward 
stagnation  point. 


Figure  14.9.  Pressure  distri¬ 
bution  over  profile  for  differ¬ 
ent  values  of  M 

CO 


3.  For  >  M  a  local  zone  with  supersonic  flow  appears  be¬ 
hind  the  critical  section  and  is  closed  on  the  right  side  by  the 
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? 


normal  compression  shock  AE.  The  pressure  variation  curve  for 


>  M  is  shown  in  the  lower  figure • 
cr 


Nov;  let  us  turn  to  the  calculation  of  the  so-called  wave  drag. 

The  shocks  which  form  on  the  wing  surface  give  rise  to  wave  drag 

(wnich  reaches  significant  magnitudes  even  for  streamlined  bodies), 
caused  by  energy  dissipation  in  the  compression  shocks  and  friction 
variation  in  the  boundary  layer.  The  wave  drag  can  be  found  by 
elvr.  r  the  £ .  A.  Khristianovich-Ya.  M.  Serebriyskiy  or  Burago  methods. 

We  shall  examine  the  Burago  method.  Let  us  assume  that  a  local 
supersonic  zone  forms  on  the  upper  surface  of  the  wing  (Figure  14.10). 
We  isolate  in  the  flow  an  ele¬ 


mentary  scream  filament  passing 
through  the  compression  shock, 
ani  we  identify  the  two  sections 
I  and  IT  in  tne  flow  at  suffi¬ 
ciently  great  distance  ahead  of 
ana  behind  tne  profile.  We  as¬ 
surer  the  gas  parameters  at  these 
sections  to  be  unperturbed  and 
denote  them  respectively  by  the 
subscripts  1*  and  2*  (we  denote 
the  gas  parameters  ahead  of  and 
bern.id  the  snock  ly  the  sub¬ 
scripts  j  and  2,  respectively). 
From  l.ic  condition  of  flow 


S*  > 

I 

IA,~ 


Figure  Hi.  10.  Scheme  for 
calculating  flow  past  wing 
profile  in  presence  of 
normal  shock 


continuity  in  the  stream  filament  for  the  two  sections ,  we  can  write 


Pj-Vj**///,.—  p2~V7„dyJm. 


(14.1) 


Assuming  that  dy,aj  =  dy2<Xj  =  dy ,  in  accordance  with  the  .ament  i 


theorem  w .  have 
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3d 


(14.2) 


+  •  T» 

[  fi-Vhdyim—  J  h»V\mdyim=  J  (p^—p2J)dy—X„ 


or,  transforming  (14.2)  with  account  for  (14.1),  we  obtain 


J  (Pi-~Pi~)dy+  j  t.-V^dy. 


(14.3) 


In  the  absence  of  compression  shocks,  i.e.,  for  continuous 
isentropic  gas  flow  past  the  profile.  It  follows  from  this  formula 

that  X  =0. 

w 

If  we  consider  that  the  pressure  p  is  recovered  at  the  second 
section  and  takes  the  same  value  as  at  the  first  section,  and  that 
V2oo  =  in  all  the  stream  filaments  which  do  not  cross  the  com¬ 


pression  shock,  then 


j  (Pi--p2-)dy=0 


Then  (14.3)  takes  the  form 


r.=  f  (Pi-.-Pi^dy, 

I*)  <*) 


(14.4) 


where  s  —  is  the  length  of  the  compression  shock. 


If  we  follow  Burago  and  assume  that  the  velocities  equalize 
behind  the  wing,  i.e.,  Vlcj  %  V2oo,  and  assume  that  ploo  =  const 

(unperturbed  flow),  then  (14.4)  can  be  reduced  to  the  form 


04.5) 
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Since 


Pi- 
Pi - 


l 


MJ. 


1  + 


then  for  the  same  velocities 


P«_=^_==0<1> 

Pm  Pirn 


(1 H.6) 


wnere  a  —  is  the  total  head  loss  coefficient.  For  all  the  stream 
filaments  which  do  not  cross  the  compression  shock 
o  =  l. 


Considering  (14.6)  and  noting  that 


?x-\\-dy^—oy xds. 


or 


dyl-  —  dy 


tiVi 

flui¬ 


ds. 


we  obtain  the  formula  for  finding  the  magnitude  of  the  wave  drag 
in  the  form 


X.=Pi~  \  (1 -«)<&. 

it) 


14.7) 


We  see  from  (It. 7)  that  with  decrease  of  o  the  value  of  Xw 

increase.,;.  Since  0  <  1  across  the  compression  shock,  the  wave  drag 
X  >  0.  With  reduction  of  0  and  Lncrease  of  the  compression  shock 

length  s,  the  value  of  X  will  increase, 
o  v» 


The  wave  drag  coefficient  equals 


h-vl 


.!«♦  .8) 


~h 


Burago  recommends  the  following  formula  for  determining  the 
wave  drag  coefficient  in  the  first  approximation 

(14.9) 

where  M  <  M  +  0.15; 

co  cr 

A  is  a  coefficient  which  depends  on  the  profile  type  and 
pressure  distribution. .  The  average  value  of  this  coefficient  for 
subsonic  profiles  is  about  11. 


The  nature  of  the  pressure 
file  at  zero  angle  of  attack  in 
on  the  upper  surface  is  shown 
in  Figure  14.11.  The  pressure 
distribution  corresponding  to 
the  flow  pattern  on  the  upper 
surface  is  shown  on  the  lower 
surface  of  the  profile.  The 
pressure  pQ  is  maximal  at  the 

stagnation  point .  Further 

along  the  profile,  the  pressure 

decreases  and  reaches  the  value 

p  at  the  point  A,  where  the 
cr 

velocity  V  =  a  .  In  the 
cr 


distribution  along  a  symmetric  pro- 
the  presence  of  a  compressior  shock 


Figure  14.11.  Pressure  distri¬ 
bution  over  upper  surface  of 

profile  for  1  >  fL  >  M 

oo  cr 


supersonic  zone  AB  the  pressure 

decreases  still  further  and  only  increases  abruptly  at  the  compres¬ 
sion  shock  BC.  Behind  the  compression  shock  the  pressure  continues 
to  increase  to  the  value  of  the  stagnation  pressure  at  the  profile 
trailing  edge  (curve  GH),  and  the  flow  velocity  decreases. 


We  note  that,  if  the  deceleration  of  the  supersonic  flow  were 
to  take  place  without  compression  shocks,  then  for  the  same  velo¬ 
cities  the  pressure  on  the  aft  portion  of  the  profile  would  be 
higher  and  would  vary  along  curve  KG'H'.  Thus,  in  the  presence 
of  a  compression  shoc&  the  pressure  on  the  aft  portion  of  the 
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profile  decreases  in  Comparison  with  the  shock-free  flow  case, 
which  is  the  factor  leading  to  the  additional  drag  which  is  termed 
wave  drag. 

All  the  analytic  techniques  for  determining  the  wave  drag 
coefficient  for  >  Kcr  are  very  approximate.  More  exact  results 
can  be  obtained  only  by  experiments. 


REVIEW  QUESTIONS 

1.  Define  the  critical  Mach  number  and  list  the  factors  on 

which  M  depends, 
cr 

2.  What  is  the  reason  for  the  appearance  of  local  compression 
shocks  on  a  profile? 

3.  How  do  the  coefficients  ox  and  c  vary  wit.i  increase  of  M? 

y 

Show  graphically  the  dependence  of  these  coefficients  on  M^. 

4.  How  does  the  profile  aerodynamic  center  location  vary 
for  >  Mor? 

5.  What  is  the  physical  meaning  of  wave  drag?  How  do  profile 
thickness,  camber,  and  angle  of  attack  affect  the  magnitude  of  the 
wave  drag  in  the  transonic  flow  regime? 


PROBLEMS 


1 .  For 
^min  incom 


low-speed  flow  past  a  profile  it  Is  found 
~0 . 7  5  •  Find  the  critical  Mach  number  for 


that 

the  profile. 


Answer*  M„ti  -  0.6. 


FTD-  HC  -?3  -7  :0-71 


84 


2.  In  low-speed  flow  past  a  profile,  the  maximal  velocity  at 
the  surface  was  125Z  of  the  freestream  velocity.  Find  the  value  of 
M  and  the  corresponding  flow  velocity  for  flight  at  an  altitude 

of  8000  m.  * 

Answer:  M _  =  0.65,  V  „  =  720  km/hr. 

cr  vc 


3-  In  the  process  of  testing  a  wing  profile  in  a  high-speed 
wind  tunnel  with  air  temperature  260°  K  and  freestream  pressure 

p 

P«,  =  6000  N/m  ,  it  was  found  that  Mcr  =  0.72.  Find  the  magnitude 
of  the  minimal  pressure  on  the  profile. 


To  find  the  density  we  use  the  equation  of  state  (1.2) 


We  find  the  magnitude  of  the  velocity  using  (1.19)  and  (1.18) 

F.=MVW„ 

Substituting  the  values  of  and  Vot  into  (a),  we  obtain 
P  min =P-  ( 1  +~ 3mi0M!£)  =  6000  ( 1  -  0,4  •  0.722  - 1,4)—  1 643  «/.**. 
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FOOTNOTES 


Footnote  (I)  on  page  7^:  Trudy  TsAGI,  No.  48,  181,  19-’»0. 


CHAPTER  XV 


WING  PROFILE  IN  SUPERSONIC  FLOW 


S15.1.  Characteristics  of  Supersonic  Flow  past 
Bodies.  Flat  Plate  in  Supersonic  Flow 


The  general  problem  of  suoersonic  flow  past  bodies  with  a 
rounded  nose,  in  which  as  result  of  flow  deceleration  a  curved 
(detached)  compression  shock  forms  ahead  of  the  body,  belongs  to 
the  class  of  "mixed"  hydrodynamic  problems,  since  there  are  regions 
in  the  stream  with  supersonic  and  subsonic  flows .  The  complexity 
of  the  problem  lies  in  the  fact  that  the  boundaries  of  the  compres¬ 
sion  shocks  cannot  be  determined  in  advance  and,  moreover,  the 
supersonic  gas  flow  behind  the  curved  compression  shock  is 
rotational. 

In  contrast  with  the  mixed  problem,  in  the  case  of  supersonic 
flow  past  a  profile  with  sharp  leading  edge  at  small  angle  of 
attack, the  bow  shock  is  attached  to  the  leading  edge  of  the  profile 
and  breaks  down  into  upper  and  lower  oblique  compression  shocks. 
There  are  several  methods  of  differing  precision  for  the  solution 
of  problems  of  flow  past  such  profiles,  which  make  it  possible  to 
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obtain  simple  computational  formulas.  We  shall  restrict  ourselves 
to  consideration  of  the  problem  of  the  flow  past  a  sharp-nosed 
profile  at  small  angle  of  attach.  We  shall  examine  the  simplest 
case:  supersonic  flow  past  a  flat  plate  aligned  at  the  angle  of 
attack  a  (Figure  15-1). 


Figure  15.1.  Supersonic  flow  past  flat  plate 


The  flow  divides  into  two  parts  at  the  leading  edge.  The  upper 
part  of  the  flow  is  turned  through  the  angle  a  and  expands  in  a  fan 
of  characteristics  (or  weak  disturbance  lines).  At  the  trailing 
edge  the  flow  changes  direction  and  tends  to  recover  the  initial 
direction,  turning  through  the  angle  a  and  being  compressed. 

Thus,  the  upper  part  of  the  stream  flows  around  a  concave 
corner  at  the  trailing  edge  and  a  compression  shock  develops  here. 
The  reverse  picture  is  observed  in  the  lower  part  of  the  stream. 

Hear  the  leading  edge  of  the  flat  plate  a  compression  shock  is 
formed,  while  near  the  trailing  edge  the  flow  expands  in  a  fan  of 
characteristics.  For  small  angles  a  the  expansion  (or  compression), 
as  mentioned  previously,  takes  place  practically  in  a  single  char¬ 
acteristic,  coinciding  with  the  perturbation  line. 

If  the  -?  a  is  positive,  the  pressure  on  the  lower  surface 
of  the  plate  will  be  greater  than  that  of  the  freestre;.!i  flow. 
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i.e.,  p^  >  p^,  while  the  situation  is  reversed  on  the  upper 
surface . 

The  resultant  force  R,  equal  to  the  difference  of  the  pressure 
forces,  is  perpendicular  to  the  plate  and  for  o  >  0  is  directed 
upward.  Thus,  the  resultant  force  per  unit  span  of  a  plate  with 
chord  b  is 

R=(p,-p.)bl. 


The  projection  of  the  resultant  force  on  the  freestream  velo¬ 
city  direction  yields  the  drag  force,  termed  the  wave  drag  and 
denoted  by  X 

w 

*.=(Ai— p,)bslaa, 

or,  considering  the  smallness  of  a, 

x,=(pm-p,)b*. 


The  wave  drag  results  from  the  energy  expenditures  in  forming 
wave  disturbances  in  the  flow. 

The  projection  of  the  resultant  force  R  perpendicular  to  the 
freestream  velocity  is  the  lift  force  Y 

y=(P*-P,)bc os  a, 

or,  considering  that  for  small  angles  cos  a  ~  1, 


Y=(Pu  —  P*)b- 


Por  positive  and  small  angles  a,  we  can  find  the  pressure 
increase  below  the  plate  from  (10.^6) 

P.-p-=?.V'.—!=r  U5.1) 

Y*\-\ 


i 

t 

\ 


4 

I 


I 

•» 

1 
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and  the  pressure  reduction  above  the  plate 


P.-P~=-9.V i  —  ‘ 

VmI-1 


(15.2) 


Then  we  obtain  the  difference  between  the  pressures  on  the  lower 
and  upper  surfaces  of  the  plate  in  the  form 


P.-P.= »,Vl 

V*\-i 


(15.3) 


Tr.e  lift  and  wave  drag  per  meter  of  plate  span  are 

y~  p-V’l  -—==■; 

/Mi-1 


(15. *0 


Mi-1 


(15.5) 


Considering  that  S  -  b  *  1,  from  (15. *0  and  (15-5)  we  find  the 
formulas  for  the  plate  lift  and  wave  drag  coefficients 


(15.6) 

(15.7) 

(15.8) 

We  see  from  these  formulas  that  the  lift  coefficient  c  is 

directly  proportional  to  the  angle  of  attack  a  and  can  change  its 
sign  depending  on  the  sign  of  a;  the  wave  drag  coefficient  cx  w  i 

depends  quadraticaliy  on  a  and  is  always  positive.  Both  the  coeffi¬ 
cients  c  and  c  .  are  inversely  proportional  to  VMJ—  1  and  de- 

j  A  W  X 

crease  with  increase  of  M  . 

CO 
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Since  the  wave  drag  coefficient  c 


is  proportional  to  the  lift 


We  note  that  (15.6)  and  (15-7)  are  applicable  in  practice  only 
when  the  compression  shock  extending  downward  from  the  nose  part  of 
the  profile  is  a  rectilinear  attached  shock  with  a  >  0.  It  is 
assumed  that  for  approaching  unity  the  angle  of  attack  a  must 

approach  zero.  Otherwise  the  relations  obtained  will  not  be  valid . 


We  should  point  out  the  fundamental  differences  between  super¬ 
sonic  and  subsonic  flow  past  a  flat  plate.  In  supersonic  flow  the 
nose  of  the  plate  splits  the  flow  and  the  streamlines  are  parallel 
to  the  plate;  the  differential  pressure  and  the  pressure  coefficient 
are  constant  on  the  upper  and  lower  surfaces  of  the  plate  and  are 
equal  in  magnitude  and  opposite  in  sign  (Figure  15.2).  It  is  obvious 
that  the  center  of  pressure  (point  D)  and  focus  of  the  flat  plate 
are  at  the  midpoint  of  she  chord  in  this  case. 


In  subsonic  flow  a  sharp  suction  peak  is  created  near  the  nose 
of  the  plate  on  the  upper  surface,  and  a  large  positive  pressure  on 
on  the  lower  surface.  The 


pressure  varies  along  the 
length  of  the  plate ,  and  the 
center  of  pressure  (D)  ai.d 
focus  are  located  about  1 /H 
chord  from  the  nose  (Figure 
15.3). 

With  account  for  fric¬ 


tion,  the  drag  coefficient 
of  a  plate  of  infinite  span 
will  be  made  up  of  two  terms 


Figure  15.2.  Pressure  coefficient 
distribution  over  flat  plate  in 
supersonic  flow 


Footnote  (1)  appears  on  page  107. 
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**=*Cx*t+ 2g^=—7=-+2g^. 

V  Mi  — 1 


(15*9) 


where  cx^.  —  is  the  flat  plate 
friction  drag  co¬ 
efficient  calcu¬ 
lated  by  the 
methods  of  bound¬ 
ary  layer  theory . 

Substituting  into  (15-9) 
the  value  of  c  .  from  (15.8), 

X  W  1 

we  obtain  the  equation  of  the 
flat-plate  polar 

(15.10) 


Figure  15.3.  Pressure  coeffi 
cient  distribution  over  flat 
plate  in  subsonic  flow 


We  see  that  the  flat-plate 
polar  is  a  quadratic  parabola. 

For  values  of  cy  differing  from 
zero  the  polar  will  shift  to  the  right  with  increase  of  M^. 


§15.2.  Pressure  Distribution  Along  Profile 

Let  us  examine  the  pressure  distribution  pattern  on  a 
symmetric  profile  in  subsonic  and  supersonic  flows. 

In  the  case  of  subsonic  flow  about  a  symmetric  profile  (Figure 
15.4a),  the  stream  filaments  first  expand  somewhat  in  the  nose 
region,  which  leads  to  increase  of  the  pressure  and  decrease  of  the 
velocity;  and  then  they  converge  rapidly,  as  a  result  of  which  the 
pressure  decreases  and  the  velocity  increases.  Then  in  the  aft 
region  of  the  profile  the  stream  filaments  again  expand,  as  a  result 
of  which  there  Is  a  decrease  of  the  velocity  and  increase  of  the 
pressure . 
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Figure  15. **.  Comparison  of  subsonic  and  supersonic  flow 

past  profiles : 

a  —  subsonic;  b  —  supersonic;  1  —  ideal  fluid;  2  — 

v-'scous  fluid 


In  the  case  of  supersonic  flow  past  a  profile  the  pressure 
distribution  pattern  is  somewhat  different:  upon  reaching  the  bow 
compression  wave,  the  stream  filaments  change  their  direction 
abruptly,  which  leads  to  decrease  of  the  velocity  and  increase  of 
the  pressure  (Figure  15. ^b).  Then  the  velocity  gradually  increases 
and  the  pressure  decreases  along  the  profile  surface  back  to  the 
trailing  edge.  The  pressure  increases  abruptly  in  the  tail  shock 
wave,  but  this  now  has  no  effect  on  the  pressure  distribution  along 
the  profile. 
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Thus,  in  the  subsonic  flow 
case  there  is  recovery  of  the 
pressure  on  the  aft  part  of  the 
profile,  while  in  the  supersonic 
flow  case  the  pressure  is  not 
recovered  prior  to  the  trailing 
shock  wave . 

We  see  from  the  pressure 
distribution  diagram  that  for 
subsonic  ideal  fluid  flow  past 
a  profile  the  projection  of  the 
resultant  aerodynamic  force  on 
the  flow  direction  is  equal  to 
zero,  while  for  supersonic  flow 
past  the  profile  this  projec¬ 
tion  yields  the  so-called 
wave  drag. 


Figure  15-5.  Comparison  of 
theoretical  and  experimental 
values  of  pressure  coeffi¬ 
cients  of  a  symmetric  profile 


If  the  fluid  is  viscous,  an 
additional  drag  force  appears 

owing  to  the  friction  force  in  the  boundary  layer.  However,  in 
this  case  che  wave  drag  is  again  the  basic  part  of  the  total  profile 
drag,  which  c  m  be  represented  in  the  form  of  the  sum 


Figure  15-5  shows  a  comparison  of  the  theoretical  and  experi¬ 
mental  values  of  the  pressure  coefficients  p.  We  see  from  the 
curves  that  linear  theory  yields  values  of  the  pressure  coefficient 
which  are  too  high  in  the  low  pressure  region  (on  the  upper  side  of 
the  profile)  as  we  move  aft  from  the  leading  edge  and  values  vrhich 
are  too  low  on  the  lower  surface  of  the  profile,  particularly  near 
the  leading  edge. 
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§15.3.  Thin  Profile  In  Supersonic  Flow 

Let  us  examine  supersonic  flow  past  a  thin  profile  of  arbitrary 
shape  with  chord  b  and  span  l  =  1  at  the  angle  of  attack  a 
(Figure  15.6). 


We  identify  on  the  lower 
surface  of  the  contour  the  ele¬ 
mentary  segment  d lt  whose  in¬ 
clinations  to  the  Ox  axis  of 
the  body  coordinate  system  and 
to  the  freestream  velocity 
direction  are  denoted  by  Yj  and 
and  a^: 

ri«=a+Y«. 


yL 


Figure  15.6.  Supersonic  flow 
past  thin  profile 

According  to  (15.1)  the 
differential  pressure  on  the  element  d l  is 

ip,=p.~p-=p.vl -—■**-  ■ 

/«>.-■ 

If  we  denote  the  projections  of  dl  on  the  coordinate  axes  by  dy^ 


and  dx^  =  dx,  we  obtain 


oinY»~tgYr=  ~dx~' 


For  a  thin  profile  in  view  of  the  smallness  of  the  angle  Yj> 
sin  Yj  %  Yj*  Consequently 


.  dy» 

■  dx  * 


(15.11) 


The  elementary  differential  pressure  force  applied  normal  to 
the  lower  surface  element  in  question  is 


dRn  =  &pndl=pmVl  —*-x- . dl. 

y  Ml- 1 
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\ 

Then  the  projections  of  this  force  on  the  coordinate  axes  and  the 
elementary  moment  about  the  profile  nose  are,  respectively, 

</r«=A/vtfcos  y.=&pjx; 

dXn=Lpjll  sin  yn=^p.y^x—  —  A /»« dx;  j 

dMn~  —  dY^X.  | 

We  neglect  the  moment  of  the  projection  dX^  by  virtue  of  its  small-  j 

ness  in  comparison  with  dY..  ! 


The  overall  forces  and  moments  for  the  lower  surface  of  the 
profile  are 


x.-j»**—pgrf  (—£■)£  "• 


f  v* 

1  ••  •» 


xdx. 


We 


9 

see  from  Figure  15.6  that  the  quantity.  C  IHil dx—O • 

J  dx 


Then 


9mV\ 

K,  =  -==ra* 


/ M* -1 

» 


~^=~  {(^Ydx; 

^-^-(-^^-^-xdx). 

/^7-i 12  }  “x  } 


X,= 

KV*„ 


Similar  expressions  can  be  obtained  for  the  profile  upper 
surface . 
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The  forces  and  moment  acting  on  both  sides  of  the  profile. 


defined  in  the  body  coordinate  system,  will  be 

/Mi-1 

Here  the  force  is  normal  to  the  profile  chord;  however,  in  view 

of  the  smallness  of  the  angle  of  attack  a  it  is  essentially  the  lift 
force  Y  as  well. 


The  lift  coefficient 


Cy~~irk. 

S  2 


Considering  that  S  *  b  •  1  »  b  and  substituting  the  value  of  i,  we 
obtain 


Mi-l 


(15.12) 


This  formula  implies  that  the  lift  coefficient  is  independent 
of  the  profile  form  and  thickness  and  depends  only  on  the  angle  of 
attack,  and  for  the  same  conditions  is  equal  in  magnitude  to  the 
flat-plate  lift  coefficient  (15.6). 


The  drag  X  has  the  direction  of  the  velocity  V^, .  Projecting  the 
forces  Y^  and  Xj  on  the  direction  of  the  freestream  velocity  and 
co  nsidering  that  the  angle  u  is  small,  we  obtain 


(15.13) 
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Hence  the  wave  drag  coefficient  is 


Mi-i  y  Mi— i 


(15.14) 


where 


We  represent  the  profile  ordinates  in  terms  of  its  thickness 

y.=cyK(x);  [y.=cy’(x). 


Differentiating,  we  have 


!/,  __  «  r<f»«  .  rfy» 

x  *  _  dx  *x  *  [if* 


where 


X  —  xJb. 


B^Kp, 


where 


The  function  depends  only  on  the  profile  shape. 

With  account  for  tne  expression  for  B,  (15-14)  can  be  written  as 


f  ^ _ «£ _  i  *»*  _  e  ,+c 

rxo—  -  l  -  ~cx*t^cx  »0* 

V  Mi-1  KMi-I 


(15-15) 
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Thus,  the  profile  wave  drag  coefficient  is  the  sum  of  two  drag 
coefficients:  the  wave  drag  coefficient  cxwi  of  a  profile  of  zero 

thickness  at  the  given  angle  of  attack,  and  the  minimal  wave  drag 
coefficient  cxwQ,  equal  to  (cxw)a  =  Q. 

The  wave  drag  coefficient  of  the  profile  of  zero  thickness 
(c  =  0)  is  also  termed  the  wave-induced  drag  coefficient,  since  it 

depends  on  the  profile  lift  coefficient 

‘■■t— 7==  - 


This  implies  that  the  coefficient  cx  w  ^  is  independent  of  the 

profile  form  and  thickness  and  is  expressed  by  the  same  formula  as 
is  the  flat-plate  wave  drag  coefficient  (15*7). 


The  minimal  wave  drag  coefficient  (for  a  *  0)  is 


/ k* -i  i dx  ' 

./?g— 

\  dx  J  }  V  Ml  — 1 


(13.16) 


This  coefficient  for  given  depends  only  on  the  profile  form  and 
relative  thickness. 


With  account  for  the  friction  forces,  the  expression  for  the 
drag  coefficient  of  a  thin  profile  at  small  angle  of  attack  has 
the  form 


cx~cx»~\~cxf  —  -  ~\'Cx »0 4"  Cxf' 

V  Ml- 1 

where  cxf  —  is  the  friction  drag  coefficient. 


(15.17) 
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From  5.17)  and  (15.12)  we  can  obtain  the  equation  of  the  wing 
profile  po^.ir  in  the  form 


VmI-i  , , 

cx— - - - 


(15.18) 


The  profile  moment  coefficient  about  the  leading  edge  is 


■+c*o» 


(15.19) 


where  S  =  b  •  1; 

c  „  —  is  the  moment  coefficient  at  zero  angle  of  attack 


- 1 - 


gg  f  /  V 

40  tfsnjv*  rfxJ” 


(15.20) 


It  follows  from  (15.20)  that  the  coefficient  cmQ  depends  on  the 


profile  shape.  For  the  symmetric  profile 


IfH  =  _fiu\ 

1  dx  d X  / 


cm0  =  0< 


K'm1.-! 


Knowing  the  coefficients  c  and  c  .  we  can  find  the  dimension- 

°  my 

less  abscissa  of  the  profile  focus 

Xr-  X?  --  >'« 


XF=  — 
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Using  (15.12)  for  c„  and  (15.19)  for  c  ,  we  find  that  x„  =  0.5- 

y  m  r 

Consequently,  the  focus  of  the  thin  profile  of  arbitrary  form  in 
supersonic  flow,  just  as  for  the  flat  plate,  is  located  at  the  mid¬ 
point  of  the  chord.  According  to  (12.24)  the  center  of  pressure  is 
at  this  same  point,  since  for  symmetric  profiles  cmQ  =  0. 


§15.4.  Aerodynamic  Coefficients  for  Some  Typical 


Profile  Forms 


Let  us  examine  a  triangular  profile  in  supersonic  flow  (Figure 
15.7).  The  derivatives  appearing  in  the  integrals  (15-16)  and 
(15-20)  will  be  numerically  equal 
to  the  inclinations  of  the  profile 
faces  to  its  chord.  f 

On  the  segment  0A  « 

dx  xt  * 

,,  Figure  15-7.  Asymmetric 

tnen  triangular  profile 


dy,  *  dym  __  b  __  1 

dx  c  dx  xt  ~Xc 


On  the  segment  AB 


rrfy.  __  C 

dx  b  —  xt 


then 


dut  b  dy , _ I _ 

dx  «  dx  l-v. 


Dividing  the  region  of  integration  of  the  integrals  (15.16) 

and  (15.20)  into  two  regions:  0  <  x  <  x  and  x  <  x  <  1  and  substi- 

c  c 

tuting  into  each  integral  the  corresponding  value  of  the  derivative 

we  obtain 
dx 
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<?,-=- 


2c* 


Mi— 1  *t(»-i<) 


(15.21) 


M*-l 


(15.22) 


It  follov/s  from  (15.21)  that  for  a  given  value  of  c  the  coeffi¬ 
cient  cx  wq  will  be  minimal  when  the  value  of  the  product 


J=xt{  \-xt) 


becomes  maximal. 


To  determine  the  value  of  x  corresponding  to  J  ,  we  find  the 

c  max 


derivative  and  equate  it  to  zero 
dxc 


-H—=\~-2xe~0. 

dxt 


Hence  we  have 


Thus,  a  triangular  profile 


for  which  the  maximal  relative 


Figure  15.8.  Asymmetric 
rhombic  profile 


thickness  c  is  located  at  the 


midpoint  of  the  chord  will  have  the  minimal  value  of  c 


For  this 


profile  the  wave  drag  coefficient  is  expressed  by  the  formula 


(15.23) 


/  mi— r 


let  us  examine  an  asymmetric  rhombic  profile  in  supersonic 
flow.  We  can  imagine  that  this  profile  consists  of  two  triangular 
profiles  with  relative  thicknesses  c^  and  c^  (Figure  15-8).  Then 

the  relative  thickness  of  the  rhombic  profile  is 
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By  analogy  with  (15-22)  and  (15-23)  we  write  the  formulas  for  the 

coefficients  c  „  and  c  _ 
x  wO  mO 


Cxtt - * 


cm 


.  V  Mi— i 

_  Cj—cj 

y«i-i 


(15-24) 


Studying  these  formulas,  we  find  that  the  minimal  value  of  c 

xwo 

will  occur  for  ci  ~  c2  =  _2_ *  ^*e*>  for  the  symmetric  rhombic  profile 
In  this  case  the  formulas  for  the  coefficients  have  the  form 


(15-25) 


We  see  from  the  comparison  of  (15-23)  and  (15-25)  that  the 

coefficient  c  .of  a  rhombic  profile  is  half  the  coefficient  c 

x  wO  *  x  wO 

for  the  best  triangular  profile.  Moreover,  for  the  symmetric 

rhombic  profile  the  coefficient  cmQ  =  0.  This  implies  that  the 

rhombic  profile  is  more  suitable  than  the  triangular  profile  in 
supersonic  flow. 

Let  us  examine  the  lenticular  profile  with  one-sided  and  two- 
sided  convexity  (Figure  15.9)  >  described  by  the  parabolic  arcs. 


Figure  15.9-  Lenticular  profiles: 
a  —  with  one-sided  convexity;  b  —  with  two-sided  convexity 

f 
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By  analogy  with  the  preceding  derivations,  we  can  obtain  the 
formulas  for  finding  the  coefficients  cx  Q and  cmQ . 


For  the  one-sided  convex  lens 


(15-26) 


For  the  two-sided  convex  lens 


__  32 

3 

_  4  ci—ej 


3 


(15-27) 


In  studying  (15-27)  we  find  that  the  minimal  value  of  c 


x  wO 


will  occur  in  the  case  c^  =  c2  *  .  For  this  profile 


o=0; 
16 


VmI- 


(15.28) 


In  comparing  the  symmetric  lenticular  profile  with  the  sym¬ 
metric  rhombic  profile  of  the  same  relative  thickness,  we  find  that 
the  drag  coefficient  of  the  latter  is  33%  lower.  Hence  it  is  not 
difficult  to  conclude  that  the  most  rational  wing  profile  form  in 
supersonic  flow  is  rhombic  or  a  similar  shape,  since  profiles  with 
this  form  have  minimal  wave  drag.  However,  with  account  for  various 
requirements  imposed  on  the  profile  (for  example,  minimal  overall 
drag  along  with  adequate  strength  and  acceptable  heating  and  to  on) 
other  wing  profile  forms  may  be  more  efficient. 
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We  must  also  consider  the  viscous  properties  of  the  gas  flowing 
over  the  wing,  the  existence  of  the  boundary  layer,  and  sometimes 
flow  separation  near  the  trailing  edge. 

In  conclusion  we  note  the  following  characteristics  of  the  pro¬ 
file  in  supersonic  flow:  the  lift  and  drag  are  not  proportional  to 
the  velocity  squared  as  in  the  case  of  subsonic  flow.  For  example, 
from  the  formula 

..  2 ,mv*ms  _  Vis. 

Y—  ———  a =ty~am  — — * 

.  /Mi-1  Vvl-*l 

we  see  tha  for  VOT  >  a0  the  lift  is  proportional  to  the  velocity  to 
a  power  f rc  m  1  to  2,  and  for  very  large  when 

V-  »  a-  and  /  vl-aiasV., 

the  lift  is  proportional  to  t*.e  first  power  of  the  velocity. 


REVIEW  QUESTIONS 

1.  Write  the  formulas  for  the  lift  and  wave  drag  of  a  flat 
plate  at  the  angle  of  attack  o  in  supersonic  flow. 

2.  Write  the  formula  for  the  drag  coefficient  of  a  thin 
profile  at  small  angle  of  attack. 


3.  What  advantages  do  the  symmetric  profiles  have  at  super¬ 
sonic  speeds  7  How  does  the  profile  thickness  affect  the  magnitude 
of  the  wave  drag  at  supersonic  speeds? 


FTD-HC-23-720-71 


105 


PROBLEMS 


1.  By  what  factor  is  the  minimal  wave  drag  of  the  rhombic 
wing  in  supersonic  flew  less  than  that  of  the  lenticular  profile 
of  the  same  tnickness  composed  of  circular  arcs? 

Answer:  by  a  factor  of  1-33- 


2.  Find  the  lift .  wave  drag,  and  moment  coefficients  for  a 
flat  plate  at  the  angle  of  attack  a  =  0.06  rad  and  =  2. 


Solution.  We  find  the  coefficients  c  ,  c  ,  c  from  (15.6), 

y  a  hi 

( 15 - 7) »  (15.8),  respectively: 


_  ^  w»w 

y»— i 

— 0, 

4«» 

4.0.09 

- 0 

y"  Mi-i 

V2»— 1 

.  _  2* 
n  ’  - - 

20,06 

-=( 

0,1385; 


-/  Mi-1  Vv-\ 


0,0692. 


3.  Find  c  and  c  for  a  rhombic  profile  of  thickness  10. 5% 
y  x  w 

in  air  flow  with  Mro  =  1.53  and  a.  =  0.32  rad. 


Answer:  c  =  0.413;  c  =  0.038. 
y  x  w 
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Figure  16.1.  Characteristic  wing  planforms 


Figure  16.2.  Wing  geometric  characteristics 

planes  parallel  to  the  wing  plane  of  symmetry  in  the  general  case 
vary  along  mne  span  in  form,  dimensions,  and  chord  inclination. 

A  wing  is  termed  geometrically  flat  if  the  chords  of  all  the 

sections  are  parallel  to  the  x-^Oz-j  plane.  If  the  profile  chord 

forms  some  angle  e,  whose  magnitude  varies  from  0  at  the  root  to 

at  the  tip  section  (see  Figure  16.2),  with  the  x-^Oy^  plane  we  say 

the  wing  .s  geometrically  twisted  and  the  angle  e  is  the  geometric 

twist  angje.  Twist  may  be  either  positive  or  negative.  By  positive 

twist  we  mean  that  in  which  the  local  angle  of  attack  increases  in 
comparison  with  the  angle  of  attack  of  the  root  section.  Usually 
negative  twist  is  used  in  actual  designs. 

The  wing  project i '-n  on  the  plane  parallel  to  the  y^Oz^  plane 

may  hav*~  or-  vk  .t  the  root  section.  In  this  case  wo  say  that  the 

wing  has  dintirai,  .  .5'h  may  be  either  positive  or  negative.  The 
_  . 

Translator's  Note:  :'nls  subscript  should  designate  tip,  not 
root  a-?  indicated  ’  >  foreign  text. 
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dihedral  is  characterized  by  the  angle  #  between  the  direction  of 
the  Oz^  axis  and  the  projection  of  the  wing  leading  edge  on  the 

y10z1  plane.  The  wing  may  have  a  form  such  that  the  angle  >  is 

variable  along  the  span. 


The  ratio  of  wing  area  to  span  is  called  the  mean  aerodynamic 


chord 


An  important  geometric  characteristic  of  the  wing  is  the  aspect 
ratio  X,  equal  to  the  ratio  of  the  wing  span  to  the  mean  aerodynamic 
chord  , 


p 

It  is  obvious  that  X  =  l  /S.  The  aspect  ratio  determines  the 
degree  of  elongation  of  the  wing  along  the  span  and  has  considerable 
influence  on  its  aerodynamic  characteristics .  For  subsonic  air¬ 
planes  X  *  6  -  12,  and  for  supersonic  X  =  2  -  3.  The  wing  profile 
characteristics  coincide  with  those  of  a  hypothetical  wing  with 
X  =  °°. 

The  wing  spanwise  taper  ratio  is  defined  by  the  quantity 


where  br  and  bfc  are ,  respectively,  the  chords  of  the  root  and  tip 
sections . 

For  a  rectangular  wing  n  =  1;  for  a  triangular  wing  n  =  00 .  In 
the  general  case 

It  is  very  difficult  to  give  a  general  definition  of  the  geo¬ 
metric  parameters  for  all  wings  because  of  the  great  variety  of 
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wing  forms  of  modern  flight  vehicles.  For  example,  all  the  para¬ 
meters  listed  above  are  inapplicable  for  annular  wings. 

§16.2.  Aerodynamic  Model  of  Finite-Span  Wn g 

In  deriving  the  Zhukovskiy  lift  theorem  we  examined  plane- 
parallel,  potential,  separation-free  fluid  flow  past  a  cylindrical 
profile  of  infinite  span.  Since  in  accordance  with  the  Zhukovskiy 
theorem  the  lift  of  a  wing  of  infinite  span  is  determined  by  the 
magnitude  of  the  circulation  around  a  contour  enclosing  the  wing,  in 
the  first  approximation  with  regard  to  the  force  effect  on  the  free- 
stream  the  wing  can  be  replaced  by  an  infinitely  long  vortex  filament 
with  circulation  about  the  contour  enclosing  the  vortex  filament 
equal  to  the  circulation  around  the  wing.  Such  a  vortex  filament 
is  called  a  bound  vortex.  Thus,  a  rectilinear  infinite  vortex  can 

serve  as  the  aerodynamic  model  for  a  wing  of  infinite  span. 

For  a  finite-span  wing  the  flow  has  a  three-dimensional  rather 
than  plane-parallel  nature,  particularly  near  the  wing  tips.  In 
this  case  the  wing  tips  affect  the  pressure  distribution  over  the 
entire  wing  surface. 

Let  us  picture  a  wing  of  Infinite  span  in  rectilinear  flight 
with  constant  velocity.  If  a  lift  force  Is  developed  on  the  wing, 
there  is  a  low-pressure  region  above  the  wing  and  a  high  pressure 
region  below  the  wing.  The  pressure  difference  leads  to  air  Cx'Oss-- 
flow  area  id  the  wingtips  from  the  high-pressure  region  into  the  low- 
pressure  region.  Flow  parallel  to  the  span  develops,  with  the  flow 
below  the  wing  being  directed  toward  the  wingtips  and  the  flow  above 
the  wing  directed  toward  the  centersection  (Figure  16.3). 

As  a  result  of  interaction  of  the  upper  and  lower  flows,  a 
vortex  sheet  is  fo^ipd  behind  the  wing.  The  vortex  sheet  consists 
of  vortex  filament  •  wmch  originate  at  the  trailing  edge  of  the 
wing  and  remain  in  >e  stream. 
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Figure  16. 3.  Vortex  sheet  formation  behind  finite- 

span  wing 


The  vortex  filaments  which  constitute  the  vortex  sheet  are 
termed  free  vortices.  We  can  assume  that  every  two  symmetrically 

located  free  vortices  are  closed  at  the  wing  by  a  corresponding 
bound  vortex  (of  the  same  intensity).  Therefore  the  vortex  sheet 
together  with  the  bound  vortices  can  be  represented  as  an  assemblage 
of  horseshoe  vortex  filaments  (Figure  16.^).  Thus,  an  assembly  of 
horseshoe  vortices  consisting  of  bound  and  free  vortices  can  serve 
as  the  aerodynamic  model  of  the  finite-span  wing. 

The  circulation  dr  along  each  elementary  horseshoe  vortex  fila¬ 
ment  is  constant’  however  the  circulation  varies  along  the  wing  span. 


Theoretical  analysis  and  experiments  show  that  the  vortex  sheet 
behind  the  wing  is  unstable;  at  some  distance  from  the  wing  it  rolls 
up  into  two  powerful  vortex  lines  (Figure  16.5).  Such  trailing  vor¬ 
tices  can  be  observed  both  under  laboratory  conditions  and  in  flight 
(for  example,  during  flight  in  fog  or  when  spraying  chemicals). 
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Figure  16.5.  Transformation  of  vortex  sheet  into 
two  trailing  vortices 


In  approximate  calculations  the  vortex  system  of  a  finite-span 
wing  can  be  represented  by  two  free  vortices  trailing  from  the  wing- 
tips  and  closed  by  a  single  bound  vortex  (Figure  16.6).  In  this  so- 
called  norseshoe  aerodynamic  model  of  the  wing,  the  circulation  is 
constant  ;rong  the  wing  span.  In  many  cases  this  simplified  aero¬ 
dynamic  moo.!  of  the  wing  makes  it  possible  to  carry  cut  calculations 
which  are  sufficiently  accurate  for  practical  purposes. 


lift 
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Chaplygin  ma<le  one  of 
the  first  studies  devoted  to 
finite-span  wing  theory.  In 
his  report  Results  of  Theo¬ 
retical  Studies  of  Airplane 
Motion  (1910)  he  noted  the 

presence  of  vortices  trailing 
from  the  finite-span  wing. 

In  1912  Zhukovskiy  in  his 
report  Vortex  Theory  of  the 

Propeller  (first  article) 

outlined  the  fundamental  bases  of  propeller  and  finite-span  wing 
theory.  In  1913  in  a  work  on  finite-span  wing  theory  Chaplygin 
obtained  general  expressions  for  the  lift  and  drag  of  the  finite- 
span  wing.  In  the  same  year  Zhukovskiy  in  his  study  Vortex  Theory 

of  the  Propeller  (second  article)  obtained  the  vortex  scheme  of  a 

lifting  body  with  continuous  distribution  of  the  circulation  and 
vortex  sheet  behind  the  wing  body.  The  vortex  scheme  with  variable 
circulation  was  the  basis  fox  subsequent  studies  on  wing  and  pro¬ 
peller  theory. 

The  Zhukovskiy  scheme  was  later  used  by  many  scientists,  in¬ 
cluding  Prandtl,  who  in  1918  obtained  the  equation  defining  the 
circulation  variation  along  the  wing  span. 


Figure  16.6.  Simplest  vortex 
scheme  of  finite-span  wing 


§16.3.  Downwash  at  the  Wing.  Induced  Drag 

A  characteristic  feature  of  the  flow  past  a  finite-span  wing 
is  the  presence  near  the  wing  of  the  so-called  downwash :  as  the 

translational  flow  approaches  the  wing,  it  is  deflected  from  its 
original  direction.  The  flow  deflection  begins  far  ahead  of  the 
wing,  growing  gradually  in  the  downstream  direction.  This  deflection 
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is  due  to  the  system  of  free  vortices ,  which  in  accordance  with  the 
Biot-Savart  law  induce  a  velocity  field  in  the  fluid  mass  surround¬ 
ing  the  wing.  The  velocities  V  caused  by  the  free  vortices  in  the 

J 

plane  of  the  wing  are  directed  vertically  downward  and  vary  both 
along  the  wing  span  and  along  its  chord.  The  velocities  V  ,  com- 

J 


bining  geometrically  with  the  approaching  translational  velocity  V  , 


create  a  flow  whose  streamlines  are  curved  in  the  vertical  plane. 
At  any  wing  section  (Figure  16.7)  the  resultant  velocity  V^'  is 


directed  at  the  angle  Aa  to  the  original  flow  direction.  Conse¬ 
quently,  Aa  is  the  downwash  angle  at  this  section.  The  downwash 
varies  along  the  wing  span,  increasing  toward  the  tips. 


Figure  16.7.  Velocity  and  force  triangles  for 
finite-span  wing 


We  shall  denote  the  average  velocity  along  the  span  by  Vyav< 
Then  the  average  downwash  angle  Aa  is  found  from  the  relation 

3lV 


tg  Acte?  “ 


V» 


'P 


Vm 


Since  the  angl~-  Aa  is  usually  small,  we  can  write 


tg  AQC„  =  Aa. 


'yep 


cp- 


(16.1) 


'16 
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The  true  angle  of  attack  of  the  wing,  measured  with  respect  to 
the  actual  direction  of  the  approaching  flow,  will  differ  from  the 
geometric  angle  of  attack  o  by  the  magnitude  of  the  downwash 
angle  A« 


«w=o-A 


(16.2) 


According  to  the  Zhukovskiy  theorem,  the  force  with  which  a 
plane-parallel  ideal-fluid  stream  flowing  over  a  wing  presses  on  the 
wing  is  equal  in  magnitude  to  the  product  of  the  fluid  density  by 
the  magnitude  of  the  flow  velocity  at  infinity  and  by  the  magnitude 
of  the  velocity  circulation  around  the  wing.  The  direction  of  this 
force  is  obtained  if  the  velocity  vector  of  the  flow  at  infinity  is 
rotated  90°  opposite  the  direction  of  the  circulation. 

In  accordance  with  the  Zhukovskiy  theorem,  a  force  Y*  perpendi- 
cular  to  the  vector  must  act  on  the  wing. 


The  component  of  the  force  Y’  perpendicular  to  the  unperturbed 


flow  direction 


Y cos  natr  «  Y\ 


(16.3) 


is  the  wing  lift  force. 


The  component  of  the  force  Y*  along  the  flow 


Xt —Y'  sin  Aacp  as  Kaocp 


<16. H) 


is  the  wing  induced  drag. 


Thus,  when  an  ideal-fluid  stream  1  ..s  past  a  finite-span  wing 

the  presence  of  the  free  vortices  trailing  from  the  wing  gives  rise 
to  a  special  sort  of  resistance  which  is  not  associated  with  vis¬ 
cosity  —  induced  drag. 
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§16.4.  Approximate  Calculation  of  Induced  Drag 


We  see  from  (16.4)  that  the  wing  induced  drag  is  determined  by 
the  average  downwash  angle,  whose  magnitude  in  accordance- with 
(16.1)  is 


&acf— 


For  the  approximate  determination  of  the  average  downwash 

velocity  V  ,  ive  replace  the  wing  by  the  simplest  vortex  system  — 
yav 

the  horseshoe  vortex.  The  action  of  this  horseshoe  vortex  must 
cause  the  same  lift  and  induced  drag  as  the  real  wing  (Figure  16.8). 


Figure  16.8.  Illustration  for  calculating  average  down- 

wash  velocity 


According  to  the  Zhukovskiy,  theorem  the  formula  for  determining 
the  lift  force  of  the  bound  vortex,  expressed  in  terms  of  the  cir¬ 
culation  T  of  the  horseshoe  vortex  and  the  distance  l ^  between  the 

free  vortices,  has  the  form 

K=qV'_IYi. 

On  the  other  hand,  the  wing  lift  can  be  expressed  in  terms  of  the 
wing  iif'o  coefficient  c 

v 
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where  S  —  is  the  wing  area. 

Equating  the  right  sides,  we  obtain  the  so-called  coupling  equation 


r =-Lcij-vm.  (16.5) 

Thus,  the  value  of  the  horseshoe  vortex  circulation,  i.e.,  the 
average  circulation  along  the  wing  span,  is  found  from  the  condition 
that  the  specified  lift  be  provided. 

A  more  detailed  analysis  (not  presented  here)  shows  that,  for 
the  induced  urags  of  the  horseshoe  vortex  and  the  real  wing  to  be 
equal,  it  is  necessary  that  the  distance  l ^  between  the  free  vortices 

be  somewhat  greater  than  the  wing  span  l 

l%— Ik,  where  *>1. 

The  quantity  k  depends  on  the  wing  planform  and  aspect  ratio,  and 
varies  in  the  range  from  1.02  to  l.QH. 

The  average  velocity  across  the  span  caused  by  the  free  vor¬ 
tices  is 


We  calculate  the  velocity  V  (z)  induced  at  an  arbitrary  point  m, 

v 

lying  on  the  lifting  vortex  line  (Figure  16.8),  by  the  Biot-Savart 
law,  applying  it  in  turn  to  the  left  and  right  free  vortices.  Noting 
that  the  free  vortices  are  semi -infinite ,  we  can  write  for  V (z) 

V 


Vy{z)  =  V¥nt(z)+VyM  = 
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'?  j'svi-^Tic^T  tr$*z  vt^;- 


r« '  ' s*5CT^»-^ s*ptfi7^j 


P 


i 


i^* 

P' 

K 


P 


This  relation  shovrs  that  as  we  approach  the  right  vortex  the  quantity 
Vy(z)  grows  as  a  result  of  the  increase  of  V,iri,  and  at  the  same  time 

V  7  decreases.  With  approach  to  the  left  vortex  (here  z  is  negative) 

Vy(z)  grows  as  a  result  of  the  increase  of  V^.  Figure  16.8  shews 

the  variation  of  along  the  wing  span. 


Now  let  us  substitute  the  value  of  Vy(z)  into  the  expression 


foi 


yav 


Vvcf=- 


4  jU 


f+T  +T 

2  ~~  2 


=  „JL  ,„  h±L 

2n/  /,-/ 


We  have  for  the  average  downwash  angle 

Fire? 


Aa 


cp- 


r  ,  tt  +  i 
In 


2nlVm  l,  — l 


If  we  now  substitute  in  place  of  the  circulation  T  its  Expression 
(l6.5)»  we  obtain 

CpS  |  t\  1 
Aac0=  — - —  in  . 

CI>  4nH,  /,-/ 

2 

Expressing  7^  in  terms  of  7(7^  =  7k)  and  then  replacing  7  /S 
by  A  (aspect  ratio),  we  obtain 

- in  - — 2 —  . 

cp  InX  k  k  — 1 

li  we  consider  that  k  varies  in  the  range  1.02  -  l.Qk  as  a 

1  k  t  1 

function  of  the  wing  pi  an  form,  then  ^  In  amounts  to  „  quantity 


somewha 


-r'  ate  ■  ’,>.an  *1 .  Then 
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where  A  depends  on  the  wing  planform. 

The  formula  for  determining  the  average  downwash  single  takes 
the  form 

4atp=^(1+A).  (16.6) 

We  see  from  this  formula  that  the  larger  the  aspect  ratio  X, 
the  smaller  is  the  downwash  angle  Aaav.  In  the  particular  case  of 

a  wing  of  infinite  span  X  and  therefore  Aaav  -*•  0. 

# 

Substituting  into  (16.4)  in  place  of  Aa&v  its  value  from 
(16.6)  and  replacing  Y,  we  obtain  the  expression  for  the  induced  drag 

Xj=Y sacp—-~  1  +  A). 

Hence  the  induced  drag  coefficient  is 

*„=™r-=;f<l+4>- 

Ts 

We  see  that  the  approximate  calculation  yields  values  of  cxi 
and  Aaav  which  are  accurate  to  within  the  factor  1  +  A,  somewhat 
larger  than  one. 

Analyzing  the  relations  obtained,  we  can  draw  the  following 
very  important  conclusions: 

1.  The  magnitude  of  the  induced  drag  is  larger  for  larger  c 

O' 

and  varies  parabolically  as  a  function  of  c  .  The  curve  representing 

O' 

1 -  — - - 

Translator's  Note:  A  missing  in  original  text. 
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Figure  16.9.  Induced  drag 
parabola  (1)  and  wing  polar 
(2) 


mind  that  this  entire  discussion  relates  to  wings  which  do  not  have 
structural  elements  (endplates,  for  example)  which  reduce  the  in¬ 
duced  drag.  Since  the  induced  drag  is  determined  entirely  by  the 
presence  of  the  free  vortices,  which  appear  as  a  result  of  air 
crossflow  around  the  wingtips,  the  installation  of  endplates  at  the 
wingtips  prevents  this  crossflow  and  reduces  the  Induced  drag. 


this  relationship  is  called  the  induced  drag  parabola  (Figure  16.9). 
In  real  viscous  fluid  flow.  In  addition  to  the  induced  drag  the  wing  • 
also  experiences  resistance  resulting  from  viscosity  —  profile  drag. 

Therefore  the  total  drag  coefficient  of  the  finite-span  wing  can  be 
represented  In  the  form  of  the  sum 

cs=cxr\rcx,- 

If  the  wing  polar  is  given,  with 
the  aid  of  the  induced  drag 
parabola  we  can  separate  the 
profile  drag  coefficient  cXp 

from  the  total  drag  coeffi¬ 
cient  cx- 

2.  The  magnitude  of  the 
induced  drag  depends  markedly 
on  the  wing  aspect  ratio  A. 

For  wings  with  large  aspect 
ratios  cxj[  Is  smaller.  In  this 
connection,  the  wing  aspect 

ratio  is  made  as  large  as  possible  in  order  to  obtain  wings  with 
large  values  of  the  aerodynamic  efficiency  K  =  We  must  bear  in 
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S16.5.  Calculation  of  Forces  Acting  on  Finite-Span 
Wing  with  Variable  Circulation 

The  theory  of  the  finite-span  wing  presented  above  can  be  con¬ 
sidered  a  first-approximation  theory.  In  a  more  exact  calculation 
of  the  forces  acting  on  the  wing,  it  is  necessary  to  take  into  ac¬ 
count  the  variation  of  the  circulation  and  downwash  angle  along 
the  span. 

In  deriving  the  computational  formulas  for  the  finite-span  wing 
with  variable  circulation  (vortex  sheet  scheme), we  shall  assume  that: 

a)  the  air  flow  around  the  wing  is  induced  by  a  system  of 
vortices ; 

b)  the  free  vortices  of  the  sheet  are  rectilinear  and  directed 
along  the  velocity  of  the  undisturbed  stream; 

c)  each  wing  section  has  its  own  angle  of  attack  and  is  inde¬ 
pendent  of  the  other  sections. 

These  assumptions  make  It  possible  to  apply  the  Zhukovskiy  lift 
theorem  to  each  of  the  wing  elements.  We  imagine  a  wing  of  finite 
span  in  reversed  flow  (Figure  16.10).  A  vortex  sheet  with  running 
//r#  , 

intensity  <7  =  ——  >  which  is  variable  along  the  span,  extends  behind 

this  wing.  We  isolate  on  the  vortex  sheet  a  narrow  strip  at  the 
distance  from  the  root  section.  The  circulation  around  the  con¬ 
tour  enclosing  this  strip  is 
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At  an  arbitrary  point  B  on  the  Oz  axis,  defined  by  the  coordi¬ 
nate  z,  the  vortex  strip  induces  the  velocity 

. 

dV,(z)=.  p  . 

4n(zt-  z) 


The  total  velocity  induced  at  the  point  f>  by  the  entire  vortex 
sheet  is^^ 


p  dT(zt) 

J  -f= r1- 


(16.8) 


Hence  we  obtain  the  downwash  angle  at  the  section  z  (we  neglect 
downwash  angle  variation  along  the  wing  chord) 


p 


/»  w  ,r 

= _ rfr,  rfri 

;  V-  J  *,_* 


(16.9) 


Since  the  downwash  angle  is  variable  along  the  wing  span,  the 
true  angle  of  attack  will  also  be  variable 

On^a-AaC*). 

The  geometric  angle  of  attack  at  a  given  section  can  be  represented 
in  the  form  of  the  sum  of  the  geometric  angle  of  attack  ap  of  the 
root  section  and  the  geometric  twist  angle  e(z) 

a=aa-\-e(z). 

Then  tno  true  angle  of  attack  at  a  given  section  has  the  expression 


anct~au  'Ve{z)—  Aa(z). 


(16.10 


After  determining  the  magnitude  of  the  downwash  angle  at  the 
individual  wing  sections,  we  can  calculate  the  forces  acting  on  the 
wing.  These  forces  are  determined  as  the  geometric  sum  of  ' '  . 
forces  acting  on  the  elementary  sections  of  the  wing. 


Footnote  (1)  appears  on  page  1^7  • 


Figure  16.10.  Definition  of  induced  velocity  at 
arbitrary  wing  section 


In  calculating  the  forces  acting  on  a  wing  element,  in  accord¬ 
ance  with  the  hypothesis  of  plane  sections  we  shall  assume  that  the 
given  wing  element  operates  like  the  corresponding  element  of  a 
cylindrical  wing  of  infinitely  long  span  and  that  the  forces  acting 
on  the  wing  element  are  completely  defined  by  the  value  of  the  down- 
wash  angle  at  this  element.  The  hypothesis  of  plane  sections  yields 
quite  adequate  accuracy  for  wings  with  A.^4. . 

According  to  the  Zhukovskiy  theorem  the  force  acting  on  a  wing 
element  is 

dY'=QT(z)V'.dz , 

where 

V'„=V-+V„(z); 

T(z)  —  is  the  circulation  around  the  contour  enclosing  the  wing  at 
the  selected  element  section. 

The  force  dY*  is  directed  perpendicular  to  the  direction  of  the 
vector  V'ro  (Figure  16.11).  Resolving  dY'  into  the  corresponding 
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Figure  6.11.  Calculation  of  forces  acting  on  wing 


components,  we  obtain  the  element  lift 


and  induced  drag 


dY  —  er(.z)K'_cos  \a(z)dz 


dXt=QT(z)V'msin\a(z)dz. 


Since  the  angle  Aa(z)  is  small,  these  formulas  may  be  written  as 

dY =er(z)V'„  dz\ 

dXt — t>r  (z)  (z)  dz — — (T  (r)  V„(z)dz. 

Then  the  total  lift  is 


Y— qV*  j  T(z)dz , 


(16.11) 


and  the  total  induced  drag 


* 

-0  J  r (z)Vy(z)dz. 


(16.12) 


If  we  substitute  into  (16.12)  in  place  of  V  (z)  its  va? ue  from 

J 

(16.8),  we  can  write  the  expanded  expression  for  the  induced  drag 
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The  expressions  obtained  for  Y  and  Xi  make  it  possible  to  cal¬ 
culate  the  forces  acting  on  the  wing  in  ideal-fluid  flow  with  account 
for  spanwise  variation  of  the  circulation  and  downwash  angle. 

In  this  case  the  accuracy  of  the  calculation  will  depend  on  how 
close  the  actual  wing  operating  conditions  are  to  the  assumptions 
made  (possibility  of  using  the  hypothesis  of  plane  sections,  small¬ 
ness  of  the  downwash  angle,  neglecting  the  downwash  angle  variation 
along  the  wing  chord) . 


§16.6.  Determining  Circulation  Distribution 
Along  Wing  Span 

To  determine  the  wing  lift  and  induced  drag  using  (16.11), 
(16.13)  we  must  find  the  circulation  distribution  r(z)  along  the 
wing  span. 

Let  us  examine  a  wing  element  at  an  arbitrary  spanwise  location 
as  a  segment  of  a  cylindrical  wing  of  infinite  span  with  the  given 
profile  (see  Figure  16.11).  We  shall  assume  that  the  aerodynamic 
characteristics  of  the  individual  profile  sections  comprising  the 
wing  are  known. 

The  lift  force  developed  on  the  selected  element  can  be  ex¬ 
pressed  in  terms  of  the  circulation  using  the  Zhukovskiy  theoreir  or 
in  terms  of  the  coefficient  c 
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dY =cr(z)Vr mdz; 
dV =c,(z)  ~+-b{z)dz, 

where  b(z)  —  is  the  wing  chord  at  the  given  section. 

Equating  the  right  sides  of  the  two  expressions  for  dY,  we 
obtain  the  coupling  equation  for  the  wing  section 

T(z)=-Yct(z)b\z)V  m.  (16.14) 

In  accordance  with  (12.16)  the  expression  for  cy(z)  can  be  written  as 

c«r(«)=<$(*K(z),  (16.15) 

cfC 

where  c“  =  in  the  range  of  angles  of  attack  corresponding  to 
the  linear  segment  of  the  curve  cy(z)  =  f(-0» 
a^Cz)  —  is  the  true  angle  of  attack  at  the  given  section. 

The  true  angle  of  attack  (Figure  16.12)  is  expressed  by  the  relation 

a'.(-i)=aM(z)-La(z),  ( 16 . 16 ) 

where  o  (z)  —  is  the  aerodynamic  angle  of  attack  at  the  given  sec- 

a 

tion  measured  between  the  li no -of- flight  direction 
and  the  direction  of  the  aerodynamic  chord  for  the 
given  section; 

&a(z)  —  is  the  downwash  angle  at  the  given  section. 


If  we  now  substitute  into  (16.14)  c  (z)  from  (16.15),  replacing 

y 

therein  the  true  angle  of  attack  a'  (z)  by  its  value  from  (16.16) 

3. 

with  account  for-  (16.9),  we  obtain 
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Figure  16.12.  Determining  true  aerodynamic  angle  of  attack: 

1  —  geometric  chord  direction;  2  —  aerodynamic  chord  direc¬ 
tion;  3  —  direction  of  flight 


This  equation  is  termed  the  basic  integrodifferencial  equation 

of  the  finite-span  wing.  This  equation  relates  the  unknown  function 
T(z)  with  known  quantities  and  thus  makes  it  possible  to  find  the 
circulation  distribution  along  the  wing  span. 

In  the  general  case  it  is  very  difficult  to  find  the  exact  * 

solution  of  (16.17).  There  are  several  approximate  solutions  of  the  ] 

/ 

basic  equation,  obtained  by  introducing  simplifying  assumptions  or  j 

using  various  sorts  of  artificial  methods  (Glauert-Treffetz,  Multhopp,  ‘ 

B.  N.  Yur'yev,  V.  V.  Golubev,  G.  F.  Burago,  S.  G.  Nuzhin,  and  other  | 

methods).  An  experimental  method  for  solving  (16.17)  has  also  been  1 

proposed,  based  on  the  analogy  between  hydrodynamic  and  electrodynamic 

> 

phenomena.  ! 

Most  of  the  solution  methods  are  based  either  on  an  approximate 
representation  of  the  function  T(z)  or  the  wing  contour  in  series 
form.  For  example,  the  Glauert-Treffetz  method  involves  representing 
the  unknown  function  r(z)  in  the  form  of  a  trigonometric  s.ine  series 

«  ,  a  (16.18) 
r(z)=2iv„  2  ^«sinne- 

n-i 
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I 

i 


where  8  —  is  a  new  variable,  connected  with  the  variable  z 

(Figure  16.13)  by  the  relation 

z=_-Lcos9; 

An  —  are  constant  coefficients  of  the  series,  subject  to 
determination. 

Since  the  terms  of  the  series  (16.18)  decay  rapidly,  to  express 
the  function  r(z)  with  a  satisfactory  degree  of  accuracy  we  need 
only  take  the  sum  of  a  comparatively  small  number  m  of  terms  rather 
than  the  series  with  an  infinite  number  of  terms 

Y(z)^:2lVm  2^,sin«8.  (16.19) 

4— I 


To  determine  the  m  unknown  coefficients,  which  must  be  such 
that  T(z)  satisfies  (16.17),  we  must  write  m  algebraic  equations. 
These  equations  can  be  obtained  by  substituting  into  (16.17)  in 
place  of  T(z)  its  value  from  (16.19)  sequentially  for  m  different 
wing  sections.  It  can  be  shown  that  for  a  wing  with  symmetric 
circulation  distribution  along  the  span  the  terms  of  the  series  with 
even  indices  vanish,  and  in  this  case  the  required  number  of  equa¬ 
tions  is  reduced.  The  values  of  the  series  coefficients  can  be  ob¬ 
tained  by  solving  the  system  of  algebraic  equations. 

Thus,  the  approximate  expression  for  the  circulation  has 
the  form 

.  .  .  -f  A„ sin m8). 


Figure  16.13.  Geometric  repre¬ 
sentation  of  connection  between 
variables  z  and  0 
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Sl6.7«  Wing  Lift  and  Induced  Drag  Coefficients  with 
Account  for  Circulation  Distribution  Along 
the  Span 

Knowing  th&  circulation  distribution  along  the  span,  we  can 
find  the  forces  acting  on  the  wing.  Converting  in  (16.11)  from  the 

variable  z  to  the  variable  0(dz  =  j  sin  Ode)  and  substituting  in 

place  of  the  circulation  r(z)  its  expression  from  (16.18),  we  obtain 

m  ■ x 

Y=qV2^P  ^  A,  Jsln«8sfn8rf9. 

n- 1  0 


Since 


j  then 

I 


^  sfn«0  sin  9^/8= 
0 


-y  for  n~\ 
0  for  n±\. 


Y —qV^P  —■  At. 


Then  the  wing  lift  coefficient 


Replacing  g—  by  we  finally  obtain 


C y  — -  JlX  A  J. 


(16.20) 


This  expression  for  shows  that  the  total  lift  developed  by  a 

finite-span  wing  is  determined  by  the  coefficient  of  the  first  term 
of  the  circulation  expansion  into  a  sine  series.  Substituting  in 
place  of  the  circulation,  its  expression  (16.18)  into  the  Formula 
(1613)  for  determining  induced  drag  and  replacing  the  variables 
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z^  and  z  by  the  variable  6,  after  straightforward  but  somewhat 
tedious  transformations  we  obtain  the  expression  for  in  the  form 

Xl=*V\P-±-'j^nA\.  (16.21) 

■-1 


Hence  the  induced  drag  coefficient 


m 


«— I 


or 


CSI=!* 

*'  s 


n  *} 


If  we  replace  g—  by  X  and  express  in  terms  of  cy  using 

(16.20),  then  the  expression  for  the  induced  drag  coefficient  takes 
the  form 


(16.22) 


where 


*•»! 


Expression  (16.22)  for  cxi  coincides  in  form  with  the  Expression 

(l6.7)  for  cx^,  obtained  without  account  for  the  variation  of  the 

circulation  and  downwash  along  the  span.  Account  for  the  circulation 
and  downwash  angle  distribution  along  the  span  makes  it  possible  to 
refine  the  magnitude  of  the  factor  1  +  A.  The  magnitude  of  the 
planform  correction  coefficient  6  is  usually  small  in  comparison  with 
one,  and  in  the  general  case  depends  on  the  wing  geometric  character¬ 
istics,  angle  of  at'ack  a,  and  cy. 
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The  expression  for  the  average  downwash  angle  has  the  form 

(16.23) 

where  the  magnitude  of  the  aspect  ratio  correction  factor  t  depends 
on  the  circulation  distribution  along  the  span  and  equals 


(16.24) 


The  factors  and  ------  for  wings  of  different  planfonn 

n  n  j 

are  shown  in  Table  16.1. 


TABLE  16.1. 


Wing  planform 

1  +  T 
ir 

1  +  6 
IT 

Elliptic 

0.318 

0.318 

Trapezoidal  (n  =  2  -  3) 

0.318 

0.318 

Rectangular  (A  -  5  -  8) 

0.375 

0.335 

Rectangular  with 

rounded  tips 

i 

0.365 

0.318 

§16.8.  Optimal  Wing  Plariform 

By  optimal  wing  we  mean  the  wing  having  the  smallest  induced 
drag  coefficient  for  given  values  of  the  lift  coefficient  and  wing 
aspect  ratio.  We  see  from  (16.22)  that  the  magnitude  of  the  induced 
drag  coefficient  will  be  minimal  for  5  ~  0,  i.e.,  for 


z 


A 


0. 
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This  means  that  all  the  coefficients  of  the  expansion  of  r(z)  into 
a  sine  series,  other  than  must  vanish.  In  this  case 

r=2/l/.A,slnl.  (16.25) 


Hence  for  0  -  j  (at  the  wing  root  section) 

Tt=2lV.At=Vmtg. 


Then  (16.25)  takes  the  form 

r=T,sinl. 


Converting  from  the  coordinate  0  to  the  coordinate  z(z 
we  obtain 


r = r0  sta  8 = r,  K  i~  cos*  I  =*  r. 


or 


(16.25') 

—  cos  0), 


(16.26) 


Thus,  the  optimal  wing  is  a  wing  for  which  the  circulation 
varies  elliptically  along  the  span  (along  the  z  axis)  (Figure  16.14). 


For  the  wing  with  elliptic 
circulation  distribution,  the 
induced  drag  coefficient  is 
given  by  the  formula 


and  the  downwash  single  is 


Figure  16.14.  Elliptic  cir 
culation  distribution  a^ong 
wing  span 


Consequently,  and  Act  do  not 
vary  along  the  spa  . 
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It  follows  from  the  coupling  equation 

that  an  elliptic  circulation  distribution  along  the  span  can  be 
achieved  by  varying  the  quantities  c“(z),  o’,  b(z).  To  obtain  an 

y  a 

elliptic  circulation  distribution  for  the  same  values  of  cay  for  all 

wing  profile  sections  along  the  span  and  for  the  sane  true  angle  of 
attack  o’  (z),  it  is  necessary  that  the  chords  vary  in  an  elliptic 

fashion  along  the  span,  i.e.,  the  wing  must  have  an  elliptic  planform. 
The  same  values  of  c®  for  all  the  profile  sections  can  be  ob- 

J 

tained  by  using  the  same  profiles  along  the  span,  and  the  same 
values  of  a’„  can  be  obtained  by  using  twist  [see  (16.16)]. 


For  the  wing  of  elliptic  planform  it  is  not  mandatory  that  con¬ 
stant  values  of  a'a  and  c“  be  obtained  along  the  span  it  is  only 
necessary  that  their  product  c®  (z)  »  o'  (z)  be  constant,  which  is 

y  «■ 

achieved  by  a  combination  of  twist  and  choice  of  the  profiles  along 
the  span. 

For  the  wing  of  rectangular  planform  (b  =  const  along  the  span) 
an  elliptic  circulation  distribution  can  be  obtained  only  by  provid- 

ct 

ing  an  elliptic  variation  of  the  product  c  (z)  •  o'  (z),  which  is 

y  d 

achieved  by  a  combination  of  twist  and  choice  of  the  profiles.  On 
modern  wings  elliptic  or  nearly  elliptic  circulation  distribution  is 
achieved  by  simultaneous  variation  of  all  three  factors: 

c“  (z),  a*,  and  b(z). 

y  a 

We  note  that  in  those  cases  in  which  part  of  the  wing  is  occu¬ 
pied  by  the  fuselage,  engine  nacelles,  and  landing  gear  nace] les 
it  is  very  difficult  to  obtain  the  optimal  circulation  distribution 
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along  the  span.  In  this  case  the  value  of  C  may  be  quite  large.  We 
also  note  that  for  nonelliptic  wings,  profile  selection  and  twist  can 
provide  an  elliptic  circulation  distribution  only  at  a  particular 
angle  of  attack. 

§16.9.  Conversion  of  Wing  Aerodynamic  Characteristics 
from  One  Aspect  Ratio  to  Another 

It  is  known  that  the  wing  drag  .coefficient  is 

The  fact  that  the  profile  drag  is  independent  of  the  aspect  ratio 
and  wing  shape  makes  it  possible  to  convert  the  known  aerodynamic 
characteristics  for  a  wing  with  aspect  ratio  X^  to  a  wing  with 

aspect  ratio  X2,  which  facilitates  considerably  the  use  of  wind 

tunnel  test  results  of  a  stock  model  with  standard  X  (usually 
equal  to  5). 

Let  us  assume  that  the  aerodynamic  characteristics  are  known 
for  a  wing  with  aspect  ratio  X^.  We  need  to  convert  the  aerodynamic 

characteristics  of  the  known  wing  with  aspect  ratio  X^  to  a  wing 

made  up  of  the  same  profiles  but  having  different  planform  and 
different  relative  aspect  ratio  X2> 

If  the  wings  operate  at  the  same  average  true  angles  of  attack 

®«Tl  =®IKTj=Blltl’ 

the  coefficients  cy  are  the  same  for  the  two  wings. 

Let  Aa^  and  Act^  be  the  average  downwash  angles  at  the  wings,  then 

ancx:=aiic»i~0i“Aai; 

0«i  =a«T2~aa— A<Xj. 

13* 
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Hence 


«j  — ®j— 4®i — A®j» 

or 

aa=a,— (Aa,— aoj). 

In  accordance  with  (16.23) 

Ac^-J-O+t,); 

»i 

Ao2=^-(l+rJ). 

where  and  —  are  the  average  values  of  r,  determined  from 

(16.24)  for  both  wings. 

Then 


hence 


Q - fr  - Sim 

/l+Tl 

I  +T>' 

Bl  — ~ 

l  h 

*2  4 

Cu 

CL»=n. - L 

fl+*t 

l+Tj 

“2  I 

* 

l  X, 

1* 

(16.27) 


The  smaller  the  aspect  ratio,  the  larger  the  angles  cf  attack  must 
be  to  obtain  the  required  value  of  the  lift  coefficient. 

For  wings  with  different  aspect  ratios  but  with  the  same  p.’an- 
form,  the  zero  lift  angles  are  the  same.  Ibis  means  that  the  curves 
of  the  functions  cy  «  f(a)  for  the  different  wxngs  start  from  the 
same  point  on  the  abscissa  axis  but  have  different  slopes  —  '^he 
smaller  the  aspect  ratio,  the  flatter  Is  the  curve  (Figure  16. <5). 


The  slope  of  the  linear  part  of  the  curve,  equal  to  the  deriva¬ 
tive  dc  /da,  can  be  found  as  follows.  The  equations  of  the  linear 

v 

parts  of  the  curve  for  the  wing  of  Infinite  span  (X  =  »)  and  for  the 
wing  with  finite  value  of  A  can  be  written  in  the  form 


cv=c\x-^a-a °); 

«6+A«). 


where  c“  =  for  the  wing  with  finite  aspect  ratio, 
y  vu 


(16.28) 
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Cy  I 


blLTltL, 


'Cy’ffcx) 


t,  cc2  oc  °Cxiicxit  e*i  cxt  c* 


Figure  16.15-  Conversion  of  wing  aerodyi  amic  char¬ 
acteristics  to  different  aspect  ratio 


Considering  that  the  magnitude  Act  of  the  downwash  angle  is 
defined  by  (16.23)  and  excluding  from  (16.28)  the  quantity  a  -  aQ, 
we  obtain 


i  +  -52=-0+«> 


(16.29) 


Since  the  partial  derivative  c“  is  the  slope  of  the  linear  part  of 
the  curve  cy  =  f(a),  from  (16.29)  we  can  conclude  that  with  reduc¬ 
tion  of  the  wing  aspect  ratio  X  the  linear  part  of  the  relation 
Cy  =  f(ct)  becomes  flatter. 

The  drag  coefficients  have  the  following  expressions  for  the 
two  wings 

~  cjr/}> 

Cjr2~cx»-h^xl2' 
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etc.)  and  geometric  twist  affect  the  magnitude  of  its  moment.  The 
wing  may  be  composed  of  different  profiles  (aerodynamic  twist). 

The  longitudinal  moment  M  of  the  aerodynamic  forces  acting  on 

z 

the  wing  under  actual  conditions  is  defined  relative  to  the  Oz  axis, 
passing  through  the  airplane  center  of  mass.  However,  in  the  design 
process  and  in  several  other  cases  the  position  of  the  mass  center 
is  not  known.  Therefore  the  wing  longitudinal  moment  is  calculated 
about  an  axis  passing  thorugh  some  arbitrary  coordinate  origin,  for 
example,  coinciding  with  the  leading  edge  of  the  wing  root  section. 

Let  us  calculate  the  longi¬ 
tudinal  moment  M  ^  of  a  wing 

about  the  Oz.^  axis  of  the  body 

coordinate  system  with  origin 
located  at  the  leading  edge  of 
the  root  section  (Figure  16.16). 


On  a  wing  element  of  width 

dz  and  chord  b,  located  at  the 

distance  z  from  the  root  chord, 

there  act  the  longitudinal 

moment  aM  =  c  qbdS  and  also  the 
z  ir» 

lift  dl\  -  Cy^qdS  and  drag 

dX,  =  c  .  qdS,  applied  at  the 

leading  edge  of  the  wing  element. 
The  arm  of  the  lift  force  about 
tne  Oz.^  axis  is  and  that  of 

the  drag  force  is 

Considering  that 


Figure  1C.1C.  Determining 
wing  long- tudinal  moment 


dS=bdz ;  cm~c^-\-mCy\ 

Cf  ~  Cy], 


:  no 
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where  b,  "c^,  m,  cy  vary  along  the  span  and  depend  on  2,  and  defining 

a  climbing  moment ,  tending  to  raise  the  wing  leading  edge,  as  a 
positive  and  a  diving  moment,  tending  to  lower  the  wing  leading  edge, 
as  negative,  we  obtain  the  expression  for  finding  the  total  longi¬ 
tudinal  moment  about  the  Oz^  axis  in  the  form 


s.  + 

Mti=  j  cjj&dz—  J  cyxqxxbdz-\- 


i  * 

+  J  <'j'Mibdz=q\  J  cJPdz- f 


*  2 
+  j  cyx(mcnb—xx)bdz-\-  j  rxlbu, dz 


(16.31) 


The  wing  focus,  just  like  the  profile  focus,  is  the  point  of 
application  of  the  wing  lift  increment  when  the  angle  of  attack  is 
changed  within  the  linear  part  of  the  relation 

c„=f(a). 

If  we  shift  the  total  aerodynamic  force  to  the  wing  focus 
(point  P  in  Figure  16.16),  the  expression  for  finding  the  wing 
longitudinal  moment  takes  the  form 


Af„ — Af*o—  Y\*p  kP+ X 1 


(16.32) 


Equating  the  last  two  terms  in  the  right  sides  of  (16.31)  and 
(16.32)  and  expressing  the  lift  and  drag  respectively  in  terms  of 
cyl  and  cxl>  we  obtain  the  focus  coordinates  in  the  adopted  coor¬ 
dinate  system 
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5  J  i  clt4 

TV 

t_ 

«"«=T  1  ‘W**"'2' 


(16.33) 


Here  Xp  =  -mb  at  each  wing  section. 

For  a  flat  wing  with  constant  profile  c  ^  ^  %  c^  and  cx^  w  %  cxl* 
then  (16.33)  take  the  form 


3 

J  (xi+xr)bdzi 

~T 

i. 

2 

^,p=—  J  i/,6rfz. 


(16.34) 


For  a  wing  with  straight  leading  edge  x-^  =  0  in  (16.33)  and  (16.34); 

for  wings  with  pcsii '  ve  svt°ep,  x-^  >  0  and  the  focus  shifts  aft.  These 

formulas  do  not  take  into  account  the  mutual  influence  of  the  sec¬ 
tions  and  the  Influence  of  tip  effects  on  wing  focus  location. 


Experiment  shows  that  for  the  wing  of  infinite  span  Xp  %  0.25  b, 

whLle  at  the  tip  sections  of  the  finite-span  wing  the  position  of 
the  focus  changes  with  change  of  the  swe^p,  taper,  and  aspect  ratio. 

In  aerodynamic  calculations  the  profile  moment  characteristics, 
as  shown  in  Chapter  XII,  are  evaluated  with  the  aid  of  the  longi¬ 
tudinal  moment  coefficient  mz,  obtained  from  the  relation 


Mt--m,qSb. 
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For  the  wing  of  arbitrary  planform,  the  chord  is  variable  along 
the  span.  Therefore,  in  order  to  compare  the  moment  characteristics 
of  different  wings  we  need  a  standard  approach  to  the  definition 
of  the  magnitude  of  the  chord  b  for  determining  the  moment  coeffi¬ 
cient.  For  this  purpose  we  use  the  so-called  mean  aerodynamic  chord 
b^,  equal  to  the  chord  of  a  plane  rectangular  wing  which  is  equiva¬ 
lent  to  the  original  wing,  i.e.,  having  the  same  area,  the  same 
forces  Y1  and  and  the  same  longitudinal  moment  Mz^. 

We  shift  the  aerodynamic  forces  to  the  leading  edge  of  the 
equivalent  wing.  Then  the  moment  relative  to  the  axis  (Figure  16.17), 
passing  through  the  leading  edge 
of  the  root  section  of  the  equi¬ 
valent  wing,  is 

~Cm  up 9^ A  tfpl*pX 
-f*  cxjnf 

or,  considering  that 

Cm  up  ~fmOicp  "l-  rrtxs^UUn.‘ 

Aitl= c^^qSbj^  ~ 

—cnqS  (xA~mlipbjl)-{- 
+c*i  KpqSyA.  (16.35) 


Equating  term-by-term  the  Pi6ure  16  ^ ^orf  (S  aerodynamic 

right  sides  of  (16.31)  and  ^ 

(16.35)>  we  obtain  the  magnitude 

of  the  mean  aerodynamic  chord  b^  and  the  coordinates  of  its  leading 
edge  in  the  adopted  coordinate  system 
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(16.36) 


It  follows  from  the  last  two  relations  that  the  focuses  of  the 
given  wing  and  its  equivalent  wing  coincide. 

In  the  first  approximation  we  can  assume  that 

en3  Cm  Cxi 

emO*p  einnp  Cxi  tp 


Then  (16.36)  takes  the  form 


1 

T 


*AS  J  *dxt 


■*a  ^  b(xj  -}-  Xp)  dz; 


yA^yr=~-\byxdz' 


(16.37) 


Analysis  of  (16-37)  from  the  geometric  viewpoint  makes  It 
possib't  ’•  ■«  obtai-  a  quite  simple  technique  for  determining  me 
magnitude-  and  cjoi  minutes  of  the  nu.an  aerodynamic  ebor'*  (Figure 
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.'14 


FTP 


16.18).  For  example,  laying  off 
on  the  lower  extension  of  the 
root  chord  the  magnitude  of  the 
tip  chord  and  on  the  upper  ex¬ 
tension  of  the  tip  chord,  the 
root  chord,  we  connect  the  ends 
of  the  resulting  segments  and 
find  the  point  of  intersection 
of  this  line  with  the  line 
connecting  the  midpoints  of  the 
root  and  tip  chords.  The  chord 


Figure  16.18.  Geometric 
technique  for  finding  MAC 


drawn  through  the  resulting  point  of  intersection  is  then  the  MAC. 


REVIEW  QUESTIONS 

1.  Explain  the  nature  of  induced  drag.  How  does  wing  aspect 
ratio  affect  the  magnitude  of  the  induced  drag? 

2.  Explain  how  the  induced  drag  depends  on  angle  of  attack. 

3.  For  what  circulation  distribution  along  the  span  is  minimal 
induced  drag  obtained?  What  planform  must  the  flat  wing  have  in 
this  case? 

4 .  What  methods  do  you  know  for  the  approximate  solution  of 
the  integrodifferential  equation  of  the  finite-span  wing? 

PROBLEMS 

1.  Plot  the  wing  polar  in  the  range  0  <  c  <  1.  The  wing 
aspect  ratio  X  =  10,  profile  drag  coefficient  cXp  =  0.008,  and 
the  coefficient  6  =  0.03 . 
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2.  For  the  conditions  of  the  preceding  problem,  find  graphi¬ 
cally  and  analytically  the  maximal  wing  aerodynamic  efficiency, 
optimal  angle  of  attack,  and  the  relation  between  the  profile  and 
induced  drags  in  the  case  in  which  3cy/3a  =5-0  and  the  zero  lift 

angle  a0  =  0°. 


Answer;  =  30-9; 


aopt  5-66°;  cxp  =  cxi. 


3.  An  airplane  polar  for  small  angles  of  attack  is  given  by 

2 

the  equation  ey  =  0.022  +  0.078  c^  .  Find  the  lift  coefficient, 

drag  coefficient  corresponding  to  the  optimal  angle  of  attack,  and 
also  the  maximal  efficiency  of  the  airplane. 


Solution .  At  the  optimal  angle  of  attack  the  efficiency 

C  -j  (j 

K  =  is  maximal  and  the  reciprocal  efficiency  y  =  —  is  minimal. 
cx  n  cy 

The  minimum  of  the  quantity  1/K  is  found  from  the  condition 


ifzLili) 

da  dCy 


^-=0. 

da 


Since  ^-^0,  then 

da 


4-M 

\  K  }  __  dty 
d  Cy  Cy 


CX 


=0. 


Using  the  problem  conditions,  we  have 


Hence 


0,156- 


0,022  +  0,078c* 


=0. 


y  »» 


.  /o.022  n  co, 
c9**--y  0,531; 


.078 


Cj  H,  -----  0,022 0,078  •  0,282=  0,044; 
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footnotes 


Footnote  (1)  on  page  124: 


This  integral  is  improper;  however  its 
principal  value  can  be  obtained  from  the 

relation 


This  operation  is  justified  physical!- 
by  the  fact  that  we  neglect  the  effect 
of  the  vortex  element  on  itself. 
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CHAPTER  XVII 


SWEPT  WINGS  IN  SUBSONIC  PLOW 


§17-1.  Concept  of  Wing  Sweep  and  Its  Effect 


Experimental  data  and  also  actual  flight  data  have  shown  the 
advantage  of  swept  wings  in  overcoming  the  shock  stall  problem  and 
reducing  wave  drag. 


A  swept  wing  is  one  in  which  the  line  of  focuses,  located 
approximately  one  quarter  of  the  chord  from  the  leading  edge,  forms 
with  the  normal  to  the  wing  plane  of  symmetry  the  angle  x>  termed  the 
sweep  angle  (Figure  17.1). 


Sometimes  in  calculations  the  sweep  angle  is  measured,  not  from 
the  line  of  focuses,  but  rather  from  some  other  line,  for  example, 
from  the  leading  or  trailing  edge  of  the  wing,  and  so  on.  For 
definiteness  of  sweep  angle  notation  a  subscript  is  attached  to  the 
letter  x  to  show  the  line  relative  to  which  this  angle  is  measured. 
For  example,  Xg  is  the  leading  edge  sweep;  xc  refers  to  the  line  of 
maximal  thickness,  Is  for  the  line  of  focuses,  ’•'10 

midpoint  of  the  chord.  X}  is  for  the  trailing  edge,  and  so  on  (see 
Figure  17.1). 
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As  a  rule  wing  sweep  Is  positive 
(see  Figure  17. la),  and  less  frequently 
negative  (see  Figure  17- lb).  In  the 
case  of  negative  sweep  the  wing  tips 
are  displaced  forward  in  the  direc¬ 
tion  of  flight  (in  this  case  the 
angle  x  is  negative).  If  the  v  .ng 
edges  have  breaks  or  are  curved,  the 
sweep  single  changes  at  various  seg¬ 
ments  along  the  wing  span. 


One  of  the  characteristic 

Figure  17-1  SweDt  wing:  a  -  features  of  swept  wing  operation  in 

positive  sweep;  b  -  negative  stream  utilization  of 

sweep . 

the  sideslip  effect.  Assume  the 
air  flow  approaches  a  rectangular  wing  of  infinite  span  with  the 
velocity  V. ,  perpendicular  to  the  wing  leading  edge  (Figure  17. 2a). 

In  this  case,  as  the  air  flows  past  the  wing  we  obtain  a  definite 
pressure  distribution  along  the  chord,  which  has  an  effect  on  the  wing 
aerodynamic  coefficients . 


Figure  17.2.  Illustrating  sideslip  effect. 


Now  let  us  assume  that  the  given  wing  is  subjected  to  flow  in 
the  direction  along  the  span  by  another  stream  with  the  velocity 
(Figure  17.2b).  This  velocity  V2  has  no  effect  on  the  pressure  dis¬ 
tribution  over  the  wing  surface  or  on  its  other  characteristics  (it  is 
true  that  in  the  viscous  flow  case  friction  develops  in  the  boundary 
layer,  which  we  shall  ignore  here). 
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Under  simultaneous  action  of  both  flows  the  velocity  vectors 
and  $2  on  ths  wing  combine.  The  resultant  velocity  is 

V=vt+va 

It  is  obvious  that  the  resultant  velocity  V  is  directed  at  the 
angle  8  to  the  wing  plane  of  symmetry  (Figure  17 .lc),  termed  the 
sideslip  angle.  The  picture  is  the  same  if  the  resultant  velocity  is 
parallel  to  the  original  velocity  and  the  subject  wing  is  rotated 
through  the  angle  8  (Figure  17. 2d).  In  this  case  we  obtain  the  flow 
pattern  about  a  yawed  wing  with  the  sideslip  angle  8.  Thus,  flow  past 
a  yawed  wing  is  equivalent  to  oblique  flow  over  a  rectangular  wing. 

The  normal  and  tangential  velocity  components  are,  respectively 

Vt=V cos?,  Va—V sin? 

We  note  that  in  the  yawed  case  the  flow  about  the  wing  profile  in 
the  section  normal  to  the  wing  generator  is  defined  not  by  <  he  velocity 
V,  but  rather  by  its  component  ,  which  is  less  than  the  velocity  V 
by  the  factor  cos  3.  If  we  now  maintain  the  same  angle  of  attack  for 
the  profile  as  we  had  for  the  straight  wing,  the  pressure  distribution 
along  the  profile  of  the  yawed  wing  becomes,  for  the  flight  velocity  V, 
the  same  as  it  would  be  for  a  straight  wing  at  a  velocity  V^,  equal  to 
V  cos  8. 


Since  for  the  same  flow  velocity  past  the  straight  and  yawed 
wings  the  local  velocities  at  the  surface  of  the  yawed  wing  are  less, 
the  shock  stall  on  the  yawed  wing  will  occur  at  higher  flight  speeds. 
For  small  yaw  angles  the  magnitude  of  the  critical  Mach  number  for 
the  yawed  wing  of  infinite  span  can  be  determined  in  the  first 
approximation  from  the  relation 


M; 


Kp.CK  “ 


■  np  sec  'P — 


M 


«P-"P 


COS  f) 


(17- 1 


The  operation  of  sv'apt  wings  has  a  complex  nature  and  the  sideslip 
effect  is  not  full;-’  utilized.  On  a  swept  wing  of  sufficiently  large 
aspect  ratio  we  car.  a .oi^-rarily  define  the  regions  I,  IT.  and  III 
(Figure  17.3'. 

1  ,0 
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In  the  central  part  of  the 
wing  (I)  (near  the  plane  of  symmetry) 
the  local  yaw  angle  6  diminishes  and 
becomes  equal  to  zero  over  some 
region  as  a  result  of  mutual  influ¬ 
ence  of  the  wing  sections.  This 
phenomenon,  termed  the  centerline 
effect ,  reduces  the  yaw  effect  some¬ 
what  and  influences  the  aerodynamic 
characteristics  of  the  swept  wing. 

The  yaw  effect  is  also  significantly 
decreased  at  the  tip  part  of  the 
wing  (III),  where  there  is  consider¬ 
able  deviation  of  the  streamlines  on  the  surface  of  the  wing. 

In  region  II,  with  more  uniform  flow  along  the  span,  the  stream¬ 
lines  are  deflected  only  slightly  from  the  xOy  plane  and  the  magnitude 
of  the  yaw  angle  8  is  close  to  the  sweep  angle  x*  The  existence  of 
a  region  with  flow  which  is  uniform  over  a  large  part  of  the  span 
makes  it  possible  in  studying  the  swept  wing  to  represent  this  region 
as  a  corresponding  part  of  an  infinitely  long  cylindrical  wing  placed 
in  the  flow  at  the  sweep  angle,  i.e.,  a  yawed  wing. 

§17.2.  Physical  Picture  of  Flow  Past  Swept  Wing 

In  order  to  clarify  the  physical  essence  of  the  flow  over  a  swept 
wing,  we  shall  analyze  the  behavior  of  the  streamlines  on  Its  surface. 
Figure  17-^  shows  a  schematic  of  part  of  a  swept  wing.  We  assume  that 
the  freestream  velocity  approaching  the  wing  is  parallel  to  the  wing 

•t 

axis  of  symmetry.  We  resolve  this  velocity  Into  two  components:  V 

-»•  n 

normal  to  the  wing  leading  edge  and  V^.  tangent  to  the  leading  edge, 

1-e--  V.=V.+V, 

The  tangential  component  of  the  velocity  on  the  swept  wing  has 
practically  the  same  magnitude  V.  =  V  sin  x  at  neighboring  sections, 
while  the  normal  component  Vn  varies  as  a  function  of  the  section 
profile  shape  (and  angle  of  attack).  Therefore  the  streamline  curvatu ■' 


Figure  17-3.  Schematic  of  flow 
around  swept  wing. 
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A 


Figure  17.  *1.  Variation  of 
velocity  and  streamline 
direction  near  surface  of 
yawed  wing. 


depends  basically  on  the  magnitude 
of  the  normal  velocity  component. 

At  point  A  (Figure  17 -1*)  we  have 
undisturbed  flow  with  the  velocity 
Vw.  As  we  approach  the  leading  edge 
of  the  wing,  the  flow  velocity  de¬ 
creases  and  right  at  the  leading 
edge  Vn  =  0.  Further  along  the 
chords  normal  1 1  the  wing  generator 
the  velocity  increases,  reaching  a 
maximal  value  at  the  point  C  of  min¬ 
imal  pressure.  Behind  point  C  the 
velocity  again  decreases,  passing 
through  a  second  minimum  at  the 
trailing  edge,  and  then  again  increases 
to  the  magnitude  of  the  undisturbed 
flow  velocity  at  point  E.  The  direc¬ 
tion  of  the  streamline  near  the 
wing  (line  A'B'C'D'E’  In  Figure  17. *0 
changes  in  accordance  with  the  changes 


of  the  resultant  velocity  vector 

^  (the  velocity  V  equals  the  sum  of  the  constant  tangential  velocity 


and  the  variable  normal  velocity). 


This  unique  variation  of  the  velocities  in  magnitude  and  direction 
leads  to  significant  differences  between  the  pressure  distribution 
pattern  on  the  surface  of  the  swept  wing  and  that  on  the  straight  wing, 
for  which  the  pressure  distribution  pattern  is  nearly  the  same  at  all 
sections.  The  pressure  distribution  along  the  upper  surface  of 
different  longitudinal  sections  (in  the  streamwise  direction)  of  a 
swept  wing,  confirming  the  existence  of  the  centerline  and  lip  '’’fleets, 
is  shown  in  Figure  17.  :>• 


Connection  Between 


Figure  17.5-  Pressure  distri¬ 
bution  at  different  sections 
of  swept  wing  (in  streamwise 
direction) :  1  -  root  sec¬ 

tion;  2  -  tip  section;  3  - 
intermediate  section. 


Parameters  of  Swept  and 
Straight  Wings 

Figure  17*6  shows  a  wing  of 
infinite  span  placed  at  the  sweep 
angle  x  to  the  stream  —  a  yawed 
wing.  The  chord  bn  in  the  section 
normal  to  the  wing  generator  can  be 
expressed  in  terms  of  the  chord  b  of 
a  streamwise  section 

b-t—b  cosx 


We  denote  the  angle  of  attack  in  the  normal  section  by  an>  then 


slncv 


sin  a 


ba  b  co*x 


cosx 


yJ 


Since  the  angles  of  attack  usually  have  a  small  magnitude,  this 
formula  for  moderate  sweep  can  be  rewritten  as 


(17.2) 
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The  relative  thickness  of  the  normal  section  is 


*«  *  cos  x 


(17.3) 


The  relative  curvatures  of  the  normal  and  streamwise  sections 


have  the  same  relationship 


=  —1— 


Thus,  we  can  conclude  that  the  normal  flow  passes  around  a 
cylindrical,  ir finitely  long  wing  with  somewhat  thicker  and  more 
highly  cambered  profile  than  the  yawed  wing  at  the  angle  Ci  attack  an< 

Let  us  examine  the  yawed  wing  and  some  straight  wing  (Figure  17.7) 
which  is  equivalent  in  form  to  the  yawed  wing  (both  wings  have  the 
same  chord,  profile  sections,  and  streamwise  angles  of  attack).  The 
Vt  SW  transverse  stream,  approaching  the 

\  \  yawed  wing  with  the  velocity 

v  Vn  =  vro  cos  x,  creates  the  lift 


yh-* 


cos*  x 


-5  (17  •‘O 


Figure  17-7.  Swept  wing  and 
equivalent  straight  wing  to  i . 


where  S  is  the  area  of  a  wing  seg¬ 
ment  of  length  l  along  the  span 
(see  Figure  17.7). 

On  the  basis  of  (17.^)  the  lift 
coefficient  of  the  yawed  wing  is 

<VcK-f*«c<>s *JC  (17.5) 


We  know  from  wing  profile  theory 

that  at  small  angles  of  attack  the  lift  coefficients  for  a  symmetric 
profile  are  connected  by  the  relation 


cv\  ■ — 
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On  this  basis  and  with  account  for  (17-2)  we  can  write 


Substituting  the  value  of  c  into  (17. 5) >  we  obtain 

yn 


ci<*=cfcosx 


(17.6) 


Thus  we  conclude  that  the  lift  coefficient  of  the  yawed  wing  is 
less  than  that  of  the  equivalent  straight  wing. 

Differentiating  (17.6),  we  obtain  the  expression  for  c“  of  the 

J 

yawed  wing 


CU*  =clcosX 


(17.7) 


We  can  obtain  the  corresponding  derivative  for  the  finite-span 
swept  wing  by  substituting  into  (16.29)  in  place  of  c“  the  quantity 

n  v 

c“  cos  x  in  accordance  with  (17*7).  After  several  transformations 
we  obtain 


c *  =- 


Vl  +  -f  T„p) 


(17.8) 


where  Tgw  accounts  for  aspect  ratio,  taper,  sweep,  and  the  circulation 

distribution  along  the  wing  span.  On  the  average  t  equals  0.2 ;  with 

sw 

increase  of  X  and  decrease  of  n>the  quantity  x  increases  somewhat 

5  W 

(to  about  0.3). 

Typical  curves  of  c  =  f(a)  for  a  finite-span,  straight-wing 
profile,  for  the  profile  of  a  swept  wing  of  the  same  aspect  ratio, 
and  for  a  wing  of  infinite  span  are  shown  in  Figure  17.8.  Comparison 
of  the  curves  shows  that  c“  is  less  for  the  swept  wing  than  for  the 
straight  line. 


For  the  swept  wing  the  average  downwash  angle  can  be  represented 
by  an  expression  analogous  to  (16.23)  for  the  straight  wing 
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X-OO 


A°«f=J-(l+Tcv) 


(17.9) 


The  induced  drag  coefficient  of 
the  swept  wing  is  determined  similarly 
to  that  of  the  straight  wing  from  the 
formula 


^1=— p(l+?ctf) 


(17.10) 


Figure  17.2.  Relation  cv  =  f(a) 

for  wing  of  infinite  span 
(profile)  and  also  for  straight 
and  swept  wings  of  finite  span 
having  different  aspect  ratio. 


For  the  swept  wing  the  pressure 
drag  coefficient  component  is  less 
than  for  the  equivalent  straight 
wing,  while  the  friction  drag  co¬ 
efficient  component  is  larger.  If 


we  also  consider  the  change  of  the  induced  drag  coefficient,  we  find 


that  in  the  first  approximation  we  can  write 


fjtctp — cXng 


(17.11) 


The  pitching  moment  of  the  swept  wing  resulting  from  the 
aerodynamic  forces,  like  the  lift  force,  is  proportional  to  cos  x> 
since  both  the  lift  and  the  pitching  moment  are  created  basically  by 
the  pressure  forces.  Therefore  we  can  write  the  following  formula 
for  „he  moment  coefficient  of  an  element  of  a  swept  wing  relative  to 
the  leading  edge 

cm  crp—  cm  np  '-0SX 

Substituting  herein  the  value  of  c  .  from  (12.16),  we  obtain 

m  str 

C m  ctp"= cos  x +  mcy  cos  x = cm0  cos  x + mcy  „  „  (17.12) 


or,  Introducing  the  notation  c^q  cos  x  =  cm0  gw,  we  have 

Cm  ct 9  “  cm0  ctj)  “1*  mcy  crp 
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(17.13) 


To  find  the  moment  coefficient  of  the  entire  wing  we  must  take 
into  account  the  longitudinal  displacement  of  the  individual  elements. 


We  note  that  many  studies  are  now  available  which  yield  an  exact 
solution  of  the  swept  wing  problem.  These  studies  are  based  on  one 
method  or  another  for*  accounting  for  the  induced  velocities  generated 
by  the  bound  vortices  of  the  two  halves  of  the  wing.  In  particular, 
techniques  have  been  developed  to  calculate  the  circulation  distri¬ 
bution  along  the  span  of  the  swept  wing.  One  of  these  methods  involves 
first  finding  the  circulation  distribution  along  the  span  of  the 
equivalent  straight  wing,  in  which  the  circulation  is  represented  in 
the  form  of  the  sum  of  trigonometric  terms,  and  then  a  sweep  correction 
is  introduced  into  the  coefficients  of  the  terms  of  this  sum. 

S17.'1.  Small  Aspect  Ratio  Wings 

Wings  with  comparatively  large  aspect  ratios  were  used  in  air¬ 
plane  design  up  to  the  1950 's.  Even  the  tail  surfaces  had  aspect 
ratios  X  exceeding  4.  Large  aspect  ratio  wings  were  used  to  reduce 
the  induced  drag.  The  maximal  magnitude  of  wing  aspect  ratio  was 
limited  primarily  by  requirements  of  wing  strength  and  stiffness. 

After  the  1950's  airplane  speeds  began  to  increase  particularly 

rapidly,  and  rocketry  developed  tremendously.  At  these  high  speeds 

quite  small  values  of  cy  were  required  and  the  role  of  the  flight 

vehicle  induced  drag,  which  depends  on  c  ,  in  the  overall  drag  balance 

«y 

became  very  small.  Wings  of  very  small  aspect  ratio  (x  =  0.5-3),  which 
are  more  favorable  at  the  high  speeds,  began  to  be  used  more  and  more. 
Particularly  small  aspect  ratio  wings  were  used  on  the  cruise-type 
missiles.  Attempts  to  apply  to  these  wings  the  highly  developed 
classical  theory  of  the  large  aspect  ratio  wing  were  unsuccessful: 
in  many-  oases  the  theory  diu  not  yield  even  qualitative  agreement  with 
experiment . 


In  fact,  the  basic  assumptions  of  large  aspect  ratio  wing  theory 
are  not  applicable  to  the  small  aspect  ratio  wing:  the  hypothesis  of 
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plane  sections,  replacement  of  the 
wings  by  a  vertical  lifting  line, 
neglect  of  the  downwash  angle  vari¬ 
ation  along  the  wing  chord.  Of 
considerable  importance  for  the  small 
aspect  ratio  wing  is  the  transverse 
"low  over  the  wing,  which  leads  to 
marked  three  dimensionality  of  the 
flow  and  the  appearance  of  a  very 
complex  pressure  field  on  the  wing 
surface.  The  wing  planform  has  a 
particularly  great  influence  on  the  aerodynamic  characteristics  of 
the  small  aspect  ratio  wing. 

Experiment  is  of  great  importance  in  studying  small  aspect  ratio 
wings.  Many  semi-theoretical  (semi-emperical)  methods  for  analysis 
of  small  aspect  ratio  wings  have  also  been  proposed.  The  primary 
difference  bet  -een  these  methods  lies  in  the  vortex  models  v'hich  are 
used  to  replace  the  wing  and  the  flow  in  the  region  of  the  wing.  As 
a  rule,  these  methods  make  it  possible  to  calculate  the  forces  acting 
on  the  wing  for  very  small  angles  of  attack. 

The  primary  features  of  the  aerodynamic  characteristics  of  the 
small  aspect  ratio  wings  are  the  following. 

1.  For  small  aspect  ratio  wings,  the  curve  c  =  f(a)  does  not 

J 

have  the  rectilinear  segment  characteristic  of  the  large  aspect  ratio 
wings  (Figure  17-9) •  The  curve  c  =  f(o)  for  X  <  2  has  an  S-shape. 

V 

This  form  of  the  curve  cy  =  f(«l  is  explained  as  follows.  For  small 
o,  as  a  result  of  the  Intense  crossflow  of  air  around  the  tips  of 
small  aspect  ratio  wings, the  pressure  on  the  upper  and  lower  surfaces 
of  the  wing  equalizes,  and  this  leads  to  reduction  of  c  ,  With  increase 
of  a,  powerful  vortices  begin  to  separate  from  the  tips  and  these  lead 
to  reduction  of  the  oressure  on  the  upper  surface  and  therefore  to 
increase  of  c  . 


Figure  17-9.  Curves  cy  =  f (e) 

for  wings  of  large  and  small 
aspect  ratio. 
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2.  For*  small  aspect  ratio  wings  agt  is  considerably  larger  than 
for  large  aspect  ratio  wings.  Here  the  value  of  agt  for  wings  with 
aspect  ratio  \  <  2  retains  about  the  same  value,  close  to  0.6  rad. 

The  increase  of  a  for  the  low  aspect  ratio  wings  is  explained  by  the 
equalization  of  the  pressure  along  the  wing  chord  above  its  upper  sur¬ 
face,  which  is  a  result  of  the  intense  crossflow  around  the  wing  tips. 

3.  The  induced  drag  of  the  low  aspect  ratio  wings  depends  to  a 
marked  degree  on  the  wing  planform  and  is  larger  in  magnitude  than  for 
the  large  aspect  ratio  wings  (for  the  same  values  of  c  ).  The  coeffici- 
ent  cx^  for  the  low  aspect  ratio  wing  can  be  represented  by  a  relation 
analogous  to  (16.22)  for  the  large  aspect  ratio  wing 


where  the  parameter  6  depends  on  the  wing  planform  and  angle  of 
attack  and  is  determined  experimentally. 

Experiment  shows  that  for  the  low  aspect  ratio  swept  wings  for 

values  ofc  <0.6,  6  =0.05  -0.15,  i.e.,  it  has  the  same  values  as 
«y 

for  large  aspect  ratio  wings.  For  triangular  (delta)  wings  the  param¬ 
eter  6  is  considerably  larger  (0.*l  -  1.0). 

When  the  design  of  small  aspect  ratio  wings  is  necessary,  reliable 
experimental  data  should  be  used,  with  particular  attention  being 
devoted  to  the  similarity  of  the  test  and  full-scale  vehicles. 

REVIEW  QUESTIONS 

1.  What  is  the  effect  of  sweep? 

2.  Explain  the  physical  nature  of  the  flow  past  a  swept  wing. 

3.  Write  the  formulas  connecting  the  parameters  of  swept  and 
straight  wings. 
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CHAPTER  XVIII 


MAXIMAL  LIFT  COEFFICIENT.  WING  MECHANIZATION 


§18.1.  Flow  Separation  from  Wing  Surface 

'When  a  wing  operates  at  high  angles  of  attack,  the  flow  over  its 
upper  surface  separates.  Flow  separation  occurs  at  comparatively 
small  angles  of  attack,  on  the  order  of  10  -  12°,  and  initially  has  a 
local  nature.  As  the  angle  of  attack  is  increased,  the  separation 
zone  gradually  expands  more  and  more,  extending  forward  along  the  chord 
and  laterally  along  the  wing  span.  Separated  flows  on  the  upper  sur¬ 
face  of  the  wing  are  the  result  of  boundary  layer  separation,  which 
takes  place  at  large  pressure  gradients. 

The  separated  flow  regime  over  the  wing  has  considerable  influ¬ 
ence  on  the  wing  aerodynamic  characteristics,  particularly  the  lift 
coefficient.  This  influence  results  from  the  fact  that  reduction  of 
the  rarefaction  in  the  separation  zone  disrupts  the  linear  dependence 
of  the  lift  coefficient  on  the  angle  of  attack  (segment  AB  in  Figure 
18.1).  The  lift  coefficient  corresponding  to  point  A  is  sometimes 
termed  c  buffet  since  airplane  flight  is  usually  accompanied  by 
buffeting  when  the  separated  zone  appears  on  the  wing. 
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At  some  critical  angle  of  attack  a  ,  flew  seoaration  extends  to 

cr* 

most  of  the  wing  surface,  and  the  lift  force  decreases  beginning  at 
this  angle  of  attack-  The  values  of  c  and  a  .  depend  to  a  con- 

y  sucLX  5t 

sidera'ole  degree  on  the  geometric  characteristics  of  the  wing  and  or. 
the  Reynolds  number  Re.  The  region  of  separation  onset  and  further 
growth  of  the  separation  zone  depend  on  the  wing  planform.  Let  us 
examine  the  influence  of  the  wing  geometric  characteristics  on  the 
development  of  the  separation  phenomena. 

Influence  of  Wing  Planform 

For  each  section  of  a  geometrically  plane  wing  of  infinite  span 
with  constant  profile,  the  lift  coefficient  is  limited  to  the  value 

cy  max  sec'  The  value  cy  max  sec  (see  ChaPter  XI1)  for  a  given  profile 

depends  on  Re  =  Vb_  „/v.  If  we  determine  c  =  f(z)  for  a 

sec  y  max  sec 

given  wing,  we  can  plot  a  curve  which  is  the  upper  limit  of  the  varia¬ 
tion  of  cy  gefl.  At  any  point  along  the  wingspan,  the  value  of  cy  sec 
cannot  exceed  the  value  defined  by  this  curve.  In  Figures  18.2  and 
and  18.3  this  straight  line  1  is  plotted  for  straight  and  trapezoidal 
wings. 


Figure  18.1.  Lift  coefficient  of 
asymmetric  profile  versus 

angle  of  attack 


Now  let  us  plot  the  c 

y  sec 

distribution  along  the  span, 
corresponding  to  some  angle  of 
attack.  In  accordance  with  the 
coupling  Equation  06. 11*)  v/e  have 

c  2E5L 

08.1) 

where  r(l)  is  the  value  of  the 
circulation  around  a  contour 
enclosing  the  given  wing  sect  ion 
at  the  given  angle  of  attack. 
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Figure  18.2.  Change  of  spanwise 

c  distribution  for  rectang- 

y  sec  & 

ular  planform  wing  with  increase 

a 


Figure  18.3.  Change  of  spanwise 

c  distribution  for  trape- 

y  sec 

zoidal  wing  with  increase  of  a 


In  the  central  part  of  a  rectangular  planform  wing  the  circu¬ 
lation  is  nearly  constant,  while  it  drops  off  markedly  toward  the 
tips.  Since  the  chord  is  constant  in  the  present  case,  the  nature  of 
the  c  variation  along  the  span  is  the  same  as  the  r  variation,  l.e., 

V 

for  a  straight  wing  the  coefficient  sg(>  is  practically  constant 
(see  Figure  18.2)  over  a  large  portion  of  the  span  in  the  central 
region. 

On  the  tr*apezoidal  wing  the  circulation  decreases  toward  the 

tips  along  the  entire  wing  semispan  —  for  the  trapezoidal  wing  the 

free  vortices  trail  more  uniformly  from  the  trailing  edge  of  the  wing. 

In  this  connection  we  would  expect  a  more  uniform  decrease  of  c 

r  y  sec 

along  the  span  of  the  trapezoidal  wing  in  comparison  with  the  rec¬ 
tangular  wing.  However,  In  accordance  with  the  coupling  Equation 
(18.1),  because  of  the  chord  reduction  as  we  move  away  from  the  root 
section,  there  is  initially  some  increase  of  cy  sgc  and  ^hen  c^  sgc 
decreases  at  the  tip  sections,  where  the  circulation  decreases 
markedly  (see  Figure  18.3). 
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This  variation  of  c  along  the  span  of  a  trapezoidal  wing 

y  see 

can  be  explained  in  another  way  if  we  consider  the  nature  of  the  effec¬ 
tive  section  angle  of  attack  variation  along  the  span.  In  fact,  if 

we  examine  some  arbitrary  wing  section,  the  value  of  c  _  will  be 

y  sec 

determined  by  the  effective  local  angle  of  attack,  which  depends  on 
the  wing  angle  of  attack  (we  are  considering  a  plane  wing)  and  the 
downwash  angle. 


On  the  straight  wing  the  free  vortices  are  concentrated  primarily 
at  the  tips  (Figure  18.4}  and  the  downwash  angle  increases  smoothly 
along  the  span.  Consequently,  the  effective  angle  of  attack  gradually 
decreases  as  we  approach  the  wing  tips,  vanishing  at  the  tips.  On 
the  trapezoidal  '.ving  the  free  vortices  are  distributed  along  the  span 
approximately  as  shown  in  Figure  18.4. 


Figure  18.4.  Change  of 
velocities  induced  by 
spa  i  for  straight  (1) 
wings 


circulation  and 
free  vortices  along 
and  trapezoidal  (2)  < 


FTD-  :0- >3-720-71 


164 


This  figure  also  shows  the  spanwise  variation  of  the  velocity 
Vy  induced  by  the  free  vortices.  We  see  from  the  figure  that  the 
induced  velocities  will  have  a  minimal  value  at  some  section  ,  since 
here  the  velocity  is  induced  simultaneously  by  both  vortices  located 
to  the  right  of  the  section  (vortices  b)  and  vortices  located  to  the 
left  of  the  section  (vortices  a).  It  is  obvious  that  the  effective 
angle  of  attack  and  cy  reach  their  maximal  values  for  the  plane  wing 
at  the  section  z* . 

With  increase  of  the  angle  of  attack,  the  circulation  and  c?  g(;>c 
increase  at  each  section.  In  this  case,  there  will  be  a  linear 
increase  of  cy  at  all  sections  if  the  flow  does  not  separate  at 
any  of  the  sections. 

Upon  reaching  some  angle  of  attack,  separation  of  the  boundary 

layer  begins  at  that  wing  section  where  the  ordinates  of  the  curve 

c  _  are  closest  to  the  ordinates  of  the  curve  c  _  (section 

y  sec  y  max  sec 

z'  in  Figure  18.3).  On  the  wing  of  rectangular  planform,  flow  separa¬ 
tion  begins  in  the  wing  root  region  and  rapidly  extends  to  a  large 
portion  of  the  span.  On  the  trapezoidal  wing  separation  begins  near 

the  tips  because  of  the  rapid  decrease  of  c  toward  the  tips 

y  max  sec 

(because  of  the  small  values  of  Re),  and  also  as  a  result  of  the 

nature  of  the  c  variation  described  above.  At  those  sections 

y  sec 

where  separation  occurs,  the  values  of  c  will  not  increase  in 

*  y  sec 

proportion  to  a  as  the  angle  of  attack  is  increased  further,  as  a 

result  of  which  the  c  distribution  pattern  is  deformed. 

y  sec 

Distributions  of  gefi  for  the  angle  of  attack  ct^j  correspond¬ 
ing  to  separated  flow  on  the  upper  part  of  the  wing,  are  shown  in 
Figures  18.2  and  18.3.  The  dashed  curves  show  the  distributions 
•which  would  occur  with  separation-free  flow,  while  the  continuous 
curves  are  with  account  for  separation.  For  the  angle  of  attack 
separation  takes  place  on  tne  segment  AA  (see  Figure  18.3).  On  tl.e 
segment  AB  the  values  of  c^  have  not  yet  reached  the  values  cy  my  <QC 
while  the  segment  BB  is  a  region  of  deveioped  flow  separation,  corre¬ 
sponding  to  supercritical  local  angles  of  attack. 
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The  variation  of  the  c  distribution  along  the  span  of  the 

y  sec 

trapezoidal  swept  wing  with  increase  of  the  angle  of  attack  is  shown 
in  Figure  18.5.  Characteristic  for  the  swept  wing  is  the  marked 
decrease  of  c^  sgc  in  the  root  region,  which  is  explained  by  decrease 
of  the  effective  angles  of  attack  at  these  sections  because  of  the 
local  increase  cf  the  downwash.  We  see  from  Figure  18.5  that  for  the 
swept  plane  wing  with  constant  profile  the  lift  coefficient  is  distri¬ 
buted  very  nonuniformly  along  the  span,  reaching  its  maximal  values 
at  sections  located  near  the  wingtips.  Just  as  in  the  case  of  the 
straight  trapezoidal  wing,  this  leads  to  the  appearance  of  separation 
phenomena  at  these  sections. 

Moreover,  characteristic  for  the  swept  wing  is  piling  up  and 
increase  of  the  boundary  layer  thickness  near  the  tips  as  a  result  of 
the  flow  velocity  component  along  the  span  (Figure  18.6),  which  leads 
to  premature  flow  separation  at  the  wingtips.  To  prevent  premature 
flow  separation,  use  is  made  of  so-called  fences  —  plates  on  the 
upper  wing  surface  which  prevent  flow  of  the  boundary  layer  toward 
the  tips  (possible  locations  for  such  fences  are  shown  dashed  in 
Figure  18.6). 


cjm 


Figure  18.5.  Change  of  spanwise 

c  distribution  for  swept 

y  sec  r 

wing  with  lncrea-'  of  a 


Figure  18.6.  Regions  of  ,  ema- 
ture  flow  separation  on  swept 
wing  owing  to  boundary  layer 
pileup 


FTD-,,C  -23-7  20-71 


\66 


Thus  we  can  draw  the  following  conclusions.  The  wing  planform 
has  a  very  significant  influence  on  the  location  where  separation 
phenomena  begin  on  the  wing.  For  the  wing  of  rectangular  planform, 
separation  phenomena  begin  in  the  center  region  and  extend  rapidly  to 
the  entire  span.  On  the  trapezoidal  and  swept  wings,  flow  separation 
begins  near  the  tips.  The  use  of  aerodynamic  fences  makes  it  possible 
to  avoid  this  early  flow  separation  on  the  swept  wing;  in  this  case, 
the  swept  wing  behaves  approximately  the  same  as  a  straight  wing. 

We  note  that  the  wing  planforr.-,  which  determines  the  location 
where  flow  separation  begins  along  the  wing  span,  has  a  major  influ¬ 
ence  on  airplane  behavior  in  a  spin. 

Effect  of  Profile  Section  Shape  and  Wing  Twist 

For  a  wing  of  given  planform,  assembled  from  profiles  which 
differ  along  the  span,  c  depends  not  only  on  Re  but  also  on 

the  profile  form:  for  the  same  values  of  Rc  U.t  coefficient  c^  max 
depends  on  the  relative  thickness,  camber,  and  if.axj.ri.Cj  thickness 
position  along  the  chord. 

On  the  other  hand,  use  of  different  profiles  lends  to  redistri¬ 
bution  of  the  circulation  along  the  span  and  therefore  to  change  of 

the  curves  c  =  f(z).  By  assembling  the  wing  I'r  '•'rent  pro- 

y  sec 

files,  we  can  alter  the  nature  of  the  c  „  and  c  jrves 

y  max  sec 

and  thereby  control  the  location  of  the  zone  where  flo.  ration 

starts  on  the  wing. 

For  example,  by  using  profiles  providing  more  lift,  i.e.,  profiles 

with  a  large  value  of  c  ,  in  the  region  of  expected  separation 

y  max 

initiation  we  can  obtain  practically  simultaneous  onset  of  the 
separation  phenomena  over  the  entire  wing  span. 

To  ensure  transverse  flight  stability  at  high  angles  of  attack, 

it  is  usually  required  that  the  separation  phenomena  begin  at  the 

root  sections.  In  this  connection  profiles  with  higher  c  are 

y  max 
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used  at  the  wing  tip  sections  and  profiles  with  lower  lifting  proper¬ 
ties  are  used  at  the  root  section  —  even  profiles  with  negative 
camber. 

The  lifting  properties  of  a  wing  can  be  improved  by  using  geo- 
i  metric  twist,  for  which  the  profile  sections  are  rotated  without 

j  altering  their  form,  so  that  the  local  angles  of  attack  are  less  in 

the  regions  of  expected  flow  separation  than  on  the  remaining  portions 
of  the  wing.  If  the  tip  part  of  a  trapezoidal  or  swept  wing  is  given  a 
negative  twist,  the  separation  zone  can  be  shifted  toward  the  root 
section. 

Simultaneous  use  of  twist  and  different  profiles  along  the  wing 
|  span  makes  it  possible  to  obtain  the  required  wing  lifting  qualities 

|  at  high  angles  of  attack. 

S  Effect  of  Wing  Aspect  Ratio 

I  In  the  case  of  high  wing  aspect  ratios,  flow  separation  occurs  at 

|  angles  of  attack  close  to  ast  for  the  given  profile.  For  wings  of 

I  low  aspect  ratio  (X  <  3)  flow  separation  usually  occurs  at  consider- 

i  ably  higher  angles  of  attack.  The  delay  of  flow  separation  on  wings 

j  with  low  aspect  ratio  is  explained  by  the  lesser  pressure  reduction 

:  on  the  upper  surface  as  a  result  of  air  cross-flow  around  the  wing 

tips,  and  also  as  a  result  of  the  influence  on  the  boundary  layer  of 

0 

the  powerful  tip  vortices  trailing  from  the  wing. 

§18.2.  Calculation  of  Maximal  Lift  Coefficient 


The  maximal  lift  coefficient  is  one  of  the  most  important  aero¬ 
dynamic  characteristics  of  the  wing.  The  maximal  value  of  deter¬ 
mines  the  minimal  airplane  level  flight  speed.  The  lower  the  level 
flight  speed,  the  lower  is  value  of  the  landing  speed  which  can  be 
achieved.  The  magnitude  of  the  landing  speed  must  be  as  low  as 
possible,  since  it  defines  the  required  runway  length  and  safety  in 
the  most  critical  phase  of  airplane  flight  —  the  landing. 
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We  note  that  exact  determination  of  the  value  of  wing  cy  max 

involves  several  difficulties.  It  is  difficult  to  perform  a  model 

experiment  for  finding  c  in  the  wind  tunnel,  since  it  is  not 

always  possible  to  obtain  the  required  Reynolds  numbers.  A  factor 

which  alleviates  the  situation  somewhat  is  the  fact  that,  since  the 

value  of  c  _  must  be  known  to  calculate  the  airplane  takeoff  and 

y  max 

landing  characteristics,  the  velocity  and  therefore  the  Reynolds 
number  will  have  comparatively  low  values.  However,  for  the  modem 
large  commercial  airplanes  difficulties  of  a  technical  nature  arise 
in  obtaining  the  required  values  of  Re  for  their  models  in  wind 
tunnels . 

It  is  also  difficult  to  obtain  an  adequately  exact  determination 
of  cy  max  by  calculation,  since  spanwise  variation  of  the  profiles, 
the  use  of  twist  and  complex  planforms  (variable  taper  along  the  span, 
variable  sweep,  and  so  on)  are  characteristic  for  the  wings  of  modern 
airplanes.  The  complex  wing  shape  in  plan  and  cross  section  makes  it 
difficult;  to  calculate  the  distribution  of  c  along  the  span,  and 

this  is  what  leads  to  the  primary  difficulty  in  determining  wing  cy  m&x  . 

The  method  developed  at  TsAGI*for  calculating  wing  cy  max  is 
suitable  for  straight  and  trapezoidal  wings  of  comparatively  large 
aspect  ratio,  composed  of  identical  profiles  without  geometric  twist 
or  sweep.  This  method  is  based  on  the  assumption  that  the  wing  stal¬ 
ling  angle  of  attack  is  reached  at  the  instant  the  value  of  c 
reaches  the  value  c^  max  sec  at  any  one  section  as  the  angle  of 
attack  is  increased.  In  this  approach  it  is  assumed  that  a  linear 
dependence  of  c^  sec  on  the  local  angle  of  attack  is  maintained  at 
all  sections  right  up  to  this  instant,  and  in  this  connection  the 
curves  representing  the  spanwise  c^  sgc  distribution  are  not  deformed 
at  the  location  where  flow  separation  starts.  In  Figure  18.7  the 

dashed  curve  shows  the  actual  c  ,  distribution,  while  the  contin- 

y  sec  * 

uous  curve  shows  the  distribution  obtained  by  the  method  just 
described . 


Translator's  Note:  This  designates  the  Central  Institute  cf 
aerobydrodynamics  jrnenii  N.  Ye.  Zhukovskiy. 
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Figure  18.7.  Illustration  for 

calculation  of  wing  c  : 

y  max 

1  -  variation  of  c  „  used  in 

y  sec 

calculation  under  assumption  that 
c„  _ _ =  c  _  at  the  section 


y  sec 


y  max  sec 


z':  2  -  actual  variation  of  c 

*  y  sec 

at  the  angle  of  attack  for  which 


'y  sec 


=  c 


y  max  sec 


at  section  zf 


Figure  18.8.  Curve  of  cy  max  ,ee/ 
/c’y  sec  ' 


If  we  assume  that  the  wing  c  corresponds  to  the  case  shown 

y  max 

in  Figure  18.7,  we  can  show  that  the  following  formula  holds 


Oaiiip 


where  c*  is  the  value  of  c  ;for  the  angle  of  attack  corre- 
y  sec  y  sec  ° 

sponding  to  the  value  c^  ^  =  i. 

To  calculate  c^  cec  =  f(z)  we  must  know  the  circulation  distri¬ 
bution  along  the  wing  span.  In  this  case,  c  .  is  determined 

y  irictx  sc 

graphically  (Figure  18.8). 


Data  on  the  circulation  distribution  along  the  span  for  wi.,gs 
of  different  p.anform  are  presented  in  the  reference  literature. 
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For  an  approximate  estimate  of  the  value  of  c  for  wings  of 

Jr 

large  aspect  ratio  (X  >  3)  we  can  use  the  approximate  empirical 
formula 


,  '—r  b  IlfgJk 

'tauip  2  * 

where  c  is  the  maximal  lift  coefficient  of  the  wing  profile 

y  nia. x  sec 

with  chord  equal  to  the  average  wing  chord  at  a  Reynolds  number 
corresponding  to  the  landing  speed; 

Xc  —  is  the  wing  sweep  angle  along  the  maximal  thickness  line; 
k^  —  is  a  coefficient  depending  on  the  wing  taper  ratio  n; 


*» 

*1 

1 

0.90 

3 

0,93 

2 

0.94 

4 

0,92 

For  triangular  wings  of  small  aspect  ratios,  cy  is 

determined  approximately  as  a  function  of  the  wing  aspect  ratio: 


X 

i 

2 

4 

cy  xp 

1,28 

1 

1.2 

1.0 

§l8.3»  Wing  Mechanization 

In  modern  aviation  swept  wings  of  comparatively  small  area  with 
profiles  of  very  low  camber  and  relative  thickness  are  used  in  order 
to  increase  the  flight  speed.  Such  wings  cannot  provide  high  lift 
forces  under  landing  conditions  because  of  early  flow  separation. 

The  problem  of  increasing  the  lifting  qualities  of  the  modern  wings 
at  high  angles  of  attack  is  a  very  urgent  question  at  the  present 
time  in  order  to  reduce  takeoff  and  landing  distances.  For  this  pur¬ 
pose  whe  wings  are  equipped  with  special  structural  elements  which 
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make  it  possible  to  increase  the  magnitude  of  the  wing  lift  coeffi¬ 
cient  in  the  critical  angle  of  attack  region.  These  elements  operate 
only  in  the  takeoff  and  landing  regimes  and  are  termed  wing  mechani¬ 
zation.  Wing  mechanization  includes  split  flaps,  trailing-edge  flaps, 
slats,  leading-edge  flaps,  spoilers,  and  so  on. 

The  split  flap  is  a  portion  of  the  wing  lower  surface  near  the 
trailing  edge  which  deflects  through  the  angle  6^..  The  deflection 
may  take  place  either  about  a  fixed  hinge  (simple  split  flap.  Figure 
18.9a)  or  about  a  sliding  hinge  (extending  split  flap.  Figure  18. 9b). 
The  flap  chord  amounts  to  15  to  30?  of  the  wing  chord.  The  maximal 
deflection  angle  6^.  may  reach  ir/3.  Split  flaps  are  located  in  the 
central  part  of  the  wing  and  occupy  from  ^0  to  60?  of  the  entire  wing 
span. 


Figure  18.9.  Split  flaps: 
a  -  simple;  b  -  extending 

We  see  from  Figure  18.10  that  deflection  of  the  flaps  of  a 
straight  wing  of  large  aspect  ratio  causes  considerable  increase  of 
the  lift  coefficient,  since  flap  deflection  leads  to  increase  of  the 
pressure  on  the  lower  surface  of  the  wing,  while  a  low-pressure  zone 
is  formed  between  the  flap  and  the  wing.  This  low  pressure  leads  to 
decrease  cf  the  pressure  and  increase  of  the  velocity  over  the  upper 
surface  of  the  wing.  With  increase  of  the  angle  6^,  the  curves 

=  f(a)  shift  to  the  left.  As  a  result  of  the  aspirating  action  of 
the  flap  there  is  a  marked  increase  of  cy  max  (its  value  may  dcuile 
in  certain  cases).  I  he  effect  increases  when  a  sliding  flap  is  usee 
since  in  i  •  c;;  e  !.,.ere  is  also  an  increase  of  the  wing  ar^a. 


mr  '3-7?o~71 


172 


Flap  effective 
uated  by  the  magnitude 


•f  the 


#u=  V  r.id 


a  rad 


lift  coefficient  increase.  We  note 

that  the  flap  deflection  angle  5f, 

relative  flap  chord  br,/b,  relative 

flap  length  lr/l ,  and  finally  the 

wing  planform  affect  the  magnitude 

of  Ac  and  Ac  _  .  The  effect  of 
y  y  max 

the  quantity  b^/b  on  the  coeffi¬ 
cient  Ac  „  is  shown  in  Figure 
y  max  ° 

18.11.  Flans  which  cover  the 


I  Figure  18.10.  Wing  lift  coeffi-  entire  sPan  w111  obviously  have 


cient  c  versus  angle  of  attack  the  largest  values  of  Ac  . 
y  v 

a  for  split  flap  deflections 

=  0  and  6*.  =  ir/3  rad  ,,  . 

f  f  We  note  specifically  chat 

flaps  increase  the  drag  coeffi¬ 
cient  as  well  as  the  lift  coeffi¬ 
cient.  The  aerodynamic  efficiency  K  =  cy/cx  °f  wings  with  deflecting 
flaps  is  less  than  for  wings  wichout  flaps.  The  drag  coefficient 
increase  plays  a  favorable  role  during  the  airplane  landing  proc  dure . 
However,  during  takeoff  it  is  necessary  that  the  drag  coefficient  be 
as  low  as  possible,  while  increasing  the  lift  coefficient.  Therefore, 
the  flaps  are  deflected  only  partially,  usually  0.4  -0.5  r:j>.v  curing 
takeoff. 

When  5f  is  increased,  there  is  also  an  increase  :f  the  wi"t~ 
pitching  moment  coefficient.  Curve?  showing  tne  dependence  <v*  c,,,, 

il  * 

on  the  flap  deflection  angle  in  the  simple  split  flap  and  slidirg 
split  flap  (bj./b  -  0.3;  l^/l  =  1)  cases  are  shown  in  Figure  iO.12. 

Trail in g-edge  flaps  are  a  deflecting  aft  portion  of  the  wing. 

When  t railing-edge  flaps  are  deflected,  a  profiled  slot  ( Figure  13  ! j  '> 
is  usually  formed  between  ins  wing  a.;d  t!:e  leading  edge  cf  trr*  flap, 
through  which  air  flows  at  high  velocity  over1  the  upper  rurfice  f 
the  t railing-edge  flap.  This  stabilises  the  separat jon-f”e  •  i"Vw 
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.  .*ure  i  .  .  versus 

.  max 

relative  ’-it,  flap  chord: 

1  -  extending  split  flap; 

2  -  simple  split  flap 


Figure  18.12.  Effect  of  split 
flap  deflection  angle  on  wing 
moment  characteristics: 

1  -  simple  split  flap; 

2  -  extending  split  flap 


the  boundary  layer  and  makes  it  possible  to  deflect  the  flaps  through 
large  angles  while  retaining  their  effectiveness. 

Trailing-edge  flap  deflection  leads  to  about  the  same  effects  as 
does  deflection  of  split  flaps;  however  the  drag  coefficient  will  be 
smaller  in  the  trailing-edge  flap  case.  The  trailing-edge  flap  chord 
does  not  usually  exceed  20  -  25£  of  the  wing  chord,  since  trailing- 
edge  flap  effectiveness  increases  only  slightly  with  further  increase 
of  b^/b. 

The  ouantity  Ac  increases  with  increase  of  the  flap  deflec- 

y  max 

tion  angle.  The  maximal  trailing-edge  flap  effectiveness  is  obtained 
with  6  =  0.7  -  0.8  rad,  i.e.,  with  somewhat  less  deflection  than  for 
the  split  flap.  In  addition  to  increasing  Ac^  Tnax  and  the  drag 
coefficient,  trailing-edge  flaps  also  .Increase  the  diving  moment  coef¬ 
ficient  cm.  The  variation  of  c^  with  c^  for  a  straight  wing  with 
different  trailing-edge  flap  deflection  angles  for  l^/l  *  1  is  shown 
in  Figure  18. l^.  We  note  that  deflection  of  both  the  split  and 
trailing-edge  fiapo  his  very  little  effect  on  the  location  of  the 
wing  aerodynamic  cc-u 


9 


Figure  18.13-  Trailing  edge  flaps: 
a  -  simple;  b  -  extending 


0  -0,2  -0,V  -0,6 


Figure  18.11!.  c  versus  c  for 
y  m 

wing  with  different  t railing- 
edge  flap  deflections 

Uf/l  =  1) 


Usually  the  trailing-edge 
flaps,  like  split  flaps,  occupy 
about  60&  of  the  span,  since  part 
of  the  wing  is  used  for  the  ail¬ 
erons.  Therefore,  the  effect  of 
both  the  split  and  trailing-edge 
flaps  is  reduced  correspondingly . 
Sometimes  the  ailerons  are  also 
used  as  trailing-edge  flaps  in 
order  to  increase  the  effectiveness, 
both  ailerons  being  deflected 
down  during  the  lauding  process 
for  this  purpose. 

For  a  comparison  of  the 
effectiveness  of  the  use  of  split 


flaps  and  various  types  of 

trailing-edge  flaps  covering  the  entire  span.  Table  18.1  shows  the 
aerodynamic  characteristics  of  a  straight  wing  (X  =  5).  Tha  extending 
trailing-edge  flaps  are  most  effective. 


Leading-edge  flaps  and  slats.  The  leaning-edge  flap  with  share 

leading  edge  has  found  use  on  supersonic  airplanes  as  a  form  of  win; 

mechanization  (Figure  18.15).  When  deflected  at  high  angles  of  attack, 

the  leading-edge  flap  prevents  premature  fl  >w  separation  fron  th''-  shen 

leading  edge  of  the  supersonic  profile  and  thereby  increases  c  .  . 

y  i  rid  a 
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TABLE  18.1 


Type  of  mechanization 

cy  max 

A  c 

y  max 

ast,  rad 

Split  flap  (5*.  =  ir/3;  =  0.3  b) 

2 .16 

O.87 

0.24 

Trailing-edge  flap  without 
profiled  slot  (5^.  =  n/ll; 

l\,  =  3.3  b) 

X 

1.95 

0.66 

0.21 

Slotted  tra? 1 ing-edge  flap 
(*,  -  •/■’-  ,  r ..  =  O.'-b  b) 

1.98 

0.69 

0.21 

Extending  t rai Ling-edge  flap 
(<5f  =  tr/ii -  bf  =  0.4  b) 

2 .  b? 

1.13 

0.26 

The  slat  has  a  winglike  shape  and  is  located  along  the  leading 
edge  of  the  wing.  At  high  angles  of  attack  a  profiled  slot  is  formed 
between  the  wing  and  the  slat  (Figure  18.16).  The  effect  of  the  slat 
lies  in  the  fact  that  it  deflects  the  jet  leaving  the  profiled  slot 
downward  and  thus  aids  in  holding  the  flow  on  the  upper  surface  of 
the  wing.  The  gradual  narrowing  of  the  slot  causes  the  air  velocity 
to  increase.  The  jet  discharging  at  high  velocity  through  the  slot 
shifts  the  point  of  boundary  layer  separation  on  the  upper  surface 
of  the  wing  downstream  and  prevents  flow  separation  with  further 

As  a  result  of  the  slat 

action  there  is  an  increase  of 

the  wing  stalling  angle  of  attack 

and  the  coefficient  c  „  The 

y  max . 

curves  =  f(ct)  for  a  wing  with 
and  without  slats  are  shown  in 
Figure  18.17.  These  curves  show 
that  c  max  for  the  wing  with 
■-Oats  increases  significant  ly  (by 
DO#  on  the  average),  an  i  there  is 


increase  of  the  angle  of  attack. 


Figure  18.15.  Leading-edge  flap 
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Figure  18.16.  Flow  around  wing  at  high 
angle  of  attack  with  undeflected  (a) 
and  deflected  (b)  slats 


Figure  18.17.  Curve  c  =  f(a)  for 
wing  with  and  without  slats: 

1  -  wing  with  slats; 

2  -  wing  without  slats 


a  considerable  increase  of  the 
stall  angle  of  attack.  This 
latter  factor  prevents  complete 
utilization  of  the  slat  effect, 
since  this  would  lead  to  increase 
of  the  landing  angle  of  attack 
and  complication  of  the  airplane 
landing  and  takecff  process .  For 
this  reason,  on  most  airplanes 
slats  are  used  only  near  the  wing 
tips  in  order  to  increase  aileron 
effectiveness  at  high  angles  of 
attack. 


Multislotted  wings.  Negative  pressure  (p  <  0)  is  formed  on  the 
upper  surface  of  the  wing  at  high  angles  of  attack  and  positive  pres¬ 
sure  on  the  lower  surface  (p  >  0) .  If  we  make  one  or  more  slots  in 
the  wing,  then  as  a  result  of  the  pressure  difference  part  of  the  air 
will  flow  through  the  slots  from  the  lower  surface  of  the  wing  to  the 
upper  surface.  The  discharging  jets  lead  to  downstream  shift  of  the 
boundary  layer  separation  point.  The  effect  will  be  the  greater,  the 
more  the  jet  contracts  in  the  direction  of  the  flow  (Figure  18.18). 

Multislotted  wings  increase  c^  by  a  factor  of  2.5  -  3  or  more. 
However,  it  is  difficult  to  use  slotted  wings  on  real  flight  vehicles 
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because  of  structural  complexity. 


Jet  flaps  and  slats .  Studies 

have  recently  been  initiated  of 

the  so-called  jet  flaps  and  slats. 

A  strong  jet  is  blown  into  a 

narrow  slot  located  along  the 

trailing  edge  of  the  wing  (jet 

flap)  or  near  the  leading  edge  of 

the  wing  (jet  slat),  as  a  result 

of  whi  .1  u'r.c;;  5 r  improvement  of  the  flow  around  the  wing  and  at  the 

same  time  a  reactive  force  is  created  by  the  jet  (in  the  jet  flap  case). 

As  a  result,  there  is  considerable  increase  of  the  coefficient 

c  (without  increase  of  the  angle  a  .  ),  which  makes  it  possible 

y  msx  si 

to  perform  landings  at  comparatively  low  speeds. 

Spoilers  or  flow  interrupters  consist  of  flat  or  slightly  curved 
plates,  located  along  the  span,  which  can  be  extended  through  slots 
in  the  wing  approximately  along  the  normal  to  the  wing  surface. 

Spoilers  are  capable  of  causing  boundary  layer  transition  or  even  flow 
separation  from  the  wing  surface,  depending  on  the  spoiler  extension 
height.  This  phenomenon  is  accompanied  by  redistribution  of  the  pres¬ 
sure  over  the  profile.  In  this  case,  the  pressure  changes  considerably 
not  only  on  that  side  of  the  profile  where  the  spoiler  is  extended, 
but  also  on  the  opposite  side.  In  many  cases  the  pressure  redistri¬ 
bution  caused  by  the  spoiler  leads  to  change  of  the  coefficients  cx, 

c,,  c  .  The  magnitude  and  sign  of  the  pressure  coefficient  change 
y  m 

depends  not  only  or.  spoiler  height  but  also  on  spoiler  location  along 
the  chord. 

Spoiler  operation  has  a  decelerating  effect  on  the  flew  ahead 
of  it:  the  local  velocities  ahead  of  the  spoiler  decrease  and  the 
pressure  increases.  "\:c  pressure  decreases  behind  the  spoiler,  and 


17R 


p>0 


Figure  18.18.  Profile  of 

"slotted”  (multislotted)  wing 
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a  suction  region  is  created.  Sometimes  the  spoilers  are  made  comb-like 
(intermittent)  in  order  to  maintain  smooth  flow  over  the  wing  and 
reduce  separation  drag. 

Effect  of  wing  planform  on  mechanization  effectiveness.  The 
deflection  of  split  or  trailing-edge  flaps  has  practically  no  effect 


dt* 


on  the  derivatives  cl—  . 

"  O* 


and 


dc. 


within  the  limits  of  linear  rela¬ 


tions  c  =  f(a)  and  c  =  f(c  ),  but  does  affect  markedly  the  value  of 

J  »*»  J 

the  angle  o  for  c  =  0.  The  change  of  the  magnitude  of  the  angle  of 

V 

attack  aQj.  for  c^  =  0  resulting  from  deflection  of  split  or  trailing 
edge  flaps  is  determined  by  the  type  and  geometric  parameters  of  the 
mechanization. 

For  swept  wings  is  considerably  lower  than  for  unswept  wings 
of  large  aspect  ratio.  Consequently,  with  increase  of  the  sweep  angle 
the  lift  increment  Ac  owing  to  mechanization  decreases  (Figure  18,19). 

The  mechanization  effectiveness  decreases  sharply  for  swept  wings 
at  angles  of  attack  near  the  stall.  Fo’'  example,  for  >1=4;  /.=4,5 

flap  deflection  through  an  angle  8=n/3  yields  practically  no  increase 
of  cy. 

For  sweep  angles  X'.v  larger  than  0.9  rad,  the  split  and  traiiing- 
edge  flaps  nearly  always  lose  their  effectiveness  at  the  stalling 
angles  of  attack.  Wing  aspect  ratio  has  a  similar  effect  on  mechani¬ 
zation  effectiveness:  the  mechanization  effectiveness  decreases  with 
decrease  of  the  aspect  ratio. 

The  unfavorable  influence  of  high  sweep  and  low  aspect  ratio  cr. 
flap  effectiveness  and  wing  lift  makes  It  necessary  to  use  more  effec¬ 
tive  mechanization  techniques,  for  example,  extending  split  flaps, 
extending  trailing-edge  flaps,  and  so  on.  In  addition,  use  is  made 
of  increased  taper  ratio;  In  this  case,  the  relative  area  of  the 
trailing-edge  flaps  is  increased,  and  there  is  an  associated  increase 
of  their  effectiveness.  Sometimes  aerodynamic  fences  are  located  on 
the  upper  surface  of  swept  wings  in  the  areas  where  the  trailing-edge 
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Figure  18.19-  Effect  of  wing 

planforn  on  mechanization  effec¬ 
tiveness 


flr.ps  are  located.  In  this  case, 
the  flow  approaches  plane -parallel 
flow,  and  there  is  an  increase  of 
the  flap  effectiveness.  Boundary 
layer  control  by  blowing  and 
suction  is  very  effective,  and 
use  is  also  made  of  jec  flaps. 


§18. Influence  of  Ground  Effect  on  Maximal 
Lift  Coefficient  and  Wing  Polar 

When  the  airplane  travels  near  the  ground  (during  takeoff  and 
landing)  the  physical  conditions .of  the  flow  around  the  wing  change, 
since  the  ground  surface  restricts  the  flow.  In  this  case,  the  down- 
wash  behind  the  wing  cannot  develop  as  it  does  at  higher  altitudes. 

As  a  result  of  the  pressure  increase  beiov/  tne  wing,  the  velocity 
near  the  leading  edge  of  the  wing  increases  markedly,  which  leads  to 
redistribution  of  the  pressure  on  the  profile  (Figure  18.20).  Since 
there  is  an  increase  of  the  positive  pressure  gradient , this  redistri¬ 
bution  tends  to  cause  the  boundary  layer  on  the  upper  surface  of  the 
wing  to  separate.  As  a  result  of  the  pressure  redistribution  on  the 
upper  and  lower  wing  surfaces,  the  lift,  coefficient  increases  for  a 
given  a,  but  the  stalling  angle  of  attack  decreases.  In  this  case, 
there  is  a  decrease  cf  the  maximal  lift  coefficient  (Figure  lS.ota). 

The  arag  < ,  -n  ■  ?  somewhat  because  of  the  ground  The 

reason  for  lee  drag  reduction  is  the  appearance  of  a  sn  t :  m  force. 
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Figure  18.20.  Influence  of  ground 
effect  on  pressure  distribution 
over  profile: 

1  -  near  ground;  2  -  far  from  ground 


which  arises  as  a  result  of 
pressure  reduction  near  the 
leading  edge  and  downwash  reduc¬ 
tion  behind  the  wing  (the  ground 
surface  prevents  downward  deflec¬ 
tion  of  the  flow) .  The  first 
factor  leads  to  reduction  of 
the  pressure  drag  —  the  wing 
polar  shifts  to  the  left  — 
while  the  second  factor  leads 
to  reduction  of  the  induced 
drag  —  the  polar  has  lower 
slope  (Figure  18.21b).  This 
pressure  redistribution  has  a 


still  more  marked  nature  for  a  wing  with  flaps  deflected  (see  Figure 


18.21a).  A  wing  leading  edge  which  can  be  deflected  downward  may  be 


used  to  improve  the  flow  around  the  wing  near  the  ground. 


The  induced  drag  reduction  during  landing  and  takeoff  is  eval¬ 
uated  by  introducing  a  fictitious  aspect  ratio,  defined  from  the 
formula 


a)  a  b) 


Figure  18.21.  Change  of  wing  aerodynamic 
characteristics  under  influence  of  ground 
effect : 

1  -  near  ground;  2  -  far  from  ground. 
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where  is  the  effective  wing  aspect  ratio; 

l  is  the  wing  span; 

h  is  the  distance  between  the  wing  focus  and  the  ground 
with  the  airplane  parked. 

% 

REVIEW  QUESTIONS 

1.  What  factors  affect  the  magnitude  of  the  maximal  lift 
:eef fie  lent ,  and  to  what  degree? 

2.  Wl.er-  .ires  boundary  layer  separation  begin  at  high  angles 
of  attack  .  :  i  .Might,  trapezoidal,  and  swept  wings? 

j.  What  measures  are  used  to  prevent  boundary  layer  separation 
in  the  tip  regions  of  the  swept  wing? 

.  Show  graphically  the  dependence  of  c  on  the  angle  of  attack 

V 

for  a  wing  with  slats  and  for  a  wing  with  trailing-edge  flaps.  What 
is  the  difference  between  these  relations? 

5.  Draw  the  polar  of  a  wing  without  mechanisation  and  with 
deflected  trailing  edge  flaps.  How  do  the  1  i  P .  drag,  and  efficiency 
of  the  wing  vary  as  the  flaps  are  deflected?  Hew  does  flap  deflection 
affect  the  stalling  angie  of  attack? 


FrPHbEM? 


1.  Find  tr.e  maximal  lift  coefficient  of  a  wing  with  trapezoidal 
planform  with  el  lip  i a 1  circulation  distribution  along  the  span  if 
the  wing  area  S  =  3?  m  ,  wing  aspect  ratio  X  ~  8,  taper  ratio  n  =  5, 
maximal  section  lift  coefficient  c  .  .  -  1.72. 

V  !hU  X  S°0 


Solution .  Wo  shal !  use  the  Ts/i'i:  me  i  hod,  f-  r 
find  th  -  w-ng  geern^t'*’  Y  aimensioi's  ..-.nd  circulation 


which  we  f:  ot 
distribution. 


'-■"i’D-  r. 


i~ i 20-7 i 


tKms^Bfa3SSBSSSB^^8fSSS^S^^^^SS^^SSSSSSSE3BBSSStsesssPsest<vaBtBrTt 


The  wing  span 


The  wing  area 


|^/x5=|/8^2=16j(. 


c_y  >«■»«  + n>«o,»  / _ jW<.  , 

2  2  2  '  ' 


Hence  we  find  the  tip  chord  length: 


.  ..  2 S  2*32  2  „ 

b.'~ — — —  =*-—-■ . = — = 0,67  m. 

/Oi+l)  16(5+1)  3 


The  root  chord 


*«=Tl*«im==5-~=3,33  x- 


The  mean  aerodynamic  chord 


By  assumption,  the  circulation  distribution  is  elliptic,  so  that 


=1. 


Using  the  formula 
maximal  circulation  in 


for  the  area  of  an  ellipse,  we  express 
terms  of  the  spanwise  average 


the 


We  obtain  for  the  circulation  distribution 

f2+?=l, 

where 


(a) 
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We  find  the  quantity  c  „  .  from  the  relation 

y  raa  x  st 

„  [eK  UI 

I  - j  . 

\  cgcei  )  *nlo 


where 


t*  =r^. 

* ct*  b 


This  formula  is  obtained  if  we  use  the  coupling  Equation  (16.1^), 
setting  cy  gec  and  cy  =  1.  We  summarize  the  calculations  in  a 
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Then  we  use  figure  18.8  to  find  graphically 

*Vm«Kp~  1.51. 

2.  For  the  conditions  of  trie  preceding  problem,  plot  tne  wing 
polar  if  the  flight  sneed  at  sea  level  V  =  km/hr,  profile 
relative  thickness  c  =  0.11 }  point  cf  transition  of  laminar  boundary 
layer  to  turbulent  .fT==0.2.  dcy/d *  =  4.6.  6 -- 0,06,  and  zero  lift  angle  n0= -0,026 
rad.  Also  plot  the  lift  coefficient  versus  angle  of  attack  and  note 
the  angle'  of  at  -ark  on  the  wing  polar. 
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CHAPTER  XIX 


WING  AERODYNAMIC  COEFFICIENTS  AT  SUBSONIC 
AND  TRANSONIC  SPEEDS 


§19.1.  Effect  of  Compressibility  on  Aerodynamic 
Characteristics  of  Finite-Span  Wing  in  Subsonic  Flow 


It  was  shown  in  Chapter  13  that  in  the  f  *rst  approximation  the 
aerodynamic  characteristics  of  a  profile  In  uubsonic  flow  are  connected 
with  the  aerodynamic  characteristics  of  the  profile  In  incompressible 
flow  by  relations  obtained  on  the  basis  of  linearization  of  (13.10) 


'  VTZWm 


(19.1) 


-  _  tl»  HC.C« 

*«ew.e«— 


VT^C’ 


(19.2) 


To  evaluate  the  effect  of  compressibility  on  the  characteristics 
of  the  finite-span  wing,  we  use  the  hypothesis  of  plane  sections, 
assuming  that  the  aerodynamic  properties  of  the  individual  wing  sec¬ 
tions  are  completely  determined  by  the  flow  conditions  at  these  sections 
(velocities  and  angles  of  attack).  Comparison  of  theoretical  and 
experimental  data  shows  that  the  hypothesis  of  plane  sections  is 
applicable  for  wings  of  comparatively  large  aspect  ratio  (X  >  3). 


wiasrnsrr*  'zr**T  yjsppjsg.’JKe-gs."^  v 


The  expression  for  the  coefficient  of  the  finite-span  wing 


has  the  form 


[  CyfcJ>{z)dZ. 


» 


If  v:e  use  (19.1)  for  cy 
sections  we  obtain 


sec,  on  the  basis  of  the  hypothesis  of  plane 


Ctc»  ' 


Vl-Mi 


(19.3) 


w.  ••  :ut.a_n  similarly  the  relation 

-  Cm  hc 

mcx~VT^*T' 


(19.^) 


Formulas  (19.3),  (19. *0  make  it  possible  to  calculate  approximately 
the  aerodynamic  characteristics  of  a  wing  in  compressible  flow  if  the 
wing  characteristics  in  incompressible  flow  are  known. 


Applying  the  hypothesis  on  the  analogy  between  swept  and  yawed 
wings,  we  obtain  tne  connection  between  c.tr  for  sections  normal  to  the 
wing  axis 


Cy*  <.* 


tun  t 


V 1  -  Micosi* 


(19.5) 


Assuming  that  c  depends  linearly  on  a,  we  car  calculate  c° 

°  y  aw  5  y  sw 

for  comorecsible  flow 


/■*  =- 
if  ctp.e* 


(19.6) 


vx-. 


V 1  +  i«*  t-- Ml 4  —  (S  +  W 


As  M  ->0  we  obtain  (17.8)  from  (19.6) 


At  angles  o:  isck  near  the  stall ,  compressibility  affects  the 

lifting  capabilities  of  the  wing.  As  a  result  of  compres1’ '  oiiity 
there  is  an  lucre  -■  >(  r-he  pressure  gradient  on  the  uj  surface  of 
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the  wing  and  increase  of  the  boundary 
layer  thickness.  The  increase  of  the 
pressure  gradient  and  the  simultane¬ 
ous  increase  of  the  boundary  layer 
thickness  lead  to  premature  separa¬ 
tion  of  the  compressible  fluid  flow 
in  comparison  with  incompressible 

fluid  flow:  c  „  and  a  .  decrease, 
y  max  st 

Figure  19-1  shows  curves  of 

cy  =  f (a)  for  the  An-24  airplane  wing 

at  M  =  0.15  and  M  =  0.5.  We  see 

from  the  figure  that  c  will  be  larger 

at  the  same  angles  of  attack  for  the 

wing  in  the  higher  speed  flow,  i.e.,  with  the  larger  Mach  number.  The 

stalling  angle  of  attack  a,  and  the  coefficient  c  decrease  with 

st  y  ir.3.x 

increase  of  the  Mach  number,  since  at  the  higher  speed  boundary  layer 
separation  oegins  at  a  lower  angle  of  attack. 
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Figure  19-1-  Wing  lift 
coefficient  c^  of  An-24 

airplane  versus  a. 


The  expression  for  the  drag  coefficient  of  the  finite-span  wing 
has  the  form 


m 

j  fr  zvfi  (z) 

-IP 


where 


or 


X  CCH  fxp  CM  T  *\*f  c«> 


+  cx 


CX—  CXp~}~Cxl’ 


In  the  case  of  flow  without  separation,  the  wing  profile  drag  coeffic¬ 
ient  is  independent  of  c.  ..nd  is  equal  to  the  drag  coefficient  for 
c  =0 

y 

CXp~CX0’ 
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The  effect  of  on  the  induced  drag  is  accounted  for  by  the 
presence  in  (19-7)  of  the  quantity  c  ,  which  depends  on  M^.  The  effect 

y 

of  on  the  profile  drag  is  accounted  for  by  the  additional  coefficient 
which  can  be  found  from  the  curves  of  Figures  13-6  and  13-7- 

cincom 


§19-2.  Critical  Mach  Number  of  Finite-Span  Wins 


Just  as  for  a  profile,  the  critical  Mach  number  of  a  wing  is 
that  freestream  Mach  number  at  which  local  supersonic  zones  appear  on 
the  wing  surface. 

The  critical  Mach  number  separates  the  subsonic  regime  of  flow 
around  the  wing  from  the  mixed  (transonic)  flow  regime,  in  which  there 
are  both  subsonic  and  supersonic  local  velocities. 


The  methods  for  determining  Mcr  Drof  make  It  possible  to  determine 
the  value  of  Mcr  which  is  applicable  only  for  a  straight  wing  of  infi¬ 
nite  span.  The  value  of  Mcr  for  real  wings  may  differ  significantly 
from  Mci>  ^  r  because  of  the  existence  of  sweep  and  low  aspect  ratio, 
which  lead  to  flow  having  a  three-dimensional  nature.  Exact  methods 
for  calculating  Mcr  for  the  swept  wing  have  not  yet  been  developed 
because  of  the  complexity  in  accounting  for  the  influence  of  the  center- 
line  and  tip  effects  on  the  nature  of  the  flow  Therefore,  for  prac¬ 
tical  purposes  experimental  data  are  most  reliable  for  determining  the 
effect  of  wing  sweep  on  the  value  of  M  . 

The  increment  AM  ,  of  the  critical  Mach  number  M  when  the 
crX  cr 

sweep  angle  measured  along  the  maximal  thickness  line  is  varied  is 
shown  in  Figure  19.2.  We  see  from  this  figure,  first  ci  all,  that 
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Figure  19*2.  A^crx  versus 

Mcr  prof  (cy  =  0)  and  wing 
sweep  angle  along  maximal 
thickness  line. 


Figure  19.3.  AMcrX  versus 

*W  prof  (cy  -  0)  and  "lnK 
aspect  ratio. 


there  is  a  very  marked  influence  of  sweep,  particularly  for  compara¬ 
tively  small  M  ;  secondly,  we  can  see  that  no  sweep  angle  increase 

can  make  it  possible  to  obtain  a  value  of  M  exceeding  one,  i.e., 

or 

M  is  always  less  than  one.  This  follows  from  the  fact  that  as 
cr 

M^-t-1  we  can  always  find  near  the  wing  surface  a  zone  within  the  limits 
of  which  the  local  velocity  will  be  greater  than  the  freestream  veloc¬ 
ity.  It  Is  from  this  zone  that  the  shock  stall  begins  to  develop  when 
the  local  speed  becomes  equal  to  the  critical  velocity  a  . 

Decrease  of  the  wing  aspect  ratio  X  affects  the  value  of  M^r  just 
as  increase  of  the  sweep  does.  For  low  aspect  ratio  wings  the  tip 
crossflow  effects  encompass  nearly  the  entire  wing  surface,  reducing 
the  local  underpressures,  which  in  accordance  with  the  Khristianovich 
theory  (see  Chapter  14)  leads  to  increase  of  M  .  To  determine  the 
increment  AM  ,  we  can  use  the  curves  of  Figure  19-3,  which  show  that 

C  I*  A 

for  an  aspect  ratio  greater  than  two  this  correction  does  not  reach 
one  percent  and  can  be  neglected. 

Since  the  aspect  ratio  of  modern  passenger  airplane  wings  is  a 
quantity  of  order  8-12,  the  aspect  ratio  for  these  airj^anes  does  not 
affect  the  value  of  Mflr  significantly.  A  quite^jrf^^rent  situation  is 


FTD-HC-23-720-71 


189 


seen  in  supersonic  aviation,  where  wings  with  aspect  ratio  X  <  2  may 
frequently  be  encountered. 

Thus,  the  relation  for  the  wing  Mcr  can  be  written  in  the  form 

(19*8) 


Exceeding  Mcr  in  flight  always  involves  the  appearance  of  super¬ 
sonic  zones,  which  are  closed  by  compression  shocks.  As  is  increased 
the  supersonic  zones  develop,  extending  quite  rapidly  to  the  trailing 
edge  of  the  wing  and  comparatively  slowly  to  the  leading  edge.  At 
=  1  the  subsonic  zone  is  retained  primarily  only  at  the  leading 
edge  of  the  wing. 

When  >  1  a  normal  compression  shock  develops  ahead  of  the 
rounded  leading  edge  of  the  wing.  Further  from  the  wing  the  normal 
shock  front  becomes  curved  and  transitions  into  an  oblique  shock.  As 
is  increased,  the  shock  approaches  the  leading  edge  and  the  subsonic 
zone  becomes  smaller.  The  bow  shock  becomes  an  oblique  shock  and 
"attaches"  to  the  leading  edge  at  Mach  numbers  =  1.3  -  l.1*  for 
wings  with  sharp  leading  edge  and  at  Mb  =  2  or  more  for  blunt  leading 
edges.  Beginning  at  this  moment  the  transonic  flow  regime  around  the 
wing  becomes  supersonic.  The  relations  which  are  valid  for  transonic 
flows  are  supplanted  by  the  supersonic  relations  only  when  the  veloc¬ 
ities  become  supersonic  over  the  entire  wing  surface. 

Transonic  flow  theory  makes  possible  basically  only  a  qualitative 
analysis  in  view  of  the  exceptional  complexity  of  transonic  flow 
description. 

The  lift  coefficients  of  a  wing  with  symmetric  profile  in  the 
transonic  flow  regime  are  determined  with  the  aid  of  the  equation 
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ct=c*(a-ao)  t  which  is  valid  on  the  linear  part  of  the  curve  c  =  f(a). 
The  quantity  c“  is  usually  found  from  curves  plotted  on  the  basis  of 
experimental  data,  which  yield  the  relation 

xigz,  n,  i  rr), 

where  x  Vi  -Ml,  Xtgx,  i},  xK  — are  the  similarity  parameters  in  the  tran¬ 
sonic  regime,  established  by  similarity  theory. 


Figure  19.4.  Curves  for  calculating  lift  coefficients 
of  isolated  wings  (xtg  xc  =  3) 

The  continuous  curves  are  experimental  results,  averaged  with  respect 
to  n  in  view  of  the  weak  influence  of  the  taper  ratio. 

Wing  drag  in  transonic  flow  differs  from  the  drag  in  subsonic 
flow  by  the  magnitude  of  the  additional  drag,  termed  wave  drag. 

The  wing  drag  coefficient  is  determined  from  the  usual  formula 

cx=cjc}'¥rJti'  (19*9) 

The  first  term  cxQ  is  independent  of  lift  and  is  made  up  from  the 
boundary  layer  friction  drag  cxQ  f  and  the  wave  drag  cxQ  w 
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(19.10) 


f*9=<\rtTp+tfx>»* 

The  friction  drag  coefficient  cxQ  is  found  with  the  aid  of  the 
formulas  and  graphs  which  are  valid  for  the  subsonic  flow  regimes.  The 
coefficient  cxQ  w>  wnich  accounts  for  the  wave  drag  for  cy  *  0,  is 
determined  experimentally . 

The  second  term  cxi  in  (19.9)  is  the  drag  which  depends  on  the 
lift  coefficient.  Since  there  are  both  subsonic  and  supersonic  flow 
zones  on  the  wing,  the  magnitude  of  this  drag  component  occupies  an 
intermediate  position  between  the  induced  drags  for  the  subsonic  and 
supersonic  regimes. 

The  approximate  method  developed  by  Kuznetsov  for  determining 
induced  drag  amounts  to  the  follovJing.  The  larger  the  lift  coefficient, 
the  smaller  is  the  corresponding  M  and,  conversely,  if  we  assume  a 
value  of  then  as  cy  increases  the  shock  stall  develops  at  a  quite 

definite  value  of  cy,  which  we  terra  cy  cj>.  The  connection  between 
Mcr  and  cy  cp  for  the  upper  surface  of  the  wing  is  shown  in  Figure 
19.5. 

If  c  <  c  the  induced  drag  appears  as  a  result  of  the  down- 
y  —  y  cr 

wash  angle  Aa  and  is  found  from  the  formula 

(19.11) 

When  c  >  c  additional  lift  and  drag  Increase  takes  place 
y  y  cr 

because  of  the  presence  of  the  supersonic  zones.  In  this  case  we 
assume  that  the  additional  aerodynamic  force  AR,  in  accordance  with 
the  supersonic  flow  laws  (see  Chapter  15),  will  be  perpendicular  to 
the  wing  chord,  i.e.,  it  will  form  the  angle  a  with  the  normal  to  the 
flow  direction  (Figure  19.6). 

Projecting  the  forces  R  and  AR  on  the  coordinate  axes  jn  the 
wind  system  and  assuming  cosa^cos  Aa«  l,  sina«a,  in  view  of  the  smallness 
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Figure  19.5.  Mcr  versus  cy  cr 
for  upper  surface  of  wing. 


pigure  19.6.  Illustration  for 
constructing  wing  polar  for 


>  Mcr‘ 


of  the  angle  of  attack  and  the  downwash  angle,  we  obtain  the  formulas 
for  wing  lift  and  induced  drag  in  the  form 

X,-Xt„+&Xt-Xtt,+hR* 


or,  converting  to  the  aerodynamic  coefficients,  we  have 

gp-fACjr,  | 
<?4l=CJt/«p+Ac*a*  > 


(19-12) 


Here  c  .  is  the  induced  drag  coefficient,  defined  by  (19.11)  for 
n  xi  cr 

cy  =  °y  cr' 

Excluding  Ac  from  (19.12)  and  replacing  cxi  cr  using  (19.11) » 

v 

vie  obtain 


c,,  ~hjL  (1  -I-  8)-Kc,-<W#. 


(19.33) 


Assuming  that  the  relation  cy  =  cj  a  holds  i,  the  transonic  regimes, 
(19.13)  can  be  reduced  to  the  form 


(19.1*0 
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Figure  19-7.  Wing  polars  for 
different  (X  =  7;  c  =  0.09; 

Xc  *  0.52  rad). 


The  quantity  c.  is  determined  from 
a  graph  for  each  flight  Mach  number. 
Calculations  show  that  the  values 
found  using  (19.1*0  are  quite  close 
to  the  values  obtained  experimentally. 
We  note  that  for  cy  <  cy  cp  there  is 
no  shock  stall  and  in  this  case 
(19.11)  should  be  used. 

The  equation  of  the  polar  can 
be  obtained  if  in  (19.9)  we  substi¬ 
tute  the  value  of  the  induced  drag 
coefficient  from  (19.14) 


*-*-+ajU+«>4 


(19.15) 


The  wing  polars  in  the  coordinates  c  and  c  for  various  M  , 

y  x  °° 

plotted  using  (19.15),  are  shown  in  Figure  19.7. 
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The  nature  of  the  polars  for  different  Mro  can  be  analyzed  with  the 
aid  of  the  curve  of  Figure  19-5.  We  divide  the  area  of  the  figure 
into  three  zones.  In  zone  I  there  is  no  wave  drag  over  the  entire 
range  of  values  of  cy,  and  the  wing  polars  at  these  are  expressed 
by  the  equation  of  the  polar  for  subsonic  flow.  We  see  from  Figure 
19.7  that  zone  I  ends  at  »  O.65.  In  zone  II,  corresponding  to 
O.65  <  <  0.8  =  MQr  (c  =  0),  the  shock  stall  begins  when  the  value 

Cy  =  °y  cr  is  reached*  For  small  values  of c  ,  the  polars  for  in 
thir  range  coincide  with  the  wing  polar  in  subsonic  flow,  while 
beginning  with  cy  =  cy  cr  they  deviate  to  the  right.  In  zone  III 
there  will  be  wave  drag  even  for  c  =0.  With  increase  of  M  . 

y  00 3 

beginning  with  Mcr  (cy  =  0),  the  polars  shift  to  the  right  and  do  not 
coincide  with  the  wing  polar  in  subsonic  flow  for  any  values  o'  0  . 

y 
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S19.^»  Wing  Moment  Characteristics 

The  wing  moment  coefficient  about  an  axis  passing  through  the 
leading  edge  of  the  equivalent  rectangular  wing  is  defined,  just  as 
for  subsonic  flows,  by  the  relation 

cm=caQ—xPca,  (19.16) 

where  Xp  is  the  ratio  of  the  distance  from  the  leading  edge  to  the 
wing  focus  to  the  MAC  length. 

Sufficient  experimental  da-a  have  now  been  obtained  to  evaluate 
the  location  of  the  wing  focus  for  quite  a  wide  range  of  flow  condi¬ 
tions.  Experiment  shows  that  the  similarity  criteria  obtained  from 
linear  theory  make  it  possible  to  treat  the  experimental  data  quite 
well  in  the  form  of  the  relations 

~Xp=f[\Y  1— Mi,  Xtgx,  1),  xf  i). 

f 

Figure  19.8  shows  two  plots  —  for  straight  and  swept  wings  with 
symmetric  profile  (x^  -  x^).  The  curves  shown  on  both  plots  correspond 
to  the  values  >.  ^J=0,5  [31].  When  the  value  of  the  parameter  ).Vi  is 
changed, the  wing  focus  location  changes.  We  see  from  the  figures 
that  for  wings  with  small  taper  ratio  n,  and  particularly  for  straight 
wings,  the  focus  shifts  forward  as  approaches  Mcr.  For  most  wings 
it  is  characteristic  that  the  focus,  located  for  M  <  M  at  about  one 
quarter  of  the  chord  from  the  leading  edge,  shifts  aft  at  large  values 
of  Mro,  nearly  reaching  the  midpoint  of  the  chord. 

The  experimental  curves  in  Figure  19.8  make  it  possible  to 
conclude  that  very  large  fore  and  aft  shifts  of  the  focus  are  possible 
in  the  transonic  range.  It  is  likely  that  this  can  be  explained 
by  the  earlier  development  of  the  supersonic  cone  on  the  upper  surface 
and  then  on  the  lower  surface  of  the  wing.  Experiments  show  that  ivith 
increase  of  the  angle  of  attack  in  the  transonic  regime  the  x'oeus 
shifts  aft,  particularly  for  a  small  value  of  the  parameter  X  tg  x> 
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Figure  19.8.  Plot  for  determining  center  of 
pressure  coordinates  of  isolated  wings  with 
symmetric  profile:  a  -  straight  (Atgx  =  0); 
b  -  swept  (Atgxc  =3-0). 


2« 


Considering  that  in  the  first 
approximation  the  variation  of  xp 
with  a  in  the  angle  of  attack  range 
0.1  rad  <  a  <  0.^4  rad  is  linear,  we 
can  determine  the  value  of  the  focus 
dimensionless  coordinate  in  this 
range  from  the  formula 


-V =(•*>)«- 0.1 


q  —  0.1 

0.3 


(AX/>)._0.4. 


(19.17) 


Figure  19.9.  Effect  of  param¬ 
eter  on  straight  wing 

center  of  pressure  location. 


The  quantities  (xp)a  _  0  i  and 
(Ax^)  =  o  4  are  determined  with  the 

aid  of  graphs. 
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The  effect  of  the  transonic  similarity  parameter  on  the  location 
of  the  center  of  pressure  of  a  straight  wing  with  symmetric  profile  is 
shown  in  Figure  19-9-  * 


REVIEW  QUESTIONS 

1.  How  does  the  wing  M  depend  on  its  geometric  parameters? 

v  X 

2.  Write  the  equation  of  the  wing  polar  for  different  M^. 

3-  Analyze  the  wing  moment  characteristics. 

PROBLEMS 


1.  Find  Mcr  for  an  airplane  under  the  following  conditions: 
Mcr  prof  =  wing  sweep  angle  x  =  0.78  rad,  wing  aspect  ratio 
X  =  2. 


Answer.  M _  *  0.867. 

cr 


2.  Find  c  for  a  swept  wing  in  compressible  flow  if 

c 

Cy  =4,7;  x=0,58  rad;  X— 5,6; 

TeTp=0,l;  M„=0,8. 


Solution.  According  to  (19.6) 


Cy  ctp.CX 


n— 


1  1  +  •gJi  —  +  •■^,_(1+Tc,p) 


4.7 


j'H-  0.4225  -0.64 -f 


4,7.1, 1 
3,14-5,6 


—  4. 
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CHAPTER  XX 


AERODYNAMICS  OP  WING  IN  SUPERSONIC  PLOW 


520.1.  Effect  of  Wing  Planform  on  Nature  of  ; 

Supersonic  Plow  Past  Wing  \ 

\ 

Just  as  in  the  case  of  subsonic  velocities,  in  supersonic  flow  ] 

the  wing  planform  has  a  significant  effect  01  the  nature  of  the  flow  ; 

and  this  leads  to  differences  between  the  aerodynamic  characteristics  ; 

of  the  finite-span  wing  and  those  of  the  profile  in  supersonic  flow. 

However,  we  note  that  the  influence  of  tip  effects,  sweep,  and  magnl-  ; 

tude  of  the  aspect  ratio  at  supersonic  speeds  will  be  different  in  j 

comparison  with  th§  influence  of  these  factors  on  the  nature  of  the  * 

flow  about  the  wing  at  subsonic  speeds. 

The  influence  of  the  wing  tips  on  the  flow  over  the  central  part 
of  a  straight  wing  is  illustrated  in  Figure  20.1.  In  supersonic  flow 
the  disturbance  zone  generated  by  the  wing  tips  is  bounded  by  two 
disturbance  cones  with  apexes  at  the  lateral  leading  edges.  The  cone 
halfangle  is  found  from  the  relation 


(20.1) 
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Figure  20.1.  Influence  of 
wing  tips  for  supersonic 
flow  around  wing- 


Figure  20.2.  Supersonic  flow  past 
wing  of  arbitrary  planforra. 


Outside  the  disturbance  cones  the  flow  is  not  iisturbed  and  the 
influence  of  the  tip  effects  is  not  felt.  While  in  subsonic  flow  the 
tip  effects  encompass  the  entire  wing  surface  S  *  hi ,  at  supersonic 
speeds  the  influence  of  the  tips  is  felt  only  on  the  area  S'. 


For  the  straight  wing 


The  area  ratio 


Consequently,  the  influence  of  the  tip  effects  on  the  magnitude  of 
the  aerodynamic  coefficients  depends  on  the  quantity  1.  •  The 

larger  the  wing  aspect  ratio  A  or  the  Mach  number  Mw,  the  smaller  is 
the  fraction  of  the  disturbed  zones  S'  in  the  overall  wing  area  S, 
and  this  means  that  the  influence  of  the  tips  on  the  wing  aerodynamic 
characteristics  is  less. 
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The  alignment  of  the  leading  edge  relative  to  the  freestream 
velocity  vector  has  a  marked  influence  on  the  nature  of  the  flow  around 
the  wing.  To  see  this  we  examine  hew  the  flow  approaches  a  wing  of 
arbitrary  planform  (Figure  20.2).  We  assume  that  the  wing  is  thin  and 
is  at  a  small  angle  of  attack  in  the  flow.  In  this  ease  we  can  sup¬ 
pose  that  any  point  on  the  wing  surface,  including  any  point  on  the 
leading  edge,  is  a  source  of  small  disturbances .  These  disturbances 
propagate  from  each  point  within  a  cone  with  halfangle  ji,  defined  by 
(20.1). 

On  the  segment  BD  the  leading  edge  is  in  undisturbed  flow,  since 
none  of  the  disturbances  extend  foward  ahead  of  the  leading  edge  (see, 
for  example,  the  disturbances  at  point  C).  The  presence  of  the  wing 
is  not  felt  in  the  approaching  stream  up  to  the  leading  edge  itself. 

The  velocity,  pressure,  and  density  in  the  stream  do  not  change  prior 
to  contact  of  the  stream  with  the  leading  edge.  This  nature  of  the 
flow  is  typical  for  supersonic  flow  over  a  profile.  In  this  case  the 
leading  edge  is  called  supersonic . 

On  the  segment  AB  the  stream  passes  through  the  disturbance  zone 
prior  to  reaching  the  leading  edge.  Here  ^he  velocity  and  parameters 
of  the  air  begin  to  change  ahead  of  the  wing  in  a  fashion  similar  to 
that  associated  with  subsonic  flow.  In  this  case  the  leading  edge  is 
termed  subsonic,  if  the  leading  edge  is  subsonic,  the  flows  on  the 
upper  and  lower  surfaces  of  the  wing  interact  with  one  another. 

It  can  be  shown  that  for  a  subsonic  leading  edge  the  normal 
component  of  the  velocity  will  be  less  than  the  speed  of  sound,  while 
for  a  supersonic  leading  edge  this  component  will  be  greater  than  the 
speed  of  sound.  We  see  from  the  flow  conditions  at  point  E  (Figure 
20.2)  that  the  following  relation  holds  between  the  angles  x  and  u 


It  follows  from  (20.2)  that 
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co$x<sfn  {!=—-. 


(20.3) 


Hence 


M.cosz<l, 


Since  V  cos  x  = 


V  ,  we  have 


V'-cosz<tf. 


V-a<a. 


(20.4) 


Consequently,  for  a  subsonic  leading  edge  in  supersonic  flow  the 
relation  (20.4)  is  valid.  However,  in  the  following  we  shall  use  a 
different,  simpler  relation  which  is  obtained  from  (20.2) 


tex>Vtf~- 1* 


(20.5) 


If  (20.5)  is  satisfied  the  leading  edge  will  be  subsonic. 

For  a  supersonic  leading  edge  (point  C  in  Figure  20.2),  we  have 

xfK  f- 

Hence  with  account  for  (20.1)  we  find  that  the  following  condition 
must  be  satisfied  for  the  supersonic  leading  edge 

tgX<VrMl — 1, 

(20.6) 

which  is  equivalent  to  the  statement  that  the  normal  component  of  the 
velocity  for  the  supersonic  leading  edge  is  always  greater  than  the 
speed  of  sound  in  the  undisturbed  flow. 


In  the  case  in  which  the  disturbance  lines  pass  along  the  leading 
edge,  i.e.,  when 


(20.7) 


the  leading  edge  is  termed  sonic. 
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If  we  multiply  both  sides  of  (20.5)  by  the  value  of  the  wing 
aspect  ratio  A,  we  obtain  for  the  subsonic  leading  edge 

(20.8) 

where  Xq  is  the  sweep  angle  along  the  wing  leading  edge.  The  condition 
for  subsonic  nature  of  the  leading  edge  flow  Is  encountered  most 
frequently  in  this  form.  This  is  explained  by  the  fact  that  the 
exDressions  A  tg  x  and  Al/ Ml — I  are  the  supersonic  similarity  criteria, 
which  follows  from  supersonic  flow  wing  theory'  .  The  quantity  A  tg  x- 
is  called  the  reduced  sweep  and  A  y  —  1  is  called  the  reduced  aspect 
ratio. 

It  is  obvious  that  the  following  inequality  holds  for  the  super¬ 
sonic  leading  edge 

(20.9) 

In  calculations  we  sometimes  encounter  subsonic  and  supersonic 
trailing  edges,  maximal  thickness  lines,  and  so  on.  In  this  case  the 
sweep  angle  In  (20.8)  and  (20.9)  is  measured  relative  to  the  corres¬ 
ponding  lines. 

The  pressure  distribution  along  the  wing  chord,  and  also  the 
magnitudes  of  the  aerodynamic  coefficients  are  quite  different  for 
wings  with  subsonic  and  supersonic  leading  edges. 

The  stream  approaching  a  supersonic  leading  edge  remains  undis¬ 
turbed  right  up  to  the  oblique  compression  shocks  or  the  expansion 
waves,  which  rest  on  the  leading  edge  (Figure  20.3a).  The  leading 
edge  separates  the  stream  into  upper  and  lower  parts,  i.e.,  the  stag¬ 
nation  point  lies., on  the  leading  edge. 

In  the  subsonic  Leading  edge  case  (Figure  20.3b),  flow  which  has 
already  been  disturbed  approaches  the  wing,  and  therefore  there  are  no 

Footnote  (1)  appears  on  page  21ji 
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Figure  20. 3*  Flow  past  infinite- 
span  wing  with  supersonic  (a) 
and  subsonic  (b)  leading  edges. 


shocks  immediately  ahead  of  the 
leading  edge.  The  stagnation 
print  is  shifted  downward  rela¬ 
tive  to  the  wing  leading  edge; 
the  stream  filaments  flow  around 
the  leading  edge  with  high  veloc¬ 
ity;  therefore,  a  marked  under¬ 
pressure  develops  on  the  upper 
surface  of  the  wing  near  the 
leading  edge  and  creates  the  so- 
called  suction  force,  which  is 
directed  forward  and  reduces 
the  wing  drag. 


The  suction  force  develops 
only  in  the  case  in  which  the 

leading  edge  is  subsonic  and  at  angles  of  attack  at  which  c  ^  0,  i.e., 

V 

the  suction  force  arises  only  in  the  presence  of  a  lift  force.  In 
order  to  increase  the  suction  force,  in  the  subsonic  leading  edge  case 
the  wing  profile  has  a  blunted  and  rounded  nose,  just  riKe  the  sun- 
sonic  profiles,  which  makes  it  possible  to  obtain  the  maximal  suction 
force,  other  conditions  being  the  same.  The  stalling  angles  of  attack 
for  wings  with  rounded  nose  are  considerably  higher  than  for  wings 
with  sharp  nose,  and  this  is  of  great  importance  in  providing  low 
takeoff  and  landing  speeds. 


§20.2.  Lift  Force 


Because  of  the  wing  planform  influence,  the  magnitude  of  the  lift 
force  and  therefore  the  magnitude  of  the  lift  coefficient  of  the 
finite-span  wing  differ  from  the  analogous  quantities  for  the  profile 
at  the  same  angle  of  attac/  r> .  Theoretical  calculations  have  be^n 
made  only  for  comparatively  simple  wing  plunforms  and,  as  a  rule,  for 
supersonic  leading  edges. 
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?or  the  wings  of  supersonic  airplanes  the  lift  coefficient  is 
proportional  to  the  angle  of  attack 

ct=c\a.  (20.10) 

The  lift  coefficient  of  the  straight  wing  of  infinite  span  can 
be  found  from  (15-12),  obtained  for  the  profile. 


4c 

Vm*— T 


(20.10’) 


This  formula  is  also  valid  for  the  yawed  wing  of  infinite  span  if  we 
use  the  "normal"  flow  characteristics.  In  this  case  we  must  consider 


ai=— ;  M,=M„cosp. 
*  cos? 


Then  we  have 


cos?  V  M^, cos*?— I 


Assuming  that  the  lift  coefficients  of  the  yawed  and  straight 
wings  are  connected  with  one  another  by  the  relation  (17.5),  we  obtain 


_ 4  cos  3  _ _ 4a 


(20.11) 


Since  yawing  reduces  the  "normal"  flow  Mach  number,  the  lift 
coefficient  also  increases  v/ith  increase  of  the  yaw  angle.  This  is 
valid  provided  the  leading  edge  of  the  yawed  wing  is  supersonic.  The 
increase  of  the  yawed  wing  lift  coefficient  in  supersonic,  flow  is  a 
consequence  of  the  fundamental  difference  between  the  subsonic  and 
supersonic  flow  characteristics.  (In  subsonic  now,  as  we  already 
know  from  Chapter  XVII,  yaw  reduces  the  lift  coefficient). 


The  following  formulas  have  been  obtained  for  the  triangular  wing 
with  supersonic  leaving  edge 


e'-yW&°V  C 1 


i'TD-HC-2  j-720-71 


(20.12) 


triangular  wing  calculated  by 
the  method  of  conical  sections. 


i.o.j  the  same  formulas  as  for  the  profile  (the  lift  force  is 
independent  of  the  sweep  angle).  Incidentally,  for  the  triangular 
wing  the  reduced  sweep  is  a  constant  quar;ity,  namely  ).  tg  xQ  =  *1, 
which  is  easily  seen  from  geometric  constructions.  Consequently  this 
similarity  criterion  is  satisfied  automatically  when  molding  triangular 
wings . 


While  for  a  triangular  wing  with  supersonic  leading  edge  the 

quantities  c  and  c“  depend  only  on  sweep  plays  a  very  significant 

role  for  subsonic  leading  edges.  Figure  20.^  shows  the  relation 

c“  =  f(M  ,  x ) >  calculated  for  a  triangular  wing  by  the  method  of  conical 
y  (2) 

sections  .  The  extreme  right-hand  curve,  which  is  the  envelope, 

corresponds  to  the  supersonic  leading  edge. 

For  a  wing  of  rectangular  planform  theoretical  constructions  [*0 
lead  for  ^  Km’.-!  >2  to  the  result 

iL-  1  fi  1  )  (20.13) 


Footnote  (2)  appears  on  page  21 h 


FTD-HC-2 3-720-71 


205 


i 


The  quantity  l  VmI—  1  (one  of  the  supersonic  similarity  criteria) 
is  the  determining  factor  for  the  straight  wing.  The  curve  plotted 
from  (20.13)  is  shown  in  figure  20.5. 

All  three  similarity  criteria 

^=/(x/ Ml— 1;  Xlgx;  tj).  (20.14) 

inii-c  be  taken  into  consideration  for  other  wing  planforms  in  determining 
the  lift.  Usually  graphs  constructed  on  the  basis  of  experimental  data 
are  used  fcr  practical  purposes;  one  such  graph  is  shown  in  Figure 
29.4,  where  the  sweep  is  taken  along  the  maximal  thickness  line. 

§20.3*  Wave-Induced  Drag 

The  drag  coefficient  of  a  wing  in  supersonic  flow  is  made  up  of 
two  components,  one  of  which  exQ  is  independent  of  the  lift,  while  the 
other  cv>i  depends  on  the  lift 

**=<■*> +«,|.  (20.15) 

The  component  cxi  has  a  different  nature  fcr  subsonic  and  super¬ 
sonic  velocities,  being  basically  vortical  for  the  former  and  wave  for 
the  latter. 

The  drag  coefficient  c  i  depends  very  little  on  the  profile  srape 
and  its  origin  can  be  explained  as  follows.  When  an  infinitely  thin 
wing  interacts  viith  a  supersonic  stream  at  the  angle  of  attack  a,  dif¬ 
ferent  pressures  develop  on  the  upper  and  lower  surfaces  of  the  wing. 

The  resultant  R  of  the  pressure  forces  for  a  thin  wing  witn  supersonic 
leading  edge  will  be  perpendicular  to  the  wing  chord  plane  (Figur* 

20.6),  and  this  means  that  in  the  wind  coordinate  system  it  can  oe 
resolved  in;r  two  nut'iuJ *y  perpendicular  components  —  lift  and  induced 
drag. 

Y —RcasamR; 

X,=rR  sin  a  «  Ra  «  Ycl. 


TD-HC- 


?06 


r  u-7i. 


Converting  t  •>  coefficients,  we  have 


(20.16) 


or,  in  accordance  with  (20.10'), 


a*. 


(20.16') 


Figure  20.6.  Illustration  for 
determining  induced  drag  of 
thin-profile  wing  in  super¬ 
sonic  flow. 


In  contrast  with  the  subsonic 
regjmes,  in  supersonic  flow  the 
induced  drag  of  an  infinite-span 
wing  is  not  equal  to  zero  if  the  lift 
force  is  not  equal  to  zero,  since  in 
this  case  the  induced  drag  develops 
from  sources  other  than  tip  effects. 


Using  (20.16)  and  knowing  the 
wing  lift  coefficient,  we  can  find 
the  induced  drag  coefficient. 

Relation  (20.16)  js  valid  only  for  wings  with  supersonic  leading  edge; 
otherwise  the  aerodynamic  force  R  will  be  inclined  somewhat  forward 
relative  to  the  normal  co  the  wing  chord  as  a  result  of  the  influence 
of  the  suction  force,  which  reduces  the  induced  drag. 


We  obtain  the  induced  drag  coefficient  of  a  yawed  wing  in 
accordance  with  (20.11)  and  (20.16)  Jn  the  form 


f**“ 


V  Mj-1— tg»?  , 


c* 

V 


(20.17) 


or 


<■*!“ 


(20.17  V' 


Comparing  (20.16'),  valid  for  the  straight  wing  of  infinite  span,  with 
(20.17')  for  the  yawed  wing,  we  obtain 
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Consequently,  the  induced  drag  of  a  yawed  wing  is  greater  than  that 
of  a  straight  wing  for  the  same  angles  of  attack,  since  the  lift 
coefficient  of  the  yawed  wing  is  greater  than  that  of  the  straight 
wing.  It  is  more  proper  to  compare  the  drag  for  the  same  values  of 
c  ;  then  the  induced  drag  coefficient  of  the  yawed  wing  will  be  lower. 

-  induced  drag  of  a  triangular  wing  with  supersonic  leading 
edge  will  be  the  same  as  for  a  straight  wing  of  infinite  span.  This 
follows  from  (20.1 2) 

Cxt~YT\ 


/Mi-1 

cxt—  £  V 


(20.18) 


The  lift  coefficient  for  the  straight  wing  is  defined  by  (20.13). 
Then  we  can  write  for  the  induced  drag 

— 7=i=-  / 1 - ^4=1  •  (20.19) 

A  plot  of  the  relation  .££■.=  Wx  I/mL—Ij  is  shown  in  Figure  20.5. 

X«3  '  *  ' 

§20.4.  Wing  Wave  Drag;  For  -  0 

The  wing  drag  for  c  =  0  is  made  up  of  the  profile  drag  c  , 

j  xp 

which  arises  basically  as  a  result  cf  viscous  'riction  in  the  boundary 
layer  and  the  wave-profile  drag  c  ,  which  arises  as  a  result  of 

x  p  w 

energy  dissipation  in  the  compression  snacks,  frequently  the  wing 
drag  for  c„  =  0  is  called  the  minimal  drag. 

y  - — 

The  orofile  drag  •  coefficient  is  found  by  the  methods  described 
in  Chapter  v  v  l  i  .  A-:  for  the  wave-p -of 1 le  drag,  relations  fo*-  this  drag 

have  been  obtained  Loth  experimentally  and  .heoretically .  however, 
the  experimen  .al  et.t.i_.  are  more  reliable. 
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In  the  general  case  the  results  of  the  theoretical  and  experimental 
studies  are  conveniently  represented  in  the  form  of  the'  wave-profile 
drag  coefficient  c^p  w  as  a  function  of  the  supersonic  similarity 
criteria 


1,  Xlgz,  *1.  profile  shape). 


(20.20) 


Comparison  of  the  results  of  theoretical  and  experimental  studies 
for  a  triangular  wing  (rj  =  »)  is  shown  in  Figure  20.7.  The  theoretical 

curves  1  and  2  correspond  to 
two  values  of  the  maximal  thick¬ 
ness  line  location:  x  =  0.5; 

c 

xQ  =  0.3.  The  experimental 

curve  3  corresponds  to  x  =  0.5. 

c 

The  presence  of  the  dis - 
continuity  points  A  and  B  on 
the  theoretical  curves  is 
explained  by  the  fact  that  for 
corresponding  values  of  the 
maximal  thickness  line  (x  /  and 

V 

the  leading  edge  become  super¬ 
sonic  at  these  points,  i.e., 
the  relations 

hold  for  these  points. 

For  other  wing  shapes  the  curves  are  plotted  in  accordance  with 
(20.20).  Curves  of  this  sort  for  trapezoidal  wings  with  rhombic  pro¬ 
file  and  vaper  ratio  n  =  5  are  shown  in  Figure  20.8.  The  broken 
curves  are  theoretical  results.  The  continuous  curves  are  experimental 
results,  which  approach  the  theoretical  curves  in  the  region  of  large 
values  of 


Figure  20.7.  Influence  of  maximal 
profile  thickness  location  on 
wave- prof ile_drag:  1  -  theoret- 
~al  curve  (xQ  =  0.5);  2  - 

theoretical  curve  (x  -  0.3); 

c 

3  -  experimental  curve  (x„  =  0.5). 

C 
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czp*f— 

tfL 


o  12  3*36  A  Vm£T 


Figure  20.8.  Graph  for  calcu¬ 
lating  wave  drag  of  trapezoidal 
wing  with  rhombic  profile 
(xc  =  0.5;  n  =  5). 


Figure  20.9.  Wing  polars  fov 
transonic  and  supersonic  Mm 
range . 


Experiment  shows  that  the 
profile  shape  has  a  marked 
effect  on  the  wave-profile  drag 
only  when  the  maximal  thickness 
line  becomes  supersonic,  i.e., 
when  '•  tg  <  a  j/" Ml— 1  •  If  the 

maximal  thickness  line  is  sub¬ 
sonic,  the  profile  shape  has 
nearly  no  influence  on  the 
wave-profile  drag. 

Analysis  of  the  minimal 
wing  drag  coefficient  variation 
for  different  M  shows  that  its 

oo 

increase,  beginning  at  equal 
to  the  critical  value,  continues 
approximately  up  to  the  moment 
when  the  maximal  thickness  line 
becomes  supersonic.  For  the 
supersonic  leading  edge  the 
coefficient  cxp  w  decreases  with 
increase  of  Mro  (see  Chapter  XV), 
as  a  resu3t  of  which  the  wing 
minimal  drag  coefficient  also 
decreases . 

Increase  of  the  angle  of 
attack  leads  to  increase  of  the 
wing  induced  drag  coefficient 
and  therefore  to  increase  of 
the  drag  coefficient 

(20.21) 

Wing  polars  constructed  in 
accordance  with  (20.21)  are 
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shown  in  Figure  20.9.  The  polar  shape  i  *.  typical  for  the  transonic 
and  supersonic  range. 

520.5.  -Moment  Characteristics  of  Wing 
in  Supersonic  Flow 

The  wings  of  supersonic  airplanes  usually  have  a  symmetric 
profile .  Therefore  the  pitching  moment  coefficient  is  zero  for  a  =  0 
and-  is  proportional  to  the  angle  of  attack  for  comparatively  small 
values  of  a.  To  find,  the  moment  coefficient  of  a  triangular  wing  about 
the  axis  passing  through  its  apex,  we  use  the  fact  that  the  center-of- 
pressure  coincides  with  the  center  of  gravity  of  the  triangle,  i.e.. 


X. — -f* 


Then  the  pitching  moment  is 


9  nV* 

K-vf- 

On  the  other  hand,  calculating  the  pitching  moment  with  the  aid  of  the 
moment  coefficient,  we  have 

eV* 

M,—cm-~-Sbr 


Comparing  these  expressions  for  M_,  we  obtain 


cm=~Tc„ 


(20.22) 


or,  replacing  c  by  its  value  from  (20.12),  we  have 

v 


3 

e  that  the  c< 
to  the  central  chord  bg  of  the  triangular  wing. 


(20.23) 


Using  (20.22)  and  (20.23),  we  note  that  the  coefficient  cm  is  referred 


For  a  wing  of  rectangular  planform  with  reduced  aspect  ratio 

,  the  magnitude  of  the  moment  coefficient  about  the  leading 
edge  and  the  center-of-gravity  location  are  defined  on  the  basis  of 
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linear  theory  by  the  equalities 


(20.24). 


(3  2xVMi-i-i)* 


(20.25) 


It  follows  from  (20.25)  that  as  H^.  is  increased  in  the  super¬ 
sonic  range  the  center-of-pressure  shifts  aft  to  the  midpoint  of  the. 
wing  chord.  Increase  of  the  aspect  ratio  X  has  the  same  effect 
(Figure  20.10). 


0,21 - 1 _ l .  .  _ 

O  2  H  6  Wfc-7. 


Figure  20.10.  Influence  of  Mm 
and  aspect  ratio  A  on  center- 
of-pressure  location. 


For  swept  and  triangular  wings , 
the  center-of-pressure  location 
can  be  found  from  curves  similar  to 
those  shovrn  in  Figure  19.9.  In  the 
general  case  the  center-of-pressure 
coordinate  is  expressed  by  the 
relation 

x,=/(xl/Mi-i.xtgZ,  n). 


It  follows  from  the  curves  that  for 
large  Mot  taper  has  very  little  effect  on  the  center-of-pressure  loca¬ 
tion. 


REVIEW  QUESTIONS 

1.  What  is  the  difference  between  subsonic  and  supersonic  wing 
leading  edges? 

2.  Explain  the  cases  in  which  a  suction  force  can  arise  in 
supersonic  flow  past  a  wing. 

3.  How  do  tne  aerodynamic  coefficients  cyi  c^,  cm  vary  with 
increase  of  M  ? 
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fr.  What  Wing  planform  provides  the  least  wave  drag? 

5?  .How  does  the  induced  drag  change  when  passing  from  transonic 
to  supersonic  speeds? 

PROBLEMS 

,  1.,  Find  the  .angle  of  attack  of  a  plane  thin  wing  of  an  airplane 
flying  at'  H  =  10,000  m  and  V  *  473  m/sec  if  the  wing  area  S  =  15  m2 
and  the  airplane  weight  G  =  49,000  N.  Find  the  thrust  expended  in 
overcoming  the  wing  wave  drag. 

Answer:  a  a; 0,0225  rad,  P=1100N. 

2.  An  airplane  wing  sweep  angle  is  1  rad.  Find  the  airplane 
flight  speed  at  which  the  wing  leading  edge  will  be  subsonic,  sonic, 
and  supersonic . 

Jk 

Solution.  According  to  (20.7),  the  wing  leading  edge  coincides 
with  the  flow  disturbance  characteristics  for 

M.-VT+tg*xwl,8K. 

Consequently,  for  flight  speeds  corresponding  to  <  1.85  the  leading 
edge  will  be  subsonic,  and  for  >  1.85  it  will  be  supersonic. 
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FOOTNOTES 


Footnote  (1)  appears  on  page  202  Aerodynamic  Components  of  Air¬ 

craft  at  High  Speeds,  edited  by 
A.  F.  Donovan  and  H.  R.  Lawrence 
IL,  1959. 

Footnote  (2)  appears  on  page  205  See,  for  example.  Aerodynamic 

Components  of  Aircraft  at  High 
Speeds,  edited  by  A.  F.  Donovan 
and  Hi  R.  Lawrence,  IL,  1959. 
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%.  CHAPTER  XXI 

-/r*'  ■* 

-  *  -  '•*  -  ». 

AERODYNAMIC'-, CHARACTERISTICS  OF  BODIES  OF  REVOLUTION 


521,1..  ...Geometric  arid.  Aerodynamic  Characteristics 
of  Bodies  of.  Revolution 


The  study  of  methods  for  determining  the  aerodynamic  characteristics 
of  bodies  of  revolution  is  of  great  importance,  since  the  fuselages 
of  modern  airplanes,  external  fuel  tanks,  engine  pod3,  missile  and 
rocket  bodies  usually  have  the  shape  of  bodies  of  revolution  or 
nearly  so. 

The  body  of  revolution  of  -the.  usual  form  (Figure  21.1)  can  be 
divided  into  the  forward  (head  or  nose),  middle  (cylindrical),  and 
aft  (tail  or  rear)  parts. 

The  nose  section,  as  a  rule,  has  the  form  of  a  conical,  ogival 
(formed  by  a  circular  arc  of  some  radius),  or  parabolic  body.  The 
nose  part  of  the  body  of  revolution  is  characterized  by  the  apex 
angle  t  and  the  fineness  ratio  *nose 

V, (21.1) 
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where  is  the  distance 

nose 

from  the  nose  of  the  body  to  its 
midsection; 

Dmid  is  the  midsection 
diameter. 


Figure  21.1;  Basic  geometric 
dimensions  of  body  of  revo¬ 
lution; 


>  By  midsection  we  mean  the 

section  perpendicular  to  the 
longitudinal  axis  of  the  body 
<  having  the  maximal  area.  If 

the  body  has  a  cylindrical  portion,  as  shown  in  Figure  21.1,  then  the 
midsection  is  the  cylinder  cross  section  area  and  Zn0ge  is  the  distance 
from  the  nose  of  the  body  to  its  cylindrical  part.  In  the  general 
case  the  midsection  diameter  is  the  diameter  of  a  circle  which  is 
equivalent  in  area  to  the  midsection.  The  cylindrical  part  of  the 
body  of  revolution  is  also  characterized  by  the  fineness  ratio 


^•u=a*‘nS4' 

Aim 


(21.2) 


The  geometric  parameters  of  the  aft  part  of  the  body  of  revolu¬ 
tion  are  the  fineness  ratio 


I- 

^op**  n  . 

"MU 


(21.3) 


and  the  taper  ratio 


11kop*s 


.  dlOH 

Aim 


(21.JO 


where  db^ge  is  the  base  diameter  (see  Figure  21.1). 


When  bodies  of  revolution  have  no  base  najt  =  0. 


The  fineness  ratio  of  a  body  of  revolution  Is  equal  to  the  sum  of 
the  fineness  ratios  of  its  individual  parts 


* = Vw  'Hw'f  Vo'p« — 


(21.5) 
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where  is  the  total,  body  length. 

-The  quantity  which-  is  the  reciprocal  of  the  fineness  ratio  is 
called  the  relative  thickness  of  .the  body  of  revolution. 


(21.6) 


The  ducted  body  of  revolution  is  wetted  by  the  flow  both 
externally  and  internally.  An  example  of  a  ducted  body  of  revolu¬ 
tion  is  an  engine  pod. 


Just  as  in  studying  wing  aerodynamic  characteristics,  the 
aerodynamic  forces  acting  on  the  body  of  revolution  are  examined  in 
wind  or  body  coordinate  systems .  In  the  wind  coordinate  system  the 
formulas  for  the  lift  and  drag  have  the  form 


V — CtqSunAl 
X~Cj£Smw 


(21.7) 


where  c  and  c  are  the  lift  and  drag  coefficients  of  the  body  of 
y  x 

revolution i 


qV« 

2  is  the  velocity  head; 
is  the  midsoction  area. 


mid 

Conversion  to  the  body  coordinate  system  is  accomplished  just  as  for 
the  wing  (see  Chapter  XII). 


521.2.  Lift  of  Bodies  of  Revolution 

! 

The  lift  of  a  body  of  revolution  immersed  in  a  flow  at  some 
angle  of  attack  can  be  determined  if  we  know  the  pressure  distribution 
on  the  surface  of  the  body.  We  see  from  Figure  21 r 2  that  the  pressure 
distribution  along  the  meridional  section  of  a  body  of  revolution 
(curve  2)  in  an  incompressible  fluid  stream  is  qualitatively  very 
similar  to  the  pressure  distribution  over  a  wing  profile  (curve  1)  of 
the  same  relative  thickness  and  at  the  same  angle  of  attack.  However, 
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the  underpressure  on  the  body  of  revolution  is  considerably  less  than 
that  on.  the  wing,  which  is  a  result  of  the  three-dimensional  nature 
of  the  flow  around  the  body  of  revolution. 

.  The  flow  around  a  body  of  revolution  can  be  compared  with  the 
flow. around  a  wing  of  very  low  aspect  ratio,  for  Which  we  know  that 
the  underpressure  on  the  upper  surface,  other  conditions  being  the 
same j  is  always  less-  than  that  on  a  wing,  of  large  .aspect  ratio  because 
of.  the  air  crossflow  around  the  wingtips  from  the  high-pressure  region 
into  the  low-pressure  region.  Thus,  the  lift  and  drag  variation  of  a 
body  of  revolution  is  in  the  first  approximation  qualitatively  very 
similar;  to., wihg  lift  and  .drag  variation  at  both  small  and  large 

values  of  M  . 

00 


Since  the  underpressure  on  a 
body  of  revolution  i3  less  than  that 
on  a  wing,  for  the  same  Mw  the 
compressibility  effect  is  less  in 
the  case  of  flow  around  a  body  of 
revolution.  Mcr  for  the  body  of 
revolution  is.  considerably  higher 
than  for  the  wing. 


Figure  21.2,  Pressure  dis¬ 
tribution  along  wing  pro-  certain  differences 

file  (1)  and  meridional  fter  are  cer  aln  aillerences 

section  of  body  of  revolu-  in  the  flow  around  a  body  of  revo- 

tion  (2)  for  low  M^.  lutlon  in  comparison  with  the  flow 

around  a  wing,  and  these  differences 
unquestionably  affect  the  magnitudes  of  the  body  of  revolution  lift 
and  drag.  When  air  flows  past  a  body  of  revolution  at  the  angle  of 
attack  a,  flow  separation  takes  place  on  the  upper  surface  of  the  body 
(Figure  21.3). 
found  from  the  formula 


The  normal  force  Yn  which  arises  in  this  case  can  be 


V* 


(21.8) 


where  Vn  «  Vw  sin  «,  cyn  «  cx  cyl,  i,e.,  the  coefficient  c  is  equal 
to  the  drag  coefficient  of  a  cylinder  in  transverse  flow,  S  is  the 
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Figure.  21.3.  Normal  force  caused  by  crossflow 
on  'body  of  revolution .  . 

area  of  the  body  of  revolution  in  plan  view. 

Experimental  data  show  that  flow  separation  usually  takes  place 
on  the'  cylindrical  and  aft  portions  of  the  body  of  revolution.  There¬ 
fore,  in  the  present  case  the  area  S  is  equal  to  the  sum  of  the  areas 
of  the  cylindrical  and  aft  parts  of  the  body  in  plan  view. 

k  characteristic  feature  of  .the  flow  about  a  body  of  revolution 
with  a  base  section  ¥  0)  j  but  without  an  engine  jet  leaving  the 

base,  is  the  appearance  of  base  drag.  This  drag  arises  as  a  result 
of  the  pressure  reduction  behind  the  base,  which  takes  place  because 
of  the  presence  of  friction  between  the  outer  flow  past  the  base  and 
the  flow  behind  the  base.  The  friction  creates  an  ejecting  effect. 

The  degree  of  pressure  reduction  depends  in  considerable  measure 
on  the  structure  and  thickness  of  the  boundary  layer  leaving  the  aft 
portion  of  the  body  of  revolution.  The  pressure  reduction  behind  the 
base  is  greater  for  a  turbulent  boundary  layer  than  for  a  laminar 
layer  of  the  saie  thickness  because  of  the  greater  ejecting  capability 
of  the  turbulent  boundary  layer  in  comparison  with  the  laminar  layer. 

This  difference  decreases  as  the  role  of  the  inertial  forces 
increases  in  comparison  with  the  viscous  forces,  i.e.,  with  increase 
of  the  Reynolds  number.  The  pressure  reduction  behind  the  base 
decreases  with  increase  of  the  boundary  layer  thickness.  If  the 
pressure  reduction  behind  the  base  is  known,  the  drag  force  is  found 
from  the  formula 
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(21; 9) 


where  j>bage  is  the; pressure  behind  the  base;  ' 
is  thefreestream  pr assure. 

When  a  supersonic  stream  flows  around  a  body  of  revolution,  there 
is  an  additional  effect  on  the  base  pressure  of  the  expansion  of  the 
•  •.supersonic  flow  leaving  the  aft  part  of  the  body  of  revolution.  As 
the  flow  expands,  the  pressure  in  the  stream  decreases.  Consequently, 
the  base  pressure  _decreases  when  a,  supersonic  stream  flows  around  a 
body .of  revolution.  Equalization  of  the  supersonic  stream  at  some 
distance  fromrthe  base  leads  to  the  formation  of  a  trailing  shock 
wave . 


The  wind  coordinate  system  is  usually  used  in  calculating  the 
trajectories  of  flight  vehicles.  In  this  case  the  lift  coefficient 
of  the  body  of  revolution  is 

f,=»cwcoso-c4lslno.  (21.10) 


Here  the  lift  coefficient  cyl  of  the  body  of  revolution  in  the  body 
coordinate  system  is  found  from  the  formula 


Ctl f »«  "f  Cf  KOf¥  »  (21.11) 

where  c„  is  the  lift  coefficient  of  the  nose  part  of  the  body  of 
y  nose  r 

revolution; 

c  ,  is  the  lift  coefficient  of  the  cylindrical  part  of  the 
y  cyl 

body  of  revolution; 

Cyn  is  the  lift  coefficient  of  the  cylindrical  and  aft  parts 
owing  to  the  presence  of  flow  separation  at  large  angles 
of.  attack  [see  (21.8)]; 

c  ^  is  the  lift  coefficient  of  the  aft  part  of  the  body  of 
y  aft 

revolution. 
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•  ,  We  know- from:  experimental  data  that  the  cylindrical  part  adjacent 
to  thenose  part  of  the  body  .of  revolution  creates  a  lift  force .  The 
magnitude  of:  this  force  id  small  and  is  notT'iclehtlfied  separately,  but 
ds  rather  combined  With  the  lift  of  tha. .nose;  part.  Then  (21.11)  takes 
the-  form  •  -  : 


,  cai— 


(21.12) 


-  -  -  The  formula  for  determining  the.  lift  coefficient  e  referred  to 
the  midsection  area,-  can  fab  represented  in-  the  following  form  in 


accordance  with  linear  theory 


where 


—  ten 

,l  *T 


(21.13) 


Experiment  shows  that  the  coefficient  c^  depends  not  only  oh  a,  but 
also  on  the  nature  of  the  boundary  layer,  the  Mach  number  Mm,  the 
■fineness  ratio  A  of  the  body  of  revolution,  and  several  other  factors. 


'yi 


The  derivative  c“,  can  be  represented  in  the  form  of  the  sum 


(21.14) 


where  c 


a 

'y  nose 


yn 


'y  aft 


HOC  ^  *}*  ^5  KOjm* 

is  the  derivative  of  the  nose  lift  coefficient  with 
respect  to  angle  of  attack  (with  account  for  the  cylin¬ 
drical  part); 

is  the  derivative  of  the  normal  force  coefficient  of  the 

cylindrical  and  aft  parts  with  respect  to  angle  of  attack; 

is  the  derivative  of  the  lift  coefficient  of  the  aft  part 

« 

with  respect  to  angle  of  attack. 


The  lift  coefficient  of  the  nose  part  of  the  body  of  revolution 
is  found  by  solving  the  linearized  equation  for  the  disturbed  flow 
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cx  cyl  *  ^*35  for  the  turbulent  boundary  layer; 
cx  cyl *  *>or  the  laminar  boundary  layer.  -  -- 

The  following  forinula  has  been  obtained  theoretically  for  the 
lift  coefficient  of  the  aft  part  -  - 


— 2«faacoso  (1— 


(21.19) 


in  reality  the  value  of  c  is  considerably  smaller  than  the 

y 

theoretical'  value. 


The  derivative  of  the  lift  coefficient  of  the  aft  part  of  the 
body  of  revolution  is  found  from  the  empirical  formula 

. — -*(1 -*&»,).  (21.20) 

f' ■>} 

The  correction  coefficient  x,  depends  on  Re,  M^,  and  the  form  of  the 
aft  part,  and  accounts  for  the  lift  coefficient  reduction  because  of 
thickening  and  separation  of  the  boundary  layer  on  the  boattail 
(C  =  0.15  -  0.20). 


According  to  (21.14)  the  sum  of  c“  nose>  cjn,  c“  &ft  equals  cjr 
Substituting  into  (21.13)  the  value  of  c®^,  we  obtain  the  expression 
for  determining  the  lift  coefficient  of  the  body  of  revolution 

Cyl  —  [*> use  "j"  0,6241*Cjf amO5—  2Z (1  — t?op«)]  o.  (21.21) 

p 

Considering  that  for  small  angles  of  attack  a  0,  we  have 


c»\ — [^J  hoc  ^0  <*• 


.(21.22) 


If  the  body  cross  section  is  oval  rather  than  circular,  the 
calculation  is  made  using  the  formula 


‘«ON 


•  ~r  nBi 


(21.23) 
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Where  Cy  Is  found  from  i  21.22  ).;  >  .  v 

B  .is  the  midsect ion  width; 

%id  *8  the.  midsectipn  area,  to  which  the  lift  coefficient  cy  ov 
*  is  referred.  ,  . 


\  • 


If  an  air  intake  is  located  in  the'  nose  part  of  the  body,  the 
coefficient ' of  the  additional  lift  which  arises  with  engine  operation 
at  design  power  isj  >  ,  - 


—a. 


&ct-~2x 


Si iu  * 


(21.24) 


where  Sin  is 


the  <air  intake  area. 


521,3.  Drag  of  Bodies  of  Revolution 


The  drag  coefficient  of  a  body  of.  revolution  for  a  •«  0  can  be 
represented  as  the  sum  of  three  terms 

where  c^p  is  the  drag  coefficient  which  depends  on  the  distribution  of 
the  normal  pressure  forces  oyer  the  surface  of  the  body; 

ckbasels  the  base  draS  coefficient; 
c^  is  the  friction  drag  coefficient. 

At  subsonic  speeds  the  coefficient  c*  is  comparatively  small  and 

xp 

is  neglected.  However  at  transonic  and  supersonic  speeds  the  coeffici- 
ent  cj^p  increases  rapidly,  since  in  this  case  it  is  determined  pri¬ 
marily  by  the  system  of  compression  shocks  at  the  surface  of  the  body 
of  revolution.  In  this  case  the  quantity  c^p  is  called  the  wave  drag 
coefficient  and  the  formula  for  the  drag  coefficient  takes  the  form 

c*p  (21.25) 

The  friction  drag  coefficient  of  the  body  of  revolution  is  defined 
similarly  to  the  friction  drag  coefficient  of  a  wing.  In  this  case, 
just  as  for  the  other  coefficients,  the  friction  drag  coefficient  is 
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referred  to  the  midsectioh  area  S^id 


(21.26) 


where 


is  the  surface  area  of  the  body  of  revolution  wetted  by  the 
fiow  (the  so-fcalled  "wetted?1  area);  '  v 


n  •  is  a  coefficient  accounting  for  the  fineness;  ratio  of  the 
'.I.  body  of  revolution;. 


is  a  coefficient  accounting  for;  .the  compressibility  of  air; 
is.  the  friction  drag  coefficient  of  a  flat*  plate  for 


V 


Ini  view  of  the  fact /that  Re  is  very  large  for  a  fuselage  (because 

-  '  V  .  **  \  ** 

of  the  high  flight,  speeds:  and  the . large  fuselage  length  of  modern 
transport  and  passenger  airplanes),  the  boundary  layer  can  be  consid¬ 
ered  turbulent  i.’  Increase  of  the  fuselage  fineness  .ratio  leads  to 
decrease  of  Its  relative  thickness,  and  in  this  case  the  fuselage 
drag  differs;  less  and  less  from,  the  dijag  of  a  flat  plate,  i.e„,  with  . 
Increase  of  the  fineness  ratio  the  coefficient  n  decreases,  approach- 

;  ’  »  "s 

ing  unity.  A  curve'  of  n  Versus  body  of  revolution  fineness  ratio  is 

.  *c  *  * 

shown  In  Figure  21.5.'  ‘ 


The  wave  drag  coefficient  c  can  be  written  as  the  sum  of  the 

JvW  ’ 

wave  drag  coefficient  cxw  nose  of  the  nose  part  of  the  body  of  revo¬ 
lution  and  the  wave  drag  coefficient  affc  of  the  aft  part  of  the 
body  (for  a  =  0,  cxyf  cyl  ■  0).  Curves  of  cx  B  noge  =  f(Mj  for  bodies 
of  .revolution  with  parabolic  nose  are  shown  in  Figure  21.6.  The  seg¬ 
ments  of  the  curves  in  the  range  <  1.6  (dashed)  are  plotted  on  the 
basis  of  experimental  data;  the  segments  in  the  range  >  1.6 
(continuous)  are  plotted  on  the  basis  of  theoretical  calculation. 
Curves  of -the  relation  cx  B  aft  =  f(Moo)  for  the  aft  part  of  the  body 
of  revolution  with  parabolic  generators  are  shown  in  Figure  21.7.  The 
curve  segir— •  nts  for  >  1.6  are  calculated  values;  those  for  <  1.6 
are  approximate. 
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Figure  21.5.  “Correction  factor 
•n  ver^s  . fineness' ratio  of 

,C  *  ’  '  * 

•  :b6dy  of  revolution.  • 


: 


.  :o,t  v  ys ,  tfl  2,8 

Figure  21.7. .  Wave  drag 
coefficient  of  parabolic 
boat tail  versus  (xft  *  2). 


KBEsi 


Figure  ?1.6 ^  y  Wave  drag  coef¬ 
ficient  of  ^riose  section  of 
coriicalVbody  of  revolution 
-versusf.':M; ' 


Considering  the  expression . 
(21; 9)  for  base  drag,  the  base  drag 
coefficient  can  be  found  from  the 
formula  \ 


cr..m  — 


_  _  ;j 


-Pm—*#***  Si 


MM  . 


(21.27 


In  the  particular  case  In  which 
dbase  ’  W  th®  bass  dM8 


coefficient  equals  the  pressure  coefficient. 


Sometimes  the  ratio  Pbase/P®  is  used  in  Place  of  Pbase  in  (21.27) 
The  connection  between  these  quantities  is  given  by  the  relation 


O  - _P*on  ~Pm  (p,om  .\  2 

Pi9u  #n  PmMi  -{t:  ‘JimT*  (2i.28) 


With  account  for  (21.28)  the  formula  for  c  .  can  be  written  as 

x  base 


(Plo*  _ l\  2  /  rf»on 

\p- 


(21.29) 


The  results  of  experimental  data  analysis  have  made  it  possible 
to  obtain  the  following  approximate  relation  for  the  base  drag 
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coefficient  for  subsonic  and  transonic  speeds 


-  J  0.029 


(21.30) 


For  supersonic  speeds  the  base  drag  coefficient  is  found  from 
the  formulas 


..  0,065*  (2. — k)  s  .. 

Fjtxm —  j||i  •*»»«> 


.  ..  0,085  7  • 

cx*ot i — 


(21.31) 

(21.32) 


where 


Formula  (21.31)  corresponds  to  values  k  <  1;  formula  (21.32) 
corresponds  to  k  >  1. 

REVIEW  QUESTIONS 

1.  How  does  the  lift  force  arise  on  a  body  of  revolution  (on 
its  nose,  cylindrical,  and  aft  parts)? 

2.  Write  expressions  for  the  lift,  lift  coefficient,  and 

derivative  c“  of  a  body  of  revolution. 
y 

3.  How  is  base  drag  created?  How  is  base  drag  determined? 

On  what  factors  do  the  pressure  drag  and  friction  drag  of 
bodies  of  revolution  depend  and  how  do  they  vary  with  change  of  the 
flight  speed? 


PROBLEMS 

1.  The  angle  of  attack  of  an  airplane  flying  at  H  =  2000  m  and 
V  =  900  km/hr  is  0.07  rad.  Find  the  fuselage  lift  force  if  we  know 
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that  the  wing  incidence  angle  (angle  between  the  wing  chord  and  the 
fuselage  longitudinal  axis)  is  0*01 7  rad  and  the  fuselage  has  the 
following  geometric  characteristics:  fuselage  length  L  *  32  m,  nose 
length  2jj0ge.  3  8  in,  length  of  cylindrical  part  Zcyl  *  16  m,  diameter 
of  cylindrical  part  d^^  *  4  m^  base  diameter  dbase  =  1  m,  the  genera¬ 
trix  of  the  nose  and  aft  sections  is.  a  straight  line. 


Solution*-  Since  the  fuselage  angle  of  attack 
a*=ct«p— <pxp=0,G53  rad 

for  the  fuselage  is  found  from  (21.22).  Let  us  find  the  quantities 
appearing  id  (1?1.22) .  We  take  5  £  0.1?.  Using  (21.^1),  we  have 

1 


To  determine  c 

y  nose 


*1*0*1  ==“==0, 25. 
we  find: 


a)  at  H= 2000  M  a —333,3  Mlceir, 

250 
333.3 


b)  V— 1^—250  m/sec;  M»  0,752; 


1/  _  Jjss-ss-r- 

’ W  Atm  4 


-2; 


e)  1^7==T=2' 8l?£?  =4; 


<--**  ‘fx^36- 


Prom  (21.22)  we  have 


ty: =12, 06  —  2*0,17(1  -0,0625)1  -f-- 0,0923. 

57 »3 


Then 


ri=c*,sm  -f-= 0,122  4*.-^-= 36200  n 
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CHAPTER  XXII 


TAIL  AND  CONTROL  SURFACE 
AERODYNAMIC  CHARACTERISTICS 


S22.1  Tail  Aerodynamic  Characteristics 


In  order  to  provide  motion  stability  and  flight  controllability, 
flight  vehicles  are  equipped  with  special  surfaces  which  have  the  same 
form  as  the  wing  and  are  termed  the  tall. 


The  tail,  located  at  the  aft  or  forward  end  of  the  fuselage, 
usually  Includes  stationary  parts,  fin  and  stabilizer,  and  movable 
parts,  elevator  and  rudder  (Figure  22.1).  The  fin- and  rudder  consti¬ 
tute  the  vertical  tail,  and  the  stabilizer  and  elevator  constitute 
the  horizontal  tail. 


In  most  cases  the  horizontal  tail  of  supersonic  airplanes  is 
all-moving,  i.e.,  without  a  stationary  stabilizer. 


The  types  of  tails  used  are  quite  varied.  Some  of  the  most 
typical  horizontal  tail  shapes  are  shown  in  Figure  22.2.  Swept  and 
triangular  tails  are  used  for  high-speed  airplanes.  The  aerodynamic 
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Figure  22.1.  Horizontal  and 
vertical  tail? 

2  -  stabilise#;  2  -  elevator; 

3  -  fin;  -  rudder. 

from  all  the  other  parts  of  the 
and  so  on.  .  , 


characteristics  of  the  swept  and 
triangular  tails  dlfler  from  the 
characteristics  of  the  unswept  tall, 
just  as  the  aerodynamic  character¬ 
istics  of  wings  of  similar  form 
differ  from  one  another. 


Relatively  small  forces  act 
on  the  tall;  however,  because  of  the 
long  arm  relative  to  the  airplane 
center-of-gravity  these  forces 
create  moments  which  are  capable 
of  balancing  the  overall  moment 
airplane:  wing,  fuselage,  nacelles. 


Figure  22.2.  Characteristic  horizontal  tail  planforms: 

1,  4,  5  -  trapezoidal;  2  -  elliptical;  3  -  triangular; 

£  -  swept. 

The  lifting  properties  of  the  tail  are  determined  by  the  lift 
coefficient  increment  caused  by  change  of  the  angle  of  attack  or 
magnitude  of  the  control  surface  deflection 

££*..  *££. 

da  ’  dtf  * 
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tail  profile 


Figure  22.3-  Aerodynamic 
characteristics  of  isolated 
tail. 


The  lift  and  drag  coefficients 
of  an  isolated,  tall  tested,  in 
TsAGI  wind  tunnels  (c  *  8J;  X  « 

3;  n  *  2;  control  surface  area 
is  k0%  of  the  overall  tail  area) 
are  shown  in  Figure  22.3* 

We  note  that  the  control 
surface  effectiveness  decreases 
when  it  is  deflected  to  large 
angles  (for  5  =  0.6-0. 7  rad  the 

lift  does  not  Increase  because  of 
flow  separation  from  the  surface 
of  the  tail).  The  control  sur¬ 
faces  of  swept  and  triangular 
tails  retain  their  effectiveness 
better  at  high  deflection  angles 
in  comparison  with  straight  tails. 


For  linear  variation  of  the  lift  coefficient,  the  dependence 
of  cy  on  the  angle  of  attack  a  and  on  the  control  surface  deflection 
angle  6  is  expressed  by  the  formula 

C 

(22.1) 

where  the  control  surface  effectiveness  coefficient 


(22.2) 


The  quantities  9c  /3a  and  3c  /9<S  are  smaller  for  swept  tails 

W  V  ^ 

than  for  straight  tails.  Experiments  show  that  the  quantity  9c  /3a 

v 

for  the  unswept  tail  depends  very  little  on  the  tail  profile  and  can 
be  expressed  by  the  approximate  formula 


dcy _  0.085X 

do  1,73+  X  (22.3) 
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The  Control  surface  effectiveness  coefficient  n  for  subsonic 
speeds  can  be  found  from  the  formula 


where  Sfc  is  the  tail  area; 

Sc  is  the  control  surface  area. 

The  pre Bence  on  the  control  s.urface  of  cutouts  and  aerodynamic 
balance  provisions  (special  provisions  used  to  reduce  the  forces  on 
the  flight  controls)  has  a  considerable  effect  on  the  tail  lift 
coefficient  c  ,  tending  to  reduce  its  value. 

The  coefficient  decreases  markedly  at  transonic  speeds  and  in 
the  presence  of  local  compression  shocks.  In  this  case  the  lift 
coefficient  changes  very  little  with  change  of  6  .  To  increase  the 

C 

control  surface  effectiveness  at  transonic  speeds,  the  relative 
thickness  of  the  tail  profiles  can  be  .’..'educed  (to  increase  M  )  or  the 

V* 

area  of  the  all-movable  tail  is  increased,  which  is  more  effective. 

At  supersonic  speeds  the  control  surface  effectiveness  coeffi¬ 
cient  is  found  from  the  formula 


§22.2.  Aileron  Aerodynamic  Characteristics 


The  ailerons  are  deflecting  wing  trailing  edges,  located  at  the 
wing  tips  and  used  to  provide  transverse  controllability  of  the  air¬ 
plane.  The  aileron  chord  usually  amounts  to  0.15-0.30  of  the  wing 
chord.  Ailerons  of  various  types  are  shown  in  Figure  22 . 4 . 


>32 
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Figure  22. A.  Ailerons : 


The  aerodynamic  coefficients 
characterizing  the  ailerons  are 


(22.5) 


where  Mx>  are  moments  about  the 
x  and  y  axes:;  1 

«_,  m  are.  the  moment  coeffi- 

*  J 

dents ; 

v=-— •  is  the  dynamic  pressure; 
S  is,  the  wing  area. 


a  -  conventional;  b  -  below- 
wlng;  c  -  above-wing;  d  - 
fore-wing;  e  -  tip;  f  -  plate 
(spoiler). 


Curves  of  relations  n»  =*■  f(d)  and 


m  =  f(o)  for  a  trapezoidal  wing 


with  conventional  ailerons  are 
shown  in  Figure  22.5*  We  see  from 


the  curves  that  at  normal  flight  angles  of  attack  mx  is  nearly  constant 


and  decreases  sharply  near  the  std-1  angle  of  attack;  m  increases 

J 


gradually  at  the  operational  angles  of  attack. 


522.3.  Control  Surface  Hinge  Moments 
and  Aerodynamic  Balancing 

The  magnitude  of  the  pilot  forces  applied  to  the  flight  controls 
(stick  and  pedals)  depends  on  the  control  system  and  the  magnitude 
of  the  aerodynamic  forces,  which  create  moments  about  the  rudder, 
elevator  and  aileron  hinges.  The  moment  of  the  aerodynamic  forces 
about  the  control  surface  axis  of  rotation  is  termed  the  hinge  moment 
Mh  (^Sure  22.6). 

The  force  on  the  flight  control 

p=_Jj W„,  (22.6) 


where  Mh  is  the  magnitude  of  the  control  surface  hinge  moment; 


kh  is  the  control  system  gear  ratio. 


For  the  elevator  the 
coefficient 


*  JSSk.* 

-  *x  T 


(22.7) 


where  d5gl  is  the  elevator 


angular  displacement 
(in  rad); 

dx  is  the  stick  linear 
displacement . 


Figure  22.5.  Curves  of  in  *  f(6a, 

a)  and.  m  ■  =  f (6^, a)  for  trape- 
y  a 

zoidal  wing  with  conventional 
aileron. 


For  airplanes  with  conven¬ 
tional  controls,  the  coefficient 
kh  has  the  following  values; 
elevator  1. 5-2.0,  rudder  3 .5-5 *5, 
ailerons  0.5* 


The  hinge  moment  is  found 
from  the  formula 


(22.8) 


where  mh  is  the  dimensionless  hinge  moment  coefficient; 

,nd  b  are,  respect 
c 

surface  (aileron). 


S  and  b  are,  respectively,  the  area  and  MAC  of  the  control 
c  c 


Here  the  dynamic  pressure  pVV2  is  measured  at  the  control  surface 
location. 


To  find  the  magnitude  of  the  hinge  moment,  we  must  know  the 
magnitude  of  the  coefficient  m^.  Curves  of  the  relation  mh  *  f(Sc,a) 
for  the  elevator  and  rudder  and  of  the  relation  mh  *  f(6a,o)  for 
the  ailerons  based  on  experimental  data  are  shown  in  Figure  22.7- 
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Figure  22.6.  Hinge  moment  on  control  surface 
when  stick  is  deflected. 


Figure  22.7*  Curves  of  mh  =  f(6c>a)  and 

n»h  =  f(<Sa»a): 

a  -  elevator  and  rudder;  b  -  ailerons. 

With  increase  of  the  flight  speed  and  airplane  size,  there  is  an 
increase  of  the  hinge  moments  and  therefore  of  the  forces  required 
to  control  the  airplane.  One  important  technique  for  reducing  the 
magnitude  of  the  forces  is  the  use  of  aerodynamic  balancing.  The 
principle  involved  in  the  action  of  the  horn  and  overhanging  aero¬ 
dynamic  balances  is  quite  similctr.  They  differ  only  in  the  location 
of  the  portion  of  the  surface  which  extends  ahead  of  the  control 
surface  axis  of  rotation. 
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axis  of  rotation 


Figure  22.8.  Horn  balance : 

1  -  semihorn  balance; 

2  -  horn  balance. 


axis  of  rotation 


Figure  22.9. 
balance. 


Overhanging 


Figure  22.8  shows  the  horn 
balance,  while  Figure  22.9  shows 
an  overhanging  balance,  which  is 
more  widely  used  than  the  horn 
balance  on  present-day  airplanes. 
When  the  control  surface  is 
deflected,  an  aerodynamic  force 
arises , on  the  balance-  and  creates 
a  moment  about  the  axis  of  rotation 

,  ’  c  » 

which  is  opposite  to  the  direction 
of  the  hinge  moment  and  reduces 
its  magnitude. 

In  addition  to  the  horn  and 
overhanging  balances,  in  order  to 
reduce  the  magnitude  of  the  forces 
on  the  flight  controls  use'  is 
made  of  trim  tabs  ,  geared  tabs. 


and  flying  tabs,  which  are  small  control  surfaces  mounted  near  the 
aft  end  of  the  main  control  surfaces. 


The  trim  tab  (Figure  22.10)  is  controlled  manually  or  electri¬ 
cally  from  the  cockpit;  it  deflects  in  the  direction  opposite  the 
main  control  surface  deflection.  Deflection  of  the  trim  tab  creates 
a  hinge  moment  whose  magnitude  depends  on  the  deflection  angle. 

This  moment  reduces  or  may  even  balance  the  hinge  moment  of  the 
main  control  surface. 


■The  geared  tab  (Figure  22.11),  in  contrast  with  the  trim  tab, 
is  not  controlled  from  the  cockpit.  Its  deflection  is  provided  by  a 
rigid  rod  which  links  the  tab  with  a  fitting  on  the  stabilizer,  fin, 
or  wing.  When  the  main  control  surface  is  deflected,  the  geared  tab 
is  automatically  deflected  in  the  direction  opposite  that  of  the 
main  control  surface,  reducing  the  control  hinge  moment. 
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trim  tab;  control  control,. 

'cables  surface  '  trim  tab 


control  rod 


main  control  surface 


Figure  22.10.  Trim  tab. 


main  control  surface 


Figure  22.11.  Geared  tab. 


^  f  ~  •  geared  tab  The  flying  tab  (Figure  22.12) 

- -  ~  Is  also  used  at  the  present  time 

control  rod  on  manJr  airplanes  (particularly 

7. 1  heavy  airplanes).  The  flying  tab 

is  connected  by  rigid-  linkage 

Figure  22.12.  Flying  tab.  with  the  flight  control  stick  and 

is  designed  to  deflect  the  main 

control  surface.  The  control  linkage  is  hinged  to  the  main  control 
surface  and  does  not  transmit  any  forces  to  the  latter.  When  the 
stick  is  deflected,  the  flying  tab  deflects.  The  moment  which  it 
creates  leads  to  deflection  of  the  main  control  surface.  The  main 
control  surface  deflection  angle  is  determined  by  the  flying  tab 
deflection  angle,  i.e.,  by  the  stick  deflection  angle. 


Review  Questions 


1.  Write  the  formula  expressing  lift  coefficient  dependence 
on  angle  of  attack  and  control  surface  deflection  angle. 

2.  Write  the  formula  for  determining  the  control  surface 
effectiveness  coefficient  for  subsonic  and  supersonic  speeds. 

3.  Explain  the  purpose  of  the  ailerons  and  write  the  formulas 
for  the  aerodynamic  coefficients  characterizing  the  ailerons. 


4.  How  does  the  flight  control  stick  force  depend  on  the 
magnitude  of  the  hinge  moment?  Write  the  formula  expressing  this 
dependence. 


••  '  Explain  the  purpose 

and  overhahgin6  baiances. 


and  principle  of  operation  of  the  horn 


6.  Explain  the  purpose 


and  operation  of  the  trim  tab-. 


7.  Sketch  the  operation  of  a  flying  tab. 
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CHAPTER  XXIII 

AIRPLANE  AERODYNAMIC  CHARACTERISTICS 


§23.1.  Aerodynamic  Interference 


In  addition  to  the  wing  and  fuselage,  the  airstream  flowing 
around  an  airplane  encounters  the  tail,  engine  pods,  nacelles,  antennas, 
and  other  parts  of  the  airplane.  The  wing  creates  tl-.e  major  share  of 
the  airplane  lift  force.  The  other  parts  of  the  airplane,  while 
having  little  effect  on  the  magnitude  of  the  lift  force,  increase  the 
airplane  drag  to  a  considerable  degree  and  therefore  are  termed  non- 
lifting  components. 


It  has  been  found  that  bodies  positioned  close  to  one  another  in 
an  airstream  exert  a  mutual  influence  on  the  nature  of  the  flow  around 
them.  The  result  is  change  of  the  flow  pattern  and  the  shape  of  the 
streamlines,  vortical  wake,  and  disturbances  caused  by  each  element 
of  the  airplane  separately,  which  leads  to  redistribution  of  the 
pressure  forces.  As  a  result  of  the  mutual  influence  of  the  airplane 
parts  or  so-called  Interference,  the  sum  of  the  drags  of  the  wing, 
fuselage,  and  other  parts  taken  individually  (isolated)  is  not  equal 
to  the  total  drag  of  the  airplane.  This  conclusion  is  valid  for  all 
aerodynamic  forces  and  moments. 
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To  determinethe  aerodynamic  characteristics  of  an  airplane,  we 
iaiist  solve  the  complex  problem  of  accounting  for  the  mutual  influence 
(interference)  of  the  airplane  parts."  Interference  may  be  positive, 
reducing  the  drag -and  increasing  the  aerodynamic  efficiency,  or 
negative:;,  increasing  the  drag  and  reducing  the  aerodynamic  efficiency 
of  the  aii'plane. 

At  subsonic  speeds  the  airplane  is  subjected  to  additional 
resistance j  owing  primarily  to  fuselage  influence  on  the  circulation 
distribution  along  the  wing  span,  which  in  turn  affects  wing  induced 
drag. '  Moreover.,  the  presence  of  nacelles  and  also  various  cutouts 
and  openings  in  the  wing  disrupt  the  circulation  distribution  over  the 
wing  and  create  additional  drag. 

The  fuselage  and  wing  meet  as  two  curvilinear  surfaces  and  form 
a  V-shaped  diverging  channel  (diffuser),  in  which  the  flow  expands 
far  faster  than  when  flowing  around. an  Isolated  wing.  The  intense 
expansion  of  the  air  flow  leads  to  accelerated  increase  of  the 

'*  i 

boundary  layer  thickness  and  premature  boundary  layer  separation  in 
the  regions  where  the  wing  joins  the  fuselage  or  nacelle  (Figure  23.1), 
which  causes  deterioration  of  the  airplane  aerodynamic  characteristics, 
.  i.e.,  drag  increases  and  lift  decreases.  Figure  23.2  shows  the  Influ¬ 
ence  pf  wing-fuselage  relative  positioning  on  the  interference  drag, 
which  is  given  in  percent  of  the  overall  drag  of  these  components. 

,  The  greatest  diffusor  effect  is  obtained  on  airplanes  with  wings 
located  at  the  bottom  of  the  fuselage  (low-wing  configuration),  par¬ 
ticularly  when  the  fuselage  section  is  circular.  The  diffusor  effect 
Is  less  on  midwing  airplanes.  "Fillets”  are  usually  used  to  reduce 
the  harmful  effect  of  interference  in  the  areas  where  the  wing  and 
fuselage  join  (Figure  23.3). 

The  interference  between  the  wing  and  fuselage  and  between  the 
wing  and  engine  nacelles  becomes  more  unfavorable  at  transonic  flight 
speeds  because  of  air  compressibility.  As  the  flight  speed  approaches 
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Separation;,  of  boundary . 
layer  in  diffuser  region 


Figure  23.1.  Increase  of 
boundary  layer  thickness  and 
premature  flow  separation  at 
wing-fuselage  junction. 


Figure  23.3*  Diffuser  effect 
at  wing- fuselage  junction. 


Figure  23.2.  Effect  of  relative 

location  of  wing  and  fuselage 

on  interference  drag:  1  -  for 

c  =  0  (c  ,  =  c  ,  ) ;  2  - 

y  x  air  x  min'* 

for  c  =  0.115. 

the  speed  of  sound,  the  local  veloc¬ 
ities  on  the  fuselage,  nacelles,  and, 
most  of  all,  on  the  wing  increase 
near  the  thickest  parts  of  these 
bodies  (at  the  midsections  and  at 
locations  where  surfaces  join). 
Therefore,  the  airplane  critical  Mach 

number  M _  is  lower  than  the  critical 

Mach  numbers  of  the  wing,  fuselage, 
nacelles,  and  so  on  taken  separately, 
i.e.,  shock  stall  begins  earlier  on 
the  airplane.  With  Increase  of  Mm, 
flow  separation  starts  earlier  at  the 
wing-fuselage  juncture,  and  after 
appearance  of  compression  shocks  on 
the  wing  there  may  be  earlier  and 
stronger  shock  stalling,  associated 
with  flow  separation. 


In  the  transonic  speed  range  the  airplane  drag  approaches  the 
drag  of  a  body  of  revolution  along  whose  length  the  cross  section 


2^1 
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areas  are  equal  to  the  -  corresponding  overall  areas  of  the  airplane 
cross  sections.  Therefore,  .to  reduce  negative  -Interference  for  M  >  Mcp 
an  attempt  Is. made  to  avoid  coincidence  of  the  maximal  thicknesses 
arid:  convexities  of  individual  components  of  the  airplane.  In  this 
situation  a  midwing  configuration  is  more  favorable,  and  it  is 
recommended  that  the  engine  nacelles  be  located  ahead  of  or  behind  the 
wing  on  special  pylons .  These  measures  to  reduce  airplane  drag  in  the 
transonic  region  speed  range  are  taken  with  accourit  for  the  "area  rule." 

•  ..  Figure.  23-.  4  shows  a  plan  view  of  an  airplane  and  several  cross 
sections,  as?  well  as  a  body  of  revolution  with  equivalerit  areas  of  the 
corresponding  sections.  In  the  case  shown  the  body  of  revolution  is 
not  well  streamlined.  In  accordance  with  the  area  rule,  for  reduction 
of  the  wave  drag  it  is  necessary  that  the  overall  cross  section  areas 
of  the  airplane  vary  along  its  length  as  for  a  body  of  revolution  of 
minimal  drag,  or  at  least  smoothly.  Therefore  it  is  obvious  that  the 
fuselage  must  have  smaller  cross  section  area  in  the  wing  region,  i.e., 
it  must  have  a  "waist."  Figure  23.5  shows  the  effect  of  the  "area 
rule"  for  a  flight  vehicle. 

To  analyze  the  influence  of  wing-fuselage  interference  on  the  lift 
force,  we  shall  examine  the  flow  around  a  fuselage  with  a  thin  wing 
attached  to  the  fuselage  (Figure  23.6).  The  stream  approaching  the 
fuselage  is  deflected  downward  below  the' fuselage  and  upward  along  the 
sides-.  Consequently,  the  fuselage  causes  an  .upwash,  increasing  the 
wing  angle  of  attack  a  and  lift  force.  This  leads  to  increase  of  the 
pressure  below  the  wing  and  increase  of  the  suction  above  the  wing. 

This  favorable  effect  of  fuselage  influence  occurs  at  supersonic 
flight  speeds.  This  effect  is  less  marked  at  subsonic  speeds. 

There  is  also  a  reverse  influence  of  the  wing  on  the  fuselage. 

If  the  wing  creates  a  lift  force,  there  is  a  low-pressure  region  above 
the  wing  and  a  high-pressure  region  below  the  wing,  which  extend  cor¬ 
respondingly  to  the  upper  and  lower  surfaces  of  the  fuselage.  There¬ 
fore,  even  if  the  velocity  vector  is  directed  parallel  to  the  fuselage 
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Figure  23.5.  Effect  of  area  rule 
application:  1  -  fuselage  alone 
2  -  cylindrical  fuselage  plus 
wing;  3  -  fuselage  plus  wing 
with  use  of  "area  rule". 


Figure  23-6.  Illustrating 
effect  of  wing-fuselage  mutual 
influence  on  pressure  distri¬ 
bution. 


axis, a  lift  force  will  develop  on  the  fuselage  because  of  the 
pressure  difference. 


§23.2.  Airplane  Lift  Force 


For  subsonic  airplanes  the  influence  of  interference  on  the 
magnitude  of  the  lift  force  of  the  various  parts  of  the  airplane  is 
such  that  the  lift  force  created  by  the  fuselage  and  other  parts  of 
the  airplane  is  practically  equal  to  the  magnitude  by  which  the  wing 
lift  is  reduced  because  of  the  wing  area  occupied  by  the  fuselage, 
engine  nacelles,  and  so  on.  Therefore,  in  calculations  we  can  assume 
that 


(23.1) 


2^3 
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We  note  that  when  using  (23.1)  a  fictitious  part  of  the  wing  area 
(within  the  fuselage)  is  included  in  the  lifting  surface  area.  For 
supersonic  speeds,  this  assumption  nay  lead  to  significant  errors. 

Assuming  that  the  wing,  fuselage,  and  tail  make  the  major 
contribution  to  the  lift  force  at  supersonic  speeds,  we  first  deter¬ 
mine  the  lift  of  the  wing-fuselage  combination  and  then  add  the  tail 
lift.  Since  wing-fuselage  Interference  affects  the  mutual  Increase 
of  their  lift,  we  can  write 

JV+^+J'e+AK^+alV 

We  ascribe  the  wing  lift  Increase  AYw  and  the  fuselage  lift  increase 
AYf  entirely  to  the  wing,  i.e.,  we  write 

where  k  >  1  is  the  interference  coefficient. 

In  order  to  account  separately  for  the  influence  of  angle  of 
attack  o  and  wing  incidence  angle  +  (this  may  be  done  If  the  angles  o 
and  +  are  small),  we  write  the  expression  for  the  lift  of  the  wing- 
fuselage  combination  in  the  form 


(23.2) 


where  Y.  Is  the  lift  of  the  wing-fuselage  combination  for  o  »  0  and 

9 

*  /  o 

Ya  is  the  lift  of  the  wing-fuselage  combination  for  the  angle 
of  attack  a  0  and  t  ■  0. 

Hereafter  we  shall  measure  the  angle  of  attack  not  from  the  wing 
chord  plane,  as  we  have  done  previously,  but  rather  from  the  fuselage 
axis. 
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The  lift  owing  to  angle  of  attack 

(23.3) 

where  ko  is  the  interference  coefficient  accounting  for  the  lift 

increase  of  the  wing  and  fuselage  for  +  *  0,  a  j*  0,  (Figure 
23.7). 


For  a  =  0,  AYw  =  0  and  the  lift  on  the  wing  owing  to  the  incidence 
angle  +  only  is 


(23.4) 


where  k.  is  the  interference  coefficient  accounting  for  the  mutual 

♦ 

influence  of  the  fuselage  and  wing  for  a  =  0  and  +  t  0  (see 
Figure  23.7) 


Figure  23.7.  Curves  for 

determining  interference 

coefficients  k  and  k. . 

a  9 


Now,  substituting  into  (23.2)  the 
values  of  Ya  and  Y^  from  (23-3)  and 
(23.4),  we  obtain 

KKp-9>  —  Y$i -f-  Y%t,km  -{-  Yxpjkj.  (23-5) 

The  wings  of  supersonic  air¬ 
planes  are  usually  assembled  from 
symmetric  profiles  and  the  fuselage 
is  nearly  a  body  of  revolution; 
therefore  we  can  write  the  relations 

Cy$t—  Cy^fV,  Cytpi  —  Cjfl',  Cyipp  =  Cy>. 


With  account  for  these  formulas  for 
the  coefficients,  using  (23.5)  we 
obtain  the  expression  for  the  lift 
coefficient  of  the  wing-fuselage 
combination 
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(23.6) 


where  Swi  is  the  area  of  the  lifting  part  of  the  wing. 

Considering  the  horizontal  tail,  we  obtain 

(25.7) 

The  coefficient  cy  ht  is  found  just  as  the  coefficients  of  the  other 
components  were  found,  except  that  here  the  angle  of  attack  a  is 
reduced  by  the  magnitude  of  the  downwash  angle. 

S23.3.  Airplane  Drag 


The  total  airplane  drag  is  found  as  the  sum  of  the  drags  of  its 
parts,  with  the  influence  of  wing-fuselage  interference  taken  into 
account  in  determining  the  wing  drag 


CxOKf — CrJmjtp 


(23.8) 


where  S  _ is  the  wing  area  occupied  by  the  fuselage; 

W4I 

klnt  is  the  interference  coefficient. 

The  larger  the  portion  of  the  wing  occupied  by  the  fuselage,  the 
less  wing  surface  is  exposed  to  the  stream,  and  therefore  the  total 
airplane  drag  is  reduced.  As  for  the  negative  effects  associated  with 
the  mutual  influence  of  the  wing  and  fuselage,  they  are  taken  into 
account  in  (23.8)  by  the  interference  coefficient.  For  a  low-wing 
configuration  k^nfc  *  0.25-0.6,  for  the  mid-wing  kinfc  *  O.85,  and  for 
the  high-wing  arrangement  it  is  equal  to  one. 


If  the  wing,  fuselage,  engine  nacelles,  vertical  tail,  and 
horizontal  tail  are  exposed  to  the  flow,  the  airplane  drag  can  be 
written  in  the  form 
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"f  "I"  falrjfra^Mi  M 


After  transformation  we  obtain 


2  cJrt*S*f* 

t,  *“' 

e*-  Sf- 


(23.9) 


Here  the  ratios  q^/q^  and  so  on  of  the  dynamic  heads  account  for  the 
flow  deceleration  ahead  of  the  installed  airplane  components. 

Usually  the  following  notation  is  used  to  obtain  a  simpler  form 
of  the  computational  relations 

kt.0—^r- :  etc. 

"m  "  *c 

where  kht,  kvfc,  and  so  on  are  dimensionless  velocity  coefficients. 

The  magnitude  of  the  velocity  coefficient  equals  one  if  the 
undisturbed  stream  approaches  the  given  airplane  component ;  the  co¬ 
efficient  is  less  than  one  if  the  stream  is  decelerated  ahead  of  the 
various  airplane  components  and,  finally,  it  is  greater  than  one  if 
the  airplane  component  is  located,  for  example,  in  the  airplane  pro¬ 
peller  slipstream.  The  values  of  these  coefficients  are  determined 
experimentally . 

The  calculation  is  usually  summarized  in  a  table  —  the  drag 
summary.  If  all  the  flight  regimes  are  performed  with  <  Mcr,  the 
magnitude  of  cxQ  is  nearly  independent  of  M^.  For  transonic  and 
supersonic  airplanes  the  quantity  cxQ  must  be  calculated  for  the 
entire  range  of  M  . 
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Figure  23.8.  Curve  for  deter¬ 
mining  additional  separation 
drag. 


Figure  23.9.  Supersonic  air¬ 
plane  polar s  for  different  Mm. 


The  airplane  induced  drag  at  subsonic  speeds  is  found  from  the 
formula 


Cj*~ 


(23.10) 


In  this  formula  we  have  used,  in  place  of  the  wing  geometric  aspect 
ratio,  the  so-called  effective  aspect  ratio  Aeff,  which  accounts  for 
Interference  between  the  airplane  components.  The  value  of  Aeff  Is 
found  from  the  empirical  relation 


(23.11) 


where  SQ  is  the  wing  area  occupied  by  the  fuselage,  engine  nacelles, 
landing  gear,  and  so  on. 


At  supersonic  speeds,  when  the  suction  forces  are  small,  it  is 
more  convenient  to  find  the  induced  drag  coefficient  from  the  formula 


(23.12) 


The  quantity  c®  can  be  calculated  by  differentiating  (23*7) 

J 


cl  — — — 

*  da  *** 


-  t  fr.o  5 


(23.13) 
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The  total  airplane  drag  coefficient  is  found  from  the  relation 

ry==cJ*-rf»i+Ac.«*  ( 23.1*0 

The  quantity  Lc%  accounts  for  the  appearance  and  development  of 
the  phenomena  induced  by  interference  as  the  wing  lift  force  increases 
(Figure  23.8).  A  typical  high-speed  airplane  polar  is  shown  in  Figure 

23.9. 

REVIEW  QUESTIONS 

1.  What  is  the  essence  of  aerodynamic  interference  and  its 
effect  on  drag? 

2.  Write  the  formula  for  the  magnitude  of  the  upwash  angle 
induced  on  the  wing  by  the  fuselage  and  analyze  this  expression. 

3.  Compare  airplane  lift  with  wing  lift  and  give  an  analysis. 

PROBLEMS 
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CHAPTER  XXIV 


AERODYNAMICS  OP  FLIGHT  AT  HYPERSONIC  SPEEDS 
AND  HIGH  ALTITUDES 


§24. T.  Concepts  of  Hypersonic’  Floy  and  Rarefied  Gas 
Aerodynamics  (Hyper-'  and  Super-aerodynamics) 

Hypersonic  flow  theory  deals  with  the  solution  of  several 
important  scientific  and  practical  problems  in  aviation  and  rocketry 
and  is  in  the  process  of  intensive  development  at  the  present  time. 
This  theory  includes,  specifically,  questions  of  the  determination  of 
the  aerodynamic  characteristics  of  guided  missiles  and  other  flight 
vehicles  which  are  of  interest  in  connection  with  orbital  flight . 
Therefore,  along  with  the  study  of  the  aerodynamics  of  flight  at 
conventional  supersonic  speeds,  exceeding  by  a  few  times  the  speed  of 
sound,  the  need  arises  to  study  the  aerodynamics  of  flows  with  high 
supersonic  (hypersonic  —  from  the  Greek  word  "hyper",  meaning 
"extremely"  or  "above")  speeds  —  speeds  several  times  the  speed  of 
sound  (M^  =  5  -  10  or  more).  At  these  speeds  features  characteristic 
of  hypersonic  flow  show  up:  first,  the  aerodynamic  characteristics 
associated  with  high  Mach  numbers  and,  second,  the  physical  or 
chemical  characteristics  associated  with  high  flow  energy. 
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In  certain  cases  the  aerodynamic  effects  lead  to  simplification 
of  the  solution  of  the  aerodynamic  problems  associated  with  the  motion 
of  flight  vehicles  at  high  supersonic,  speeds;  in  other  cases  they  lead 
to  considerable  complication.  The  linearization  of  the  equations  of 
motion,  which  is  a  very  effective  method  in  studying  conventional 
supersonic  flows;  is  not  applicable  for  hypersonic  flow. 

The  physical  or  chemical  effects  in  hypersonic  flows  are  asso¬ 
ciated  -with  the  formation  of  high-temperature  regions.  The  latter 
arise  when  the  gas  stream,  .passes  through  strong  compression  shocks, 
in  which  the  kinetic  energy  of  the  directed  motion  is  transformed  into 
.  thermal  energy . 

It  is  well-known  that  air  at  normal  temperature  consists  of 
approximately  78%  nitrogen,  21 t  oxygen,  li  argon,  and  other  gases. 

'  When  heated,  air  can  reach  temperatures  at  which  the  vibrations  of 
the  nitrogen  and  oxygen  molecular  atoms  become  significant.  At  still 
higher  temperature  (V  2500°  K)  and  at  moderate  pressures,  dissociation 
of  the  oxygen  molecules  begins.  At  temperatures  above  H000°  K  part 
of  the  nitrogen  molecules  dissociates;  at  temperatures  above  7000°  K 
partial  Ionization  of  the  nitrogen  and  oxygen  atoms  is  observed;  at 
still  higher  temperatures  ionization  of  the  nitrogen  molecules  may 
begin.  At  the  same  time  the  reverse  reaction  takes  place  —  recombi¬ 
nation,  as  a  result  of  which  oxygen  and  nitrogen  molecules  are  formed. 
At  these  temperatures  the  specific  heats  are  no  longer  constant  and 
independent  of  the  temperature,  and  we  can  no  longer  use  the  results 
obtained  for  constant  ratio  of  the  specific  heats  at  constant  pressure 
and  volume.  In  this  connection,  the  need  arises  to  study  the  proper¬ 
ties  of  air  flows  under  such  conditions. 

So  far  we  have  considered  air  to  be  a  continuous  medium,  since 
this  assumption  did  not  introduce  noticeable  error  into  the  studies. 

A  quite  different  picture  is  observed  when  the  gas  is  highly 
rarefied.  In  this  case,  the  gas  cannot  be  considered  a  continuous 
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medium,  since  its  density  is  so  small  that  the  molecules  rarely  inter¬ 
act  with  one  another.  For  example,  the  density  of  air  at  an  altitude 
of  60  km  is  10^  times  less  than  at  sea  level  and  at  an  altitude  of 
100  km  it  is  10^  times  less.  Therefore,  during  flight  in  the  upper 
layers  of  the  atmosphere  we  must  consider  its  discrete  molecular 
structure.  Here  the  gas  can  be  considered  an  assemblage  of  molecules 
moving  in  all  possible  directions,  constantly  colliding  with  one 
another  and  with  the  surface  of  the  immersed  body. 

Along  with  the  aerodynamics  of  hypersonic  velocities,  which 
examines  air  as  a  continuum,  a  significant  role  is  also  played  by 
rarefied  gas  aerodynamics  — ■  superaerodynamics . 

Special  flight  vehicles  have  been  designed  to  carry  out  studies 
at  high  altitudes  and  speeds,  and  their  characteristics  are  presented 
in  Table  2k. 1.  We  see  from  the  table  that  considerable  aerodynamic 
heating  is  unavoidable  at  hypersonic  speeds.  The  flight  speed  is 
determined  not  only  on  the  basis  of  creating  the  required  lift  force 
but  also  on  the  basis  of  permissible  flight  vehicle  kinetic  heating. 

TABLE  24.1 


Vehicle  type 

Alti¬ 

tude 

km 

Mach 

number 

Trajectory  Heat  flux 
incli-  from  aero- 

nation,  rad  dynamic 
heat ing, 

kW/m2 

Heating 

duration, 

sec 

Ballistic  rocket 
(range  300  km) 

60 

15 

0.665 

8600 

— 

I  CBM 

(range  10,000  km) 

60 

23 

0.4 

32  000 

15 

Hypersonic  glider 

36 

5-10 

0 

54 

1800-7200 

Vehicle  descending 
from  satellite  orbit 

75 

20 

0-0.175 

1000-10,750 

120-300 

Experimental  vehicle 

75 

10-25 

0-0.175 

1000-10,750 

120-180 
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In  Hypersonic  Plow 

'  In  the  case  of  hypersonic  flow  around  bodies,  we  must,  take  Into 
account  the  most  significant  differences  between  this  flow  and  super¬ 
sonic  flow  around  the  bodies .  For  example,  in  the  case  of  hypersonic 
flow  around  bodies  the  bow  shock  wave  approaches  very  close  to  the 
body  surface.  On  the  other  hand,  with  increase  of  there  is  an 
increase  of  the  boundary  layer  thickness  (see  Chapter  XIII  j  513.3) . 

The  interaction  of  the  shock  wave  with  the  boundary  layer  takes  place 
in  the  presence  of  high  temperatures, which  leads  to  considerable  in¬ 
crease  of  the  friction  coefficient. 

For  the  approximate  calculation  of  the  pressure  distribution 
for  hypersonic  flow  around  bodies,  use  is  made  of  the  Newton  hypothesis 
based  on  the  impact  theory  of  hydrodynamic  drag.  According  to  this 
hypothesis j  the  approaching  stream  particles  remain  undisturbed  until 
they  coliide  with  the  surface  of  the  body.  Upon  impact  the  particles 
lose  the  normal  component  of  their  momentum,  after  which  they  travel 
tangent  to  the  surface  without  further  change  of  velocity.  The  lost 
normal  momentum  component  creates  at;  impulse  of  the  pressure  force  on 
the  body,  defined  by  the  equality 

p— p.  =0-^1  sin5  0,  (24.1) 

where  8  is  the  angle  between  the  tangent  to  a  surface  element  and 
the  flow  direction. 

In  fact,  through  unit  area  taken  on  a  plane  parallel  to  the 
Inclined  face  (Figure  24.1)  there  passes  per  unit  time  the  air  mass 
PacV.sine*  having  the  normal  velocity  component  lysine;  therefore  in 
the  direction  normal  to  the  inclined  surface,  the  momentum  decreases 
by  the  magnitude  sin*8. 

.-'ft,  is  easy  to  obtain  from  (24.1)  the  expression  for  the  pressure 
coefficient 
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Figure  24.1*  Illustration  for  determining 
flow  parameters  behind  oblique  compression 
shock  at  hypersonic  speed. 


=2sin*i, 


(24.2) 


and  for  thin  bodies,  when  the  angle  0  is  small 


p—2P. 


(24.2*) 


Formula  (24.2)  defines  the  pressure  on  the  surface  of  the  body 
sufficiently  exactly  if  the  body  curvature  and  the  disturbed  flow 
regions  are  small  In  the  flow  direction.  The  use  of  this  formula  for 
hypersonic  flow  around  bodies  assumes  that  the  bow  wave  coincides 
with  the  surface  of  the  body.  This  is  not  exactly  so,  but  for*  large 
freestream  Mach  numbers  it  yields  an  acceptable  error. 

We  note  that  calculation  using  the  Newton  formula  describes  quite 
exactly  the  flow  near  a  body  in  the  limiting  case  when  k  =  —  -^1  and 

CV 

M»-m»  .  For  this  case  the  pressure  coefficient  at  the  stagnation 
point  Pmx  *  2.  Experiment  shows  that  for  k  ®  1.33  and  Mw  =  15, 

>w  * 1-75- 

Considering  that  the  shock  surface  does  not  coincide  with  the 
body,  it  is  more  correct  to  use  the  modified  Newton  formula 


(24.3) 
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Where  pJBax  is  the  pressure  coefficient  at  the  stagnation  point. 
Formula  (24 .1)  can  be.  transformed  to 


Pm  'V* 

Then,  considering  that  4i=*  ~  and  M*  ,  we  obtain  the  expression 
for  finding  the  pressure  on  the  surface  of  the  body 


p=p-(l+4ML*to»*). 


(24.4) 


Aecordirigj  to  Newtonion  theory,  the  pressure  on  an  elementary  body 
area  depend^  only  on  the  attitude  of  this  elementary  area  with  respect 
to  the  approaching  flow  and  is  independent  of  the  shape  of  the  remain¬ 
der  of  the  body.  Therefore,  body  drag  is  determined  only  by  the  shape 
of  the  forebody,  since  this  is  the  only  part  which  collides  with  the 
approaching  flow  particles.  The  pressure  on  the  aft  region,  which 
does  not  collide  with  the  approaching  flow  particles,  must  be  equal 
to  zero. 

For  hypersonic  flow  past  a  cone  with  apex  angle  2  8c  at  the 
angle  of  attack  a  <  &c,  using  the  pressure  distribution  pattern,  we 
obtain  the  expressions  for  the  normal  and  axial  component  coefficients 
in  the  form 

cN=cos*ft,sln*a; 

Cff—2 slri* $In*a(l —8  sin* ?„).  (2J}  5) 

As  the  angle  of  attack  a  +  0  we  obtain  from  (24.5)  the  formula  for 
the  cone  wave  drag  coefficient 


cr — crtxi — 2sta*ftf 


(24.6) 


To  obtain  the  overall  cone  drag  coefficient, it  is  obviously  necessary 
to  combine  the  wave  drag  and  friction  drag  coefficients. 
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§24.3.  .  Oblique  Compression  Shock  at 
Hypersonic  Speeds 

To  find  the  gas  parameters  behind  an  oblique  compression  shocks 
we  examine  hypersonic  flow  past  a  concave  corner  with  angle  less  than 


As  +  «  it  follows  from  (10.34’)  that 

For  large  the  difference  B  -  6  is  small  (see  Figure  24.1),  parti¬ 
cularly  for  small  0,  and  therefore,  replacing  tg(p— 0)  by  p— 0  in 
(10.34*)  we  obtain 


2  k —  I 


P~*= — - : - 

M,sta?cotp 


(24.7) 


Considering  that  at  hypersonic  speeds  the  compression  shock  is  very 
close  to  the  body  surface,  for  small  flow  turning  angles. 0  we  can 
assume  that  sinp^p,  and  cosp«=l.  Then  (24.7)  takes  the  form 

P  <*+  * 


or,  after  transformations. 


*±J  (M,?)(Ml8)- 1  =0. 


(24.8) 


The  quantities  M-^9  and  M^P  are  called  the'  hypersonic;  similarity 
parameters  and  are  denoted  respectively  by 


With  account  for  these  notations  (24,8)  can  be  written  as 
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(24.9) 


K*c — 1  =0. 


Solving  this  quadratic  equation  and  considering  that  the  negative 


sigh  is  meaningless,  since  Kc  is  a  positive  quantity,  we  obtain 


K-*±lKt+  j/ 


(24.10) 


or,  after  transformations 


(24.11) 


For  some  fixed  (small)  angle  0  and  YL^  which  increases  without 
bound  Ka~*-oo.  Then  we  obtain  from  (24.11) 


JL=*±i. 

•  2 


(24.12) 


Setting  sinp~p  for  small  values  of  8  and  assuming  that 
we  obtain  from  (10.30) 


p  _  2*  X*  *— 1 


Pl  k+ 1*''  *.+r 

We  find  the  pressure  coefficient 

pssP-SL.=sM.(jL^l\ 
1\  1i\Pi  7 


(24.13) 


or,  with  account  for  (5.19) 


B — U- 


tH-'Y 


Substituting  herein  the  value  of  p/p^  from  (24.13),  we  obtain 

p^JLjQbL.  (24.14) 

P  M?  A+l 

p 

Dividing  both  sides  of  (24.14)  oy  0  and  considering  that  Mi0—/(«  , 
we  have 
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(24.15) 


7__  *  A*~l 
•*  *+i  i*  ‘ 


It  follows  from  (24.9)  that 


k*-\ 


then 


Substituting  into  this  expression  the  value  of  from  (24.11),  we 
obtain 


P  *+l 
2 


[l+V  I+fe?k 


(24.16) 


Prom  this  equation  we  have  as  M,->oo(/f,->oo) 

>=(*+ 1)6*- 


(24.17) 


Hence  for: 

4=1  >= 26*; 

4=1,2  >=2,26*; 

4=1,4  >=2,46*. 

Consequently,  we  can  conclude  that  in  hypersonic  flow  the  pres¬ 
sure  coefficient  behind  a  compression  shock  for  small  turning  angles 
0  is  proportional  to  the  square  of  0.  We  can  find  similarly  the  other 
gas  parameters  behind  the  oblique  compression  shock  for  hypersonic 
velocit les. 


§24.4 .  Profile  Aerodynamic'  Characteristics 
•  at-  Hypersonic  Speeds 

In  accordance  with  hypersonic  flow  theory  there  are  two  similarity 
parameters  for  affinely  similar  bodies 


FTD-HC-23-720-71 


259 


Kt  =M»c  and 


(24.18) 


where  e  is  the  profile  relative  thickness; 
a  is  the  angle  of  attack. 


The  criterion  Kc  may  be  written  in  the  form 


M.o=M«c4-. 

e 


K^Kt  -4, 


(24.19) 


where  a/c  is  the  so-called  corrected'  angle'  at  attack.  Expression 

(24.19)  establishes  the  connection  between  the  similarity  criteria. 


For  hypersonic  flow  past  a  flat  plate  at  the  angle  of  attack  o 
the  lift  and  drag  coefficients  are  found  from  the  formulas 


c,-/(K.)*’,  } 


(24.20) 


where 


With  increase  of  the  parameter  M^a  the  coefficients  c  and  c 

y  x  w 

increase,  and  in  the  limiting  case  when  M*a-»-oo  we  obtain 


(24.21) 


We  see  from  these  formulas  that  as  M»a-^oo  the  coefficient  c  is  pro- 

2  ■  y  -5 

portional  to  a  and  the  coefficient  c„  „  is  proportional  to  a  . 

A  W 


Using  the  hypersonic  similarity  criteria,  we  can  write  for  an 
arbitrary  profile 
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'.=r.(*r-  fp. 

f)?. 

f)*- 


(24 .22) 


The  form  of  the  functions  F,,  F2,  F^  depends  on  the  profile  shape. 

The  polars  for  triangular  and  rhombic  profiles,  calculated  using 
hypersonic  gas  flow  theory  (the  polars  are  plotted  in  the  similarity 
parameters  c^/c  and  c^c3),  are  shown  in  Figure  24.2.  If  we.  denote 
the  limiting  values  of  these  coefficients  as  M.- *«>  by  cy»»  u«*  cm“* 
we  can  write 

cj r»—Cx»m-i‘ACfg, 

em  ==f*-+AC-.  (24.23) 


where  Ac.  .  A„,.  and  Ac  are  corrections  which  depend  on  M  . 

y  xu  m  °° 

If  we  assume  that  each  term  of  the  right  side  of  (24.23)  has  a 
factor  which  depends  on  the  angle  of  attack,  then  these  expressions 
by  analogy  with  (24.22)  can  be  written  as 

rJ,=Cj,,(4-J-l)cJ-}-Acy  ^ 

cjc»~cx»k  (4-f- 1)  c3-}*  Ac,,  — ■, 

cnm 

i 

The  quantities  c  ,  Ac  ,  c  ,  Ac  ,  c  and Ac_  are  found  from  curves. 

P  x  iu°°  x  uj  m  00  m 

Curves  showing  the  variation  of  c  ‘  and  Ac  with  a/c  for  various 

x  w»  x  w 

profile  shapes  are  shown  in  Figures  24.3  and  24.4.  Using  the  curves 
and  Formulas  (24.24),  we  can  find  the  aerodynamic  coefficients  cyS 
c  ,  c  for  given  c,  o,  M .  We  see  from  analysis  of  these  figures 

x  w  in  i 

that  c  and  c  increase  rapidly  with  increase  of  a/c  for  all  the 
y  x  w 

profiles . 


(24.24) 
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Figure  24.2.  Polars  of  triangular 
and  rhombic  profiles  and  flat 
plate  calculated  using  hyper¬ 
sonic  gas  flow  theory. 


-  W 


versus  corrected  angle  of  attack 
a/c  for  different  profiles. 


In  conclusion  we  note  that 
the  aerodynamic  coefficients  of 
the  profile  and  wing  are  practi¬ 
cally  identical  In  hypersonic 


flow. 


S24.5.  Rarefied  Gas  Aerodynamics 


i 


t 

I 

i 

i 

I 


i 

< 

I 


versus  corrected  angle  of  attack 
for  different  profiles. 


We  noted  previously  that 
under  rarefied  gas  conditions  we 
must  take  account  of  its  molecular 
structure,  which  may  be  expressed 
by  the  molecular  free  path  from 
one  collision  to  another. 

Since  the  individual  molecule 
chaotic  motion  velocities  may  vary 
over  wide  ranges,  the  free  path 
of  different  molecules  is  not  the 
same.  Therefore,  we  introduce 
the  concept  of  the  mean  free  path, 
which  is  the  basic  parameter  for 
rarefied  gas  flow. 
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Figure  24. 5.  Illustration  used  to 
derive  formula  for  finding  mole¬ 
cular  mean  free  path. 


Let  us  examine  the  interaction 
of  two  air  layers  in  a  boundary 
layer  which  are  separated  by  a 
distance  equal  to  the  mean  free 
path  length  l  (Figure  24.5). 

If  the  average  velocity 
component  along  the  x  axis  of  the 
air  molecules  of  layer  1  is  de¬ 
noted  by  Vx,  the  average  velocity 
component  of  the  molecules  of 
layer  2  will  be  -J. 


As  a  result  of  chaotic  motion  the  molecules  will  displace  from 
layer  1  into  layer  2  and  vice  versa.  If  we  assume  that  the  displace¬ 
ment  takes  place  from  layer  1  into  layer  2,  then  the  mass  m  of  mole¬ 
cules  flowing  through  unit  area  of  layer  1  during  unit  time  will  be 
proportional  to  the  average  chaotic  motion  velocity  and  the  gas 
density.  Denoting  the  coefficient  of  proportionality  by  and  the 
average  chaotic  motion  velocity  of  the  molecules  by  V,  we  obtain  for 
the  mass  m 


m—ktQV. 


The  momentum  change  Is 

mdl*l  or  *#V  (a) 

dp  "V 

The  impulse  of  the  friction  force  during  unit  time  will  be 
determined  using  the  Newton  formula 

^  <>y  (b) 


Equating  (a)  and  (b)  and  considering  that  v=~,  we  obtain  the 

t 

molecular  mean  free  path: 
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According  to  the  kinetic  theory  of  gases,  the  coefficient  of  propor¬ 
tionality  *  0.499 - 


The  velocity  V  is  found  from  the  formula  of  kinetic  theory  of 


gases 


(2*».25) 


where,  k  =  c  /c„; 

p  v* 

a  is  the  speed  of  sound. 


With  account  for  this  formula  the  mean  free  path  is 

/=  1,255 

m 


(24.26) 


We  note  that  the  molecular  mean  free  path  changes  very  signifi¬ 
cantly  with  increase  of  the  altitude:  at  'ea  level  the  mean  free 
path  is  millionths  of  a  centimeter .  yu  an.  altitude  of  120  km  it  is 
several  meters,  and  at  an  altitude  of  260  km  i*  is  hundreds  of  meters. 


If  the  molecular  mean  free  path  is  divided  bv  the  characteristic 
flow  dimension  (for  example,  the  body  length  I),  we  obtain  the  so- 
called  Knudsen  number 


Substituting  herein  l  from  (24.26)  and  considering  chat  the  Reynolds 
number  Re  =  VL/v,  we  obtain 

Kn= 1,255  K*— -•  (24.27) 


To  characterize  the  degree  of  rarefaction  of  the  medium  in  ne 
boundary  layer,  we  use  the  ratio  of  the  molecular  mean  free  pat*  to 
the  boundary  layer  thickness  <5: 
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Depending  on  Kn,  the  gas  flow  can  be  divided  into  three  basic 
regions:  continuum  flow,  slip  flow,  and  free  molecular  flow. 

1.  For  -7- <0,01  or  M//f7e  <  0,01  the  molecular  mean  free  path  is 
0 

less  than  1$  of  the  boundary  layer  thickness.  In  this  case  we  can 
consider  the  flow  to  be  continuous,  i.e.,  we  have  the  region  of 
conventional  gasdynamics  (Figure  24.6). 


2.  For  0,01<— <1  the  molecular  mean  f"ee  path  is  small  in 
comparison  with  the  body  dimension,  but  is  comparable  with  the  thick¬ 
ness  6.  In  this  case  we  have  slip  flow.  Here  the  flow  velocity  at 
the  wall  is  not  equal  to  zero. 
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Figure. 2^.6  Velocity  distri¬ 
butions  alqng  normal  to 
surface: 

1  -  continuum  flow; 

2  -  slip  flow; 

3  -  free  molecular  flow. 


3.  For  -j->1  the  molecular  mean 
free  path  is  greater  than  or  commensurate 
in-  magnitude  with  the  boundary  layer 
thickness  6.  In  this  case  we  have  the 
ffree  molecular  flow  region.  In  this 
region  the  elementary  particles  do  not 
interact  with  one  another,  and  there  is 
essentially  no  boundary  layer.  The 
interaction  force  between  the  flow  and 
the  body  is  the  overall  impulse  of  the 
air  particle  impacts  on  the  surface  of 
the  body.  The  kinetic  theory  of  gises 
examines  this  question  in  detail. 


REVIEW  QUESTIONS 

1.  What  is  the  difference  between  hypersonic  flow  and  conven¬ 
tional  supersonic  flows- 

2.  Define  the  pressure  coefficient  for  hypersonic  flows,  speci¬ 
fically  at  the  stagnation  point. 

3.  Find  the  magnitude  of  the  wave  drag  coefficient  for  hyper¬ 
sonic  flow  past  a  cone  with  angle  0c  =  0.175  rad. 

iJ .  Determine  the  gas  parameters  behind  an  oblique  compression 
shock. 

5.  Write  and  analyze  the  formulas  for  the  aerodynamic 
coefficients . 

6.  List  the  salient  features  of  rarefied  gas  aerodynamics. 
Characterize  the  mean  free  path  as  a  gas  flow  parameter. 
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7.  Give  the  definition  of  the  Knudsen  number  and  write  its 
formula.  Explain  how  the  nature  of  the  flow  depends  on  the  Knudsen 
number . 

PROBLEMS 

1.  Find  the  wave  drag  of  the  rocket  of  Figure  24.7  at  the 
altitude  H  using  the  Newtonian  representation  for  gas  particle  inter¬ 
action,  and  compare  the  drag  for  the  same  rocket  nosecone  fineness 
ratio  if  the  nosecone  shape  is  specified  respectively  by  the  equations 

yi—0,'2x:  yl~0i2yxa*x. 


Figure  24.7.  Illustration  for 
Problem  No.  1. 


The  freestream  direction  coincides 
with  the  rocket  axis.  The  free¬ 
stream  velocity  is  such  that  »  1. 
the  mass  density  at  the  altitude 
H  is  p.  The  nosecone  length  is 
=  5  m. 

nose 

Solution .  We  see  from 
Figure  24.7  that  the  mass  flux  to 
the  segment  2ji ijdy  is 

d  m = 2xqV  ^tjdy— 2n(V  ^yy'dx. 


where 


■  The  drag  on  the  segment  2 xydy  resulting  from  gas  particle 
momentum  change  is 


dX=2^VlsW0yy'dx. 
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Integrating  this  expression,  we  obtain  the  rocket  drag 

V 

X=2 aQV*m  f.  shptyy'dx. 


1+,'* 


Since  sin1 6= — ? — then 

i  •  #1  ' 

X=2**V*m  {  -  .-dx. 


We  find  correspondingly 


1.04  V  - 


*  *  + 


rfx 


10-»4f. 


=4*UMn#y*x*  In ioj- 


Hence  we  have 


*1 

X, 


16-1Q-4 

1,04-4.  JO-4  In  101 


=0,834. 


2.  Find  how  much  the  pressure  ratio  across  the  compression 
shock  and  the  shock  halfar.gle  change  for  symmetric  flew  past  a  wedge 
of  infinite  length  and  halfangle  9  =  0.175  rad  when  the  Mach  number 
changes  from  =  10  to  Mro  =  20. 


Answer:  Af}= 0,0392  rad,  Ap= 1,050*. 
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CHAPTER  XXV 


PROPELLERS 


§25.1.  Principles  of  Air  Propeller  Operation, 

Their  Geometric  and  Kinematic  Characteristics 

The  thrust  required  for  flight  on  airplanes  with  an  airscrew 
propulsor  is  created  by  accelerating  a  mass  of  air  in  the  aft 
direction  by  means  of  the  propeller.  The  greater  the  speed  and 
mass  of  the  air  accelerated  in  the  aft  direction,  i.e.,  the  greater 
the  momentum,  the  larger  is  the  thrust  force.  On  the  propeller 
driven  airplane  the  thrust  is  created  by  the  propeller;  it  is  the 
propulsor.  The  propeller  transforms  the  engine  power  into  the  work 
which  is  performed  in  moving  the  airplane. 

A  propeller  can  be  used  for  purposes  other  than  creating  thrust, 
i.e.,  as  the  airplane  propulsor:  with  the  aid  of  a  propeller  the 
mechanical  energy  of  the  engine  car.  be  transformed  into  kinetic 
energy  of  moving  air  (operation  in  the  fan  regime);  it  is  also 
possible  to  transform  the  energy  of  the  moving  air  into  energy  of  the 
rotating  propeller  (operation  in  the  windmill  regime). 


FTD-HC-23-7 20-71 


269 


In  aerodynamics  courses  the  propeller  is  exa i  ,nea  only  as  a 
creator  of  thrust,  i.e.,  as  a  screw  propeller  which  transforms 
engine  work  into  thrust  work.  The  power  on  the  propeller  shaft, 
defined  by  the  product  MG  (M  is  torque;  G  is  angular  velocity),  is 
transformed  into  the  useful  power  PV^  (P  is  thrust,  is  airplane 
flight  velocity). 

The  propeller  effectiveness  is  evaluated  by  the  efficiency 


Modern  propellers  have  high  efficiency,  reaching  83-86?  at  subcritical 
flight  speeds.  For  fixed  engine  power  N,  the  thrust  P  *  pN/V 
decreases  with  increase  of  the  flight  speed  to  the  degree  that 
airplanes  with  airscrew  propulsors  become  inferior  in  economy  to 
airplanes  with  turbojet  engines. 

The  basic  working  element  of  the  air  propeller  is  the  blade. 
Propeller  blade  shapes  can  be  quite  varied  —  from  rectangular  to 
scimitar.  The  profiles  from  which  the  blade  is  made  up  vary  from 
the  blade  root  to  its  tip.  The  propeller  blade  is  characterized  by 
several  geometric  dimensions,  which  are  termed  the  geometric  charac¬ 
teristics  . 

The  propeller  diameter  D  (2R)  is  the  diameter  of  the  circle 
described  by  the  Made  tips  as  it  rotates.  Other  conditions  being 
the  same,  the  magnitude  of  the  propeller  diameter  has  a  marked 
influence  on  the  efficiency  and  is  determined  by  aerodynamic  calcu¬ 
lation.  In  selecting  the  propeller  diameter,  account  is  taken  of 
geometric  considerations  since,  for  example,  the  propeller  dimensions 
affect  landing  gear  height  .  The  diameter  must  be  considered  in  the 
layout  of  multiengine  airplanes  in  order  to  avoid  deterioration  of 
the  operating  conditions  of  neighboring  propellers. 

The  solidity  o  is  the  ratio  of  the  area  of  the  blade  projections 
on  the  propeller  plane  of  rotation  to  the  area  swept  by  the  blades 
as  the  propeller  rotates. 
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The  blade  width  b  is  the  blade  section  chord  length.  The 
chord  varies  along  the  blade  length  (Figure  25*1) •  For  subsonic 
propellers  the  maximal  width  is  usually  located  at  about  half  the 
blade  length.  c 


Figure  25-1.  Geometric  and  kinematic  characteristics 
of  blade  profile. 

The  blade  thickness  c  is  the  maximal  thickness  of  the  blade 
profile  at  a  given  section.  The  blade  thickness  decreases  from  the 
blade  root  toward  its  tip,  reaching  H  -  7%  of  the  chord  at  the  tip. 
The  blade  thickness  at  the  middle  sections  amounts  to  10  -  16%  and 
at  the  roots  sections  is  25  -  30%. 

The  blade  section  incidence  angl~  <{>  is  the  angle  formed  ty  the 
section  chord  with  the  propeller  plane  of  rotation  (Figure  25.2). 

As  the  propeller  rotates,  air  flows  around  each  blade  section 
and,  just  as  in  the  case  of  the  airplane  wing,  a  lift  force  is 
developed.  The  blade  operating  cond: fcions  are  more  complex  than 
those  of  the  wing,  since  both  translational  and  rotational  motions 
are  performed  simultaneously.  The  section  angle  of  attack  a  is 
the  angle  between  the  profile  chord  and  the  resultant  velocity  V/ 
(see  Figure  25.1),  in  the  first  approximation  equal  to  the  vector 
sum  of  the  axial  velocity  (flight  velocity  Vm)  and  the  linear 
rotational  velocity  U.  The  linear  rotational  velocity  increases 
with  Increase  of  the  distance  from  the  axis  of  rotation;  therefore 
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the  flow  conditions  around  the  blade  section  vary  along  the  blade. 

The  angle  of  attack  Increases  with  increase  of  the  linear  rotational 
velocity  (see  Figure  25.1).  Therefore,  for  constant  angular 
velocity  the  section  angle  of  attack  will  be  larger,  the  farther 
the  section  is  located  from  the  axis  of  rotation. 

Since  the  blade  section  angle  of  attack  depends  on  the  distance 
from  the  axis  of  rotation,  to  obtain  the  same  operating  conditions 
of  all  sections  the  blade  must  be  made  with  lengthwise  twist,  so 
that  the  blade  section  angles  of  attack  will  be  approximately  the 
same  at  any  distance  from  the  axis  of  rotation. 

The  blade  twist  is  the  variation  of  the  section  incidence  angle 
along  the  blade  length.  Usually  this  variation  is  measured  relative 
to  the  incidence  angle  of  a  reference  section  located  at  the  distance 
0.75  R  from  the  axis  of  rotation.  Therefore  the  blade  twist  is 
characterized  by  the  difference  <j>  -  <J>_  where  4>  is  the  incidence 

U  •  I  S 

angle  of  the  section  in  question,  located  at  the  distance  r  from  the 
axis  of  rotation. 

Under  operational  conditions  the  reference  section  is  frequently 
located  at  some  distance  other  than  0.75  R,  which  however  is  quite 
definite  for  each  propeller  type.  The  reference  section  is  denoted 
by  a  brightly  painted  line. 

For  constant  linear  velocity  of  rotation,  the  angle  of  attack 
will  obviously  depend  on  the  axial  velocity.  With  increase  of  the 
axial  velocity  the  angle  of  attack  decreases  and  may  become  negative 
(Figure  25.2).  A  negative  angle  of  attack  can  also  be  obtained 
as  a  result  of  decrease  of  the  blade  incidence  angle  4>. 

In  order  to  ensure  optimal  operating  conditions  in  all  flight 
regimes,  modern  propellers  are  equipped  with  a  system  for  rotating 
the  blades.  Such  propellers  are  termed  variable  pitch  propellers 
(VPP),  in  contrast  with  the  fixed  pitch  propellers  (FPP)  which  were 
used  in  the  early  stages  of  aviation  development. 


?7? 
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Figure  25-2.  Effect  of 
flight  speed  on  blade 
section  angle  of  attack. 


we  use  the  quantities 


The  nonrotating  propeller,  just 
like  any  body  in  an  airstream,  has 
drag,  which  will  be  minimal  if  the 
blades  are  set  so  their  ehords  are 
approximately  parallel  to  the  flight 
velocity.  This  blade  position  is 
termed  feathered. 

As  a  rule,  in  aerodynamic  calcu¬ 
lations  the  geometric  characteristics 
are  used  in  relative  rather  than 
absolute  form,  i.e.,  in  calculations 


Tnese  quantities  are  often  specified  in  percent.  For  each 
propeller  blade  the  characteristics  are  represented  graphically  as 
a  function  of  the  relative  radius  (Figure  25-3). 


The  kinematic  characteristics  of  the  propeller  make  it  possible 
to  describe  the  nature  of  the  air  flow  around  the  blade  and  its 
individual  sections. 


The  propeller  pitch  H  is  the  distance  measured  in  the  axial 
direction  which  the  blade  element  travels  in  a  single  revolution  if 
it  advances  in  the  surrounding  medium  considered  as  a  solid  body. 


The  propeller  advance  H&  is  the  distance  which  the  propeller 
actually  travels  in  the  air  in  a  single  revolution.  As  a  result  of 
the  compliance  of  the  air,  the  propeller  will  travel  in  a  single 
revolution  a  distance  which  is,  as  a  rule,  not  equal  to  the  propeller 
pitch.  With  the  propeller  operating  under  static  conditions,  the 
propeller  advance  is  equal  to  zero. 
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The  advance  ratio  A  is  the  ratio  of  the  propeller  advance  to 
its  diameter 
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Since  in  a  single  revolution  the 
propeller  travels  the  distance 
H  =  V /n,  where  n_  is  the  number 
of  revolutions  per  second,  then 

(25.1) 


X= 


v. 


0,2  Q3  US  US  <7  Ofi  US  t 


Figure  25-3-  Variation  of  geo¬ 
metric  characteristics  along 
blade  length. 


Doc 

The  absolute  velocity  W  is 
equal  to  the  geometric  sum  of 
the  axial  velocity  V  and  the 
linear  rotational  velocity  U.  The 
linear  rotational  velocity  for 
the  blade  section  located  at  the 
distance  r  can  be  found  from  the 
formula 


U—2nrnt, 

or,  introducing  the  dimensionless  radius,  we  have 

U —nDntr. 

Then  the  absolute  velocity  for  this  section 


W=-/vl-\-Ut=Dnt  / Xj-j-nV*. 


The  inflow  angle  3in  is  the  angle  between  the  absolute  velocity 
and  the  blade  rotation  plane  (see  Figure  25-1)-  We  see  from  the 
figure  that 

V. 

‘IT* 


tg?,= 
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Using  (25-1)  and  expressing  the  circumferential  velocity  in 
terms  of  the  distance  to  the  axis  of  rotation  and  ng,  we  obtain 


(25.2) 


For  the  section  located  at  the  distance  0.75  R 


3„=arctg 


x 

0.7 cx  ' 


The  section  angle  of  attack  o  =  <f>  =  is  also  a  kinematic 
characteristic.  We  see  from  the  formulas  obtained  above  that  the 
kinematic  characteristics  are  functions  of  the  advance  ratio. 


§25.2.  Ideal  Propeller  Theory. 

Propeller  Operation  in  Shroud 

Ideal  propeller  theory  is  approximate,  is  based  on  the  general 
theorems  of  mechanics,  and  is  not  related  with  blade  geometry; 
therefore  it  cannot  be  used  for  design.  However,  this  theory  makes 
it  possible  to  estimate  power  and  thrust  and  also  permits  clarifi¬ 
cation  of  the  effect  of  forward  speed  on  propeller  thrust  and 
efficiency. 

The  air  Is  assumed  to  be  an  inviscid  medium,  i.e.,  there  are 
no  friction  losses.  The  airstream  contracts  along  its  entire  length, 
but  the  contraction  is  most  intense  in  the  region  just  ahead  of  the 
propeller  disk  and  immediately  behind  the  disk.  In  practice  we 
can  consider  that  the  contraction  region  is  bounded  by  the  distance 
+  D  from  the  propeller  plane  of  rotation. 

We  denote  the  velocity  of  the  undisturbed  flow  ahead  of  the 
propeller  by  V  ,  the  axial  component  in  the  propeller  plane  of 
rotation  by  V1  =  +  v^,  the  axial  component  far  behind  the  propeller 

by  V2  =  Vro  +  v2  (Figure  25.4).  The  induced  velocities  v1  and  v2  are 
the  deviations  from  the  undisturbed  flow  velocity  caused  by  propeller 
operation. 
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The  magnitude  of  the  thrust 
can  be  calculated  by  applying 
the  momentum  theorem  in  the 
projection  on  the  propeller 
axis  of  rotation 


P=m(Vt-V  „)=***  (25*3) 

where  m  is  the  air  mass  flow 
per  second  through  the  surface 
swept  by  the  propeller. 

Figure  25-4.  Illustrating  ideal 
propeller  analysis. 

The  propeller  entrains  the 

air,  forcing  it  to  rotate.  The  rotational  velocity  of  the  air  far 
ahead  of  the  propeller  is  zero.  We  assume,  and  this  is  not  far 
from  true,  that  within  the  airstream  passing  through  the  propeller 
the  air  rotates  in  each  individual  cross  section  following  the  solid 
body  law,  with  the  angular  velocities  being  different  at  different 
cross  sections.  We  denote  the  angular  velocity  in  the  plane  of 
the  propeller  by  and  that  far  behind  the  propeller  by 


The  power,  i.e.,  the  energy  imparted  per  second  by  the  propeller 
to  the  surrounding  medium,  can  be  calculated  as  the  change  of  the 
kinetic  energy  of  the  air  flowing  inside  the  body  of  revolution 


Af= 


mVi 


•4 


mVi 


m 


4 


(25.4) 


where  J2  is  the  moment  of  Inertia  of  the  airstream  which  has  passed 
through  the  propeller  at  a  large  distance  from  the  plane  of  rotation. 


It  follows  from  (25.4)  that  the  power  imparted  by  the  propeller 
to  the  flow  is  expended  on  increasing  the  kinetic  energy  in  the 
translational  motion  parallel  to  the  propeller  axis  and  on  creating 
the  kinetic  energy  of  rotation,  i.e.,  we  can  represent  the  propeller 
power  as  the  sum  of  the  "axial"  power  Nov  and  the  "circumferential" 
power  Ncir. 
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Then 

•a  — 

1  2*  (25-6) 

The  "circumferential"  power,  expended  by  the  propeller  on 
rotation  of  the  air,  is  equal  to  the  product  of  the  angular  velocity 
in  the  propeller  plane  of  rotation  by  the  torque  Mfc,  which  rotates 
the  propeller,  i.e., 

Thus,  the  total  power  imparted  to  the  air  by  the  propeller  can  be 
expressed  in  the  form  of  the  sum 
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The  power  delivered  by  the  engine  to  the  propeller  is  defined 
by  the  product  of  the  torque  M^.  and  the  propeller  angular  velocity 
of  rotation  ft 


N=M£. 


(25-7) 


This  means  that 


MKQ=PVl+M&. 

Hence 


PVt=MK(Q~m 

i 


(25.8) 


We  find  the  propeller  efficiency  by  dividing  the  useful  power 
PV^  by  the  power  expended,  defined  by  (25*7) 

_PV~  PV-  PV.X  V-  PV\ 

V,t  '  PVx  MJi  V,  Af«0  * 


Substituting  herein  the  value  of  PV-^  from  (25*8)  we  obtain 


1. 


v~  0  — »i 
>j  a 


(25.9) 


We  call  the  first  factor  in  the  right  side  of  (25-9)  the  axial 
efficiency  and  the  second  factor  the  circumferential  efficiency. 
On  the  basis  of  the  meaning  of  the  quantities  appearing  (25.9),  we 
can  draw  some  conclusions. 


First,  the  smaller  the  air  rotational  velocity  in  comparison 
with  the  propeller  rotational  velocity  ft,  the  higher  is  the  propeller 
circumferential  efficiency.  We  could  prevent  entrainment  of  the  air 
into  rotational  motion  by  the  installation  of  so-called  guide  vanes. 
However  this  is  not  advantageous  for  the  airplane,  since  along  with 
increase  of  the  circumferential  efficiency  there  would  be  reduction 
of  the  propeller  t'-.-ust  owing  to  ’he  friction  forces  on  the  surface 


FTD-HC-23- 720-71 


278 


of  the  guide  vanes.  A  real  increase  of  the  circumferential  effi¬ 
ciency  is  achieved  in  installations  with  coaxial  propellers,  rotating 
in  opposite  directions.  In  this  case  the  rotation  of  the  air  behind 
the  first  propeller  is  utilized  usefully  by  the  second  propeller. 

Second,  the  propeller  efficiency  can  be  increased  by  reducing 
the  velocity  V1  in  the  propeller  plane  of  rotation.  However,  we 
must  remember  that  reduction  of  the  velocity  always  leads  to 
reduction  of  propeller  thrust.  This  follows  from  (25-3)  and  (25.6). 
Reduction  of  the  axial  efficiency  is  a  sort  of  payment  for  the 
creation  of  thrust.  The  higher  the  velocity  V2,  the  larger  is  the 
thrust.  However  the  propeller  efficiency  will  be  lower,  since  the 
propeller  creates  thrust  by  forcing  air  aft  with  a  velocity  exceeding 
the  inflow  velocity.  The  axial  efficiency  may  be  increased,  by 
increasing  propeller  diameter  wit'-,  simultaneous  reduction  of  the 
induced  velocity.  However  the  propeller  diameter  can  be  increased 
only  up  to  certain  limits  for  structural  reasons.  Moreover,  Increase 
of  the  propeller  diameter  is  limited  by  increase  of  the  profile 
losses. 

Thus,  (25-9)  can  be  rewritten  in  the  form 

l».=T»oX«;,  (25.9') 


where 


(25.10) 


Since  nax  <  1  and  ncir  <  1, 

*loc<l  H  n0l(p<l,  TO 

9,  90c9okP  1  • 

To  clarify  the  influence  of  flight  velocity  Vw  on  propeller 
axial  efficiency  ri  and  thrust  P,  we  shall  analyze  the  effect  of 
flight  velocity  on  the  magnitude  of  the  induced  velocity  v2- 
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Substituting  the  thrust  from  (25.3)  into  (25-5* ),  we  obtain 


Now  we  express  the  mass  flow  per  second  in  terms  of  the  density 
p,  area  F  swept  by  the  propeller,  and  velocity  in  the  propeller 
plane 

m=uFV  „ 


then 

N^FvtV\. 


Hence 


Considering  that  according  to  (25-6) 

we  obtain 


(25.11) 


We  see  from  this  relation  that  for  constant  power  Nu„  the  induced 

d/ 

velocity  v2  varies  monotonically  with  change  of  and  approaches 
zero  with  unrestricted  increase  of  the  flight  velocity  Vw.  Now, 
using  (25.10),  we  can  draw  a  conclusion  on  the  influence  of  flight 
velocity  on  the  axial  efficiency. 

For  *  0  we  obtain  nax  =  0,  since  in  this  case  no  useful 
work  is  performed;  as  Vo  +  »  0  and  nax  -»■  1,  i.e.,  the  propeller 

axial  efficiency  increases  with  increase  of  the  flight  velocity, 
approaching  unity. 
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(25.11!) 


Vx=-^~-=\ Ld +y  n1®). 

Substituting  this  value  of  into  (25.10),  We  obtain  the  expression 
for  propeller  axial  efficiency  in  terms  of  disk  loading  factor 

n  •  — 2  (25.15) 

**  V,  1  +  l-'l  +*  * 

Formulas  (25.13)  -  (25.15)  show  that  the  velocities  and  Vg  increase 
and  the  axial  efficiency  decreases  with  increase  of  the  disk  loading 
factor,  i.e.,  the  nonproductive  energy  expenditures  Increase  with 
increase  of  the  thrust. 

Curves  showing  the  dependence  of  the  axial  efficiency  (n__)» 

aX 

ideal  propeller  efficiency  (n  =  ti  >  and  real  propeller 

p  3.x  cir  »  « 

efficiency  (nreal)  on  flight  speed  are  shown  in  Figure  25. 5 (we 
see  from  this  figure  that  at  high  flight  speeds  the  primary  role 
is  played  by  the  profile  drag,  which  defines  the  limit  of  ideal 
propeller  theory  applicability). 

Let  us  analyze  the  operation  of  a  propeller  in  a  shroud  (Figure 
25.6).  We  assume  that  the  stream  does  not  contract  behind  the 
shroud  and  the  stream  velocity  does  not  increase.  Usually  straighten¬ 
ing  vanes  are  installed  in  the  shroud  behind  the  propeller  to 
eliminate  rotation  of  the  air  in  the  slipstream.  As  in  the  preceding 
problem,  we  assume  the  air  to  be  inviscid  and  neglect  friction  losses. 

We  find  the  propeller  thrust  from  the  momentum  change  law 

P^tn{Vx~VJ),  (25.16) 


where  m  is  the  air  mass  flowrate. 

The  power  3f  found  as  the  difference  of  the  airstream  kinetic 
energies  ahead  of  and  at  some  distance  behind  the  propeller  (sections 

*  #  » 

Footnote  (1)  appear.;  on  page  299 
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Figure  25*5.  Variation  of  axial  efficiency 
and  efficiency  of  ideal  and  real  propellers 
with  flight  speed. 


Figure  25*6.  Illustrating  analysis  of  shrouded 
ideal  propeller  operation. 


I  and  II  in  Figure  25.6) 


(25.17) 


Now  we  can  calculate  the  axial  efficiency  righ  of  the  shrouded 
propeller 


Substituting  the  thrust  from  (25.16)  and  power  from  (25.17), 
we  obtain 
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.  (25.18) 


m(Yi-V-)V-  g. 


In  order  to  compare  the  axial  efficiency  n__ 

aX 

propeller  and  that  nsh  of  the  shrouded  propeller, 
by  n  ,  using  (25-18)  and  (25.10) 

*  '  UA 


of  the  free 
we  divide  ngh 


iw 

iWe  Vi  +  Vm 


(25.19) 


Since  V,  >  V  ,  it  follows  from  (25.19)  that  n  .  >  n„ . 
l  °°  sn  ax 


Consequently,  the  efficiency  of  the  shrouded  propeller  is 
higher  than  that  of  the  free  propeller.  However,  this  difference  is 
significant  only  for  low  freestream  velocities  V^.  The  larger  V^, 
the  smaller  this  difference  will  be.  Therefore,  operation  of  the 
propeller  in  a  shroud  is  used  only  when  Vm  is  small,  specifically 
on  hydrogliders,  aerosleds,  and  recently  on  certain  vertical  takeoff 
vehicles. 


§25.3.  Isolated  Blade  Element  Theory 

In  isolated  blade  element  theory  the  propeller  blade  is 
considered  as  a  wing  and  the  following  assumptions  are  made: 

1.  The  blade  element  operates  alone  (neighboring  elements  have 
no  effect  on  its  operation).  This  assumption  makes  it  possible  to 
examine  the  blade  element  as  a  wing  element  of  infinite  span,  i.e., 
we  can  neglect  Induced  drag. 

2.  The  action  of  the  flow  on  the  blade  element  traveling 
along  a  helical  line  is  the  same  as  that  on  an  element  traveling 
translationally  with  the  same  absolute  velocity. 

We  use  two  concentric  surfaces  with  center  at  the  axis  of 
rotation  to  cut  out  a  blade  element  of  length  dr  at  the  distance  r 
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from  the  axis  of  rotation  (Figure  25.7).  The  absolute  velocity 
of  the  air  relative  to  the  blade  is  defined  by  the  relation  obtained 
above. 

W=Dnc 

Then  we  have  the  following  expression  for  the  elementary  blade 
element  lift  force 

dr*=c,  ^~bdr =■ tZ-Q&nl  P?+^. 


Figure  25.7.  Forces  acting  on  we  obtain 
blade  element. 

Q&nUP+n'rifbdr. 

The  elementary  lift  force  dY  is  perpendicular  to  the  absolute 
velocity  W. 

We  have  similarly  for  the  elementary  drag  of  the  blade  element 

dX bdr. 

It  is  obvious  that  the  sum  of  the  projections  of  dY  and  dX  on 
the  axis  of  rotation  equals  the  thrust  dP  created  by  the  blade  element 

dP = dY  cos  Pn — dX  sin  p0, 
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or,  substituting  the  values  of  dY  and  dX,  we  obtain 


dP—~  QD*n\  (1*  -f  x*r*)  (r,  cos  ft,  ~  sin  ?,)  b  dr. 


(25.20) 


The  sum  of  the  projections  of  dY  and  dX  on  the  plane  of 

rotation,  multiplied  by  the  linear  velocity  of  rotation,  is  equal 

to  the  elementary  power  dN.  Since  m  =  2wn  ,  we  have 

s 

dN—(dY  sin  ft,  -f  dAf  cos  ft,)  2n«er, 


or  substituting  the  values  of  dY  and  dX  and  considering  that  r  *  rD/2, 
we  obtain 


dN—~  pD5/iJ(X,-f  nV*)(c,  sin  ft,  -f  cx  cos  ?,)  brdT. 


(25.21) 


Integrating  (25.20)  and  (25.21)  in  the  limits  from  rQ  to  1, 
where  ?q  is  the  dimensionless  radius  of  the  propeller  hub,  we 
obtain  the  expressions  for  finding  propeller  thrust  P  and  power  N 

t 

/>=  i  cMi*  J  (X*+ n*7J)  (c,  cos  p.  -  cx  sin  p.)  b dr,  (25.22) 

u 

i 

(l*+nsr*)(c,sinpil+cJtcos?B)*r</r,  (25.23) 

r% 

where  k  Is  the  number  of  propeller  blades. 


Isolated  blade  element  theory  does  not  permit  determining 
sufficiently  exactly  the  values  of  P  and  N,  since  this  theory  does 
not  consider  the  influence  of  tip  effects,  which  are  similar  to  the 
tip  effects  on  the  airplane  wing.  However,  this  theory  makes  it 
possible  to  obtain  the  basic  similarity  laws  which  can  be  used  for 
testing  propellers  and  in  selecting  propellers  for  an  airplane. 

Propeller  thrust  and  power  with  account  for  tip  effects  are 
determined  with  the-  aid  of  propeller  vortex  theory,  developed  by 
Zhukovskiy.  In  accordance  with  this  theory  the  propeller  blades  are 
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replaced  by  a  system  of  bound  and  free  rotating  vortices.  This 
technique  makes  it  possible  to  construct  more  precisely  the  velocity 
field  and  therby  define  more  correctly  all  the  kinematic  character¬ 
istics  and  operating  regime  of  the  propeller. 

S25 - ^ -  Propeller  Aerodynamic  Similarity  Conditions 
and  Aerodynamic  Characteristics 

Various  theories  make  it  possible  to  determine  with  some  degree 
of  precision  the  basic  propeller  characteristics  —  thrust,  power, 
and  efficiency.  However,  the  final  conclusion  on  the  magnitude  of 
the  propeller  parameters  is  made  on  the  basis  of  experiment,  since 
all  the  factors  influencing  propeller  operation  under  actual  conditions 
cannot  be  taken  into  account  in  the  theoretical  calculations. 

Experimental  studies  are  conducted  in  wind  tunnels  on  models 
whose  geometric  dimensions  are  usually  smaller  than  those  of  the 
full-scale  propellers.  Therefore  the  need  arises  to  find  the 
conditions  under  which  geometrically  similar  propellers  can  be 
considered  aerodynamically  similar.  We  need  aerodynamic  similarity 
criteria  in  order  to  be  able  to  convert  from  model  to  full-scale 
parameters  in  a  valid  fashion. 

The  similarity  criteria  can  be  obtained  from  analysis  of  the 
theoretical  relations  obtained,  for  example,  with  the  aid  of 
isolated  blade  element  theory.  The  formulas  (25-22),  (25-23)  for 
determining  thrust  and  power,  obtained  with  the  aid  of  this  theory, 
contain  the  quantities  r  and  b,  which  are  the  same  for  geometrically 
similar  propellers.  The  inflow  angle  6in’  which  appears  in  the 
trigonometric  functions,  depends  on  the  propeller  advance  ratio  X 
and  is  defined  by  (25-2) 

p„=arctg-^. 

«r 

For  the  same  bj.ade  incidence  angles  <J>,  the  aerodynamic  coefficients 

c  and  c  ,  other  conditions  being  the  same,  will  depend  on  the  angle 
y  x 
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of  attack  a,  which  if  we  neglect  tip  effects  is  equal  to  the 
difference  of  the  incidence  and  Inflow  angles,  i.e. ,  o  *  +  =  0^n- 
This  means  that  the  angle  of  attack,  and  therefore  the  lift  and 
drag  coefficients  as  well,  of  the  blade  element  depend  on  the 
advance  ratio  X. 


Thus,  the  integrals  in  (25-22)  and  (25-23),  being  dimensionless, 
are  in  the  final  analysis  functions  of  the  advance  ratio  and  these 
expressions  can  be  written  as 


P=/i(X)e/»*0*; 

N^fMonlO*. 

Denoting  f-^X)  =  a  and  f2(X)  «  0,  we  obtain 


/>=aen*D<; 

N=$on\&. 


(25-24) 

(25-25) 


The  coefficients  a  and  0  are  called  respectively  the  thrust 
and  power  coefficients. 

We  can  obtain  the  following  expression  for  the  propeller 
efficiency  by  using  (25-1) 


PVm  oq  n\D*).nfi 


or 


(25-26) 


Since  the  thrust  coefficient  a  and  the  power  coefficient  0 
depend  on  the  advance  ratio  X,  the  propeller  efficiency  is  also  a 
function  of  the  advance  ratio. 


Consequently,  the  condition  for  aerodynamic  similarity  of 
geometrically  similar  propellers  is  equality  of  the  advance  ratios 
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X  of  theo^  propellers.  Here  we  must  recall  that  the  aerodynamic 

coefficients  c  and  c  *  also  depend  on  the  friction  forces  and 

*  *  _  y  ^ 

elasticity  of  the  air.  Therefore  equality  of  the  Reynolds  and  Mach 
numbers  for  the  actual  and  scale  propellers  is  also  a  necessary 
condition  for  complete  aerc dynamic  similarity. 

If  the  Reynolds  number  is  not  large,  the  friction  forces  will 
not  depend  on  the  air  viscosity  and  will  be  proportional  to  the 
squares  of  the  relative  velocities  (regime  of  self-similar  flow 
around  the  blades  with  respect  to  Reynolds  number) .  In  this  case 
equality  of  the  Reynolds  numbers  for  the  two  similar  blades  is  not 
required. 

Theory  and  experiment  show  that  with  increase  of  the  flight 
speed  at  constant  rpm,  and  this  means  with  increase  of  the  advance 
■ratio  X,  propeller  thrust  decreases. 


The  variation  of  the  power  transmitted  by  the  propeller  from 
the  engine  to  the  air  is  approximately  the  same  as  that  of  the 
thrust.  The  graphical  dependence  of  the  thrust  a  and  power  b 
coefficients  on  the  advance  ratio  X  for  fixed  blade  incidence  angle 
is  called  the  propeller  operating  characteristic  (Figure  25*8). 


Figure  25.8.  Propeller  operating 
characteristics  with  = 
constant. 

is  zero,  i.e.,  in  both  eases  the 
vjork . 


In  Figure  25-8  we  can  identify 
three  zones,  corresponding  to 
qualitatively  different  propeller 
operating  regimes.  In  the  region 
of  X  values  corresponding  to  the 
segment  OA  on  the  abscissa  axis, 
the  thrust  is  positive.  At  the 
ends  of  this  segment  the  efficiency 
is  zero,  since  at  the  coordinate 
origin  the  translational  velocity 
is  zero  and  at  point  A  the  thrust 
propeller  does  not  perform  useful 
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The  segment  AB  of  the  abscissa  axis  corresponds  to  the  regimes 
in  which  the  thrust  is  negative  but  power  is  positive.  These  are 
called  the  negative  thrust  regimes. 

The  regimes  corresponding  to  negative  thrust  and  power  are 
located  to  the  right  of  point  B.  Here  the  propeller  is  rotated  by 
the  airstream  ana  does  not  require  energy  from  the  engine.  These 
are  termed  autorotation  regimes.  * 

The  propeller  characteristics  depend  on  the  blade  incidence 
angle.  Therefore  in  laboratory  propeller  testing  a  series  of 
operating  characteristics  is  recorded  at  different  incidence  angles. 


For  convenience  in  use  for  design  purposes,  the  curves  of  power 
coefficient  and  efficiency  versus  advance  ratio  X  for  different  inci¬ 
dence  angles  <j>  (the  curves  for  the  thrust  coefficient  $  are  not  pre¬ 
sented  since  they  are  rarely  used  in  design)  are  presented  on  a  single 
plot,  called  the  propeller  aerodynamic  characteristic  (Figure  25.9). 

In  calculating  airplane 
takeoff  distances,  we  must  know 
how  the  propeller  thrust  varies 
as  a  function  of  velocity 
during  the  ground  run,  and 
therefore  special  curves  are 
plotted  of  the  thrust  coeffi¬ 
cient  for  different  propeller 
operating  conditions  a  *  f(«fr,X) 
for  small  values  of  the  advance 
ratio  (Figure  25.10). 


Figure  25. 9«  Propeller 
aerodynamic  characteristics. 
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The  influence  of  the  propeller  on.  the  airplane  shows  up  in 
the  fact  that  the  portion  of  the  wing  behind  the  propeller  is  located 
in  a  region  of  velocities  which  are  greater  than  the  flight  velocity; 
therefore  the  drag  and  lift  on  this  portion  of  the  wing  increase. 
Particularly  marked  is  the  lift  increase  at  low  flight  speeds.  In 
this  case  the  velocity  behind  the  propeller  exceeds  considerably 
the  airplane  flight  speed. 

Denoting  the  wing  area  in  the  propeller  slipstream  by  Sglip  and 
that  outside  the  slipstream  by  SQut  and  the  corresponding  lift 
forces  by  Yr11  and  YQut  we  obtain 

^  S*  ”{*  o6** 

We  denote  the  lift  coefficient  with  account  for  the  propeller 
influence  by  cy  .  Then  expressing  the  forces  in  terms  of  the 
coefficients,  we  obtain  the  expression 


or,  considering  that  SQu+.  =  S 
we  have 

Ct o6a~C^.  A 


-  Sglip,  where  S  is  the  wing  area, 

,,  $tii  -V*  ^ 

~  S  +  S  V*J* 


According  to  (25-13) 

Vt=vm  yr+B.  • 


Then 


Afy  of  I  ~ 


_  ^Cyofl  ^  ' 

«»  eg  s 


(25.27) 


In  (25.27)  no  account  is  taken  for  the  angle  of  attack  reduction 
at  the  wing  sections  behind  the  propeller.  Therefore  the  experi¬ 
mentally  determined  lift  force  increment  is  less  than  that  given  by 
(25.27).  Figure  25.11  shows  curves  of  Acy  ollp  versus  the  disk 
loading  factor  B  for  different  Sglip  =  sanp/s»  plotted  on  the 
basis  of  experimental  data. 


The  wing  drag  increase  behind  the  propeller  is  usually  taken 
into  account  by  reducing  the  propeller  thrust  by  the  magnitude  of 
the  drag  increase,  i.e.,  in  place  of  the  propeller  thrust  developed 
in  the  presence  of  the  body  behind  the  propeller  we  introduce  into 
the  aerodynamic  calculation  the  effective  thrust 


Figure  25.11.  Effect  of  propeller 
slipstream  over  wing  on  lift 
force. 


P,*=P-aQ, 


where  AQ  is  the  body  drag  increase 
owing  to  the  propeller  slipstream. 


The  corresponding  effective 
efficiency  is 


ff 
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The  influence  of  the  engine  nacelle  on  propeller  operation 
shows  up  in  partial  retardation  of  the  airstream  ahead  of  the  nacelle. 
The  larger  the  nacelle  transverse  dimension,  the  lower  the  velocity 
will  be  in  the  propeller  rotation  plane.  The  result  of  this  is 
reduction  of  the  velocity  at  a  large  distance  from  the  plane  of 
rotation,  and  along  with  this  the  propeller  thrust  and  efficiency 
decrease. 

The  influence  of  the  engine  nacelle  is  usually  accounted  for 
by  a  correction  factor,  used  to  multiply  the  propeller  efficiency. 

The  aerodynamic  characteristics  are  usually  plotted  with 
account  for  the  mutual  influence  of  the  propeller  and  the  engine 
nacelle  with  which  the  propeller  tests  were  conducted  in  the  wind 
tunnel.  Therefore  the  propeller  efficiency  found  from  the 
characteristic  curves  already  accounts  for  the  mutual  influence  of 
the  engine  nacelle  and  the  propeller  on  the  model.  Consequently, 
in  determining  the  correction  to  the  propeller  efficiency  we  must 
consider  the  differences  in  the  relative  dimensions  of  the  full- 
scale  engine  nacelle  and  the  model  nacelle. 

The  compressibility  of  the  air  begins  to  have  an  effect  at 
high  flight  speeds.  For  the  propeller  the  maximal  velocity  is 
observed  at  the  blade  tips,  where  the  absolute  air  velocity  relative 
to  the  blade  is 

j/ 1 

and 

We  know  that  the  coefficients  c  and  c  increase  with  increase 

of  the  velocity  (M^)  for  subsonic  flow  conditions.  The  rate  of 

increase  increases  with  approach  of  to  M„_.  When  local  supersonic 

w  cr 
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velocities  and  shock  waves  appear  on  the  blade,  the  drag  increases  j 

markedly  and  the  propeller  efficiency  decreases.  Sonic  velocities  ! 

at  the  propeller  blade  tips  are  reached  at  quite  moderate  flight.  i 

speeds;  For  example,  for  the  AV-681  propeller  on  the  11-18  airplane 
at  =  630  km/hr,  H  *  8000  m,-  n  *  1075  rpm,  and  D  =  4.5  m  we  have: 


flight  speed  175  m/sec; 

linear  rotational  speed  at  the  blade  tips  (absolute)  254  m/sec; 
resultant  velocity  of  blade  tips  310  m/sec; 
biade  tip  Mach  number  1.01. 

We  note  that  shook  stall  is  possible  hot  only  at  the  blade 
tip  but  also  in  the  root  region  (Figure  25.12) *  in  spite  of  the 
fact  that  the  resultant  velocity  in  this  region  is  lower  than  that 
at  the  tip  because  of  closeness  to  the  axis  of  rotation.  This  is 
explained  by  the  fact  that  the  relative  blade  thickness  is  very 
large  (reaching  30$  or  more)  in  the  root  region,  and  in  this  region 
the  shock  stall  occurs  at  comparatively  low  Mach  numbers. 

The  marked  reduction  of  the 
efficiency  because  of  the  onset  of 
shock  stall  is  one  of  the  basic 
reasons  for  not  using  propellers 
on  high  speed  airplanes. 

The  propeller  is  selected  for 
each  type  of  airplane  in  the 
design  process.  The  propeller 
diameter  is  selected  on  the  basis 
of  the  most  characteristic  operating 
regime.  The  design  condition  may 
be  the  flight  condition  at  maximal 
speed,  maximal  range,  takeoff,  and  so  on.  For  transport  airplanes 
the  design  regime  is  most  frequently  that  of  maximal  range. 


Figure  25.12.  Regions  of 
shock  stall  on  blade. 
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In  selecting  the  propeller  type  and  diameter,  we  must  know  the 
engine  power  and  rpm  at  the  design  flight  conditions,  i.e.,  at  the 
design  altitude  and  flight  speed.  In  the  design  process  we  select 
the  propeller  type  and  diameter  to  ensure  a  propeller  efficiency 
close  to  the  maximal  value  in  flight  at  the  design  conditions.  The 
propeller  efficiency  may  be  lower  in  other  flight  conditions. 


The  prop,  diameter  is  determined  approximately  as  follows, 
Excluding  the  diameter  D  from  (25-1)  and  (25*25),  we  have 


P  «Vf 


In  this  relation  all  the  quantities  other  than  the  power  coefficient 
and  the  advance  ratio  X  must  be  given.  On  the  propeller  aerodynamic 
characteristics  (see  Figure  25*9)  the  relationship  between  X  and  3 
is  represented  in  the  form  of  a  fifth  degree  parabola.  On  this 
parabola  we  find  the  point  corresponding  to  the  maximal  efficiency, 
and  after  finding  for  this  point  the  value  of  X  we  find  the 
propeller  diameter  from-  (25*1) 


If  the  parabola  lies  far  from  the  maximal  efficiency  values, 
the  propeller  rpm  must  be  changed  or  propellers  of  a  different 
series  must  be  investigated. 


This  method  yields  the  prop  diameter  in  the  first  approximation. 
More  exact  methods  which  make  it  possible  to  account  for  the 
influence  of  compressibility,  mutual  Influence  of  the  prop  and  air¬ 
plane,  and  so  on  are  presented  In  the  specialized  literature. 


§25.6.  Propeller  Operation  in  the  Negative 
Thrust  and  Autorotation  Regimes 


The  negative  thrust  regime  may  be  observed  with  the  airplane 
in  a  dive,  when  as  a  result  of  the  airplane  speed  increase  along 
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its  trajectory  the  blades  are  subjected  to  flow  at  a  negative  angle 
of  attack  (Figure  25*13).  The  negative  thrust  regime  is  also 
created  during  rollout  of  the  airplane  after  landing.  During  the 
approach.  When  the  landing  speed  is  reached  the  power  levers  are 
retarded  to  the  flight  idle  position  "and  the  blade  incidence  angle 
decreases  to  values  on  the  order  of  0.20-0.30  rad.  If  the. power 
lever  is  moved  to  ground  idle  immediately  after  touchdown,  the 
incidence  angle  decreases  to  zero  and  a  large  negative  thrust  is 
created. 

In  case  of  failure  of  an  engine  and  of  the  feathering  system 
in  flight,  the  prop  control  system  drives  the  prop  to  small 
incidence  angles.  Large  negative  thrust  is  created,  exceeding  by 
two  or  three  times  the  positive  thrust  with  normal  engine  operation. 
In  this  case  the  prop  continues  to  turn  under  the  action  of  the 
approaching  airstream. 

The  Reasons  for  autorotation  can  be  clarified  by  analyzing  the 
nature  of  the  forces  acting  on  the  prop  blade  when  it  Is  at  compara¬ 
tively  small  Incidence  angle  and  has  high  axial  velocity  (Figure 
25.14).  The  blade  angle  of  attack  is  negative.  The  resultant 
aerodynamic  force  R,  equal  to  the  vector  sum  of  the  lift  Y  and  the 
drag  X,  when  projected  on  the  plane  of  rotation  yields  the  component 
F  directed  in  the  direction  of  rotation  of  the  prop.  The  force  F, 
multiplied  by  its  arm  relative  to  the  prop  hub  axis,  yields  a  moment 
which  accelerates  the  prop  in  the  previous  direction. 

Consequently,  the  aerodynamic  forces  not  only  do  not  retard 
the  prop,  they  begin  to  accelerate  it  and  prop  aurorotation  begins. 
In  the  autorotation  regime  the  prop  takes  energy  from  the  kinetic 
energy  of  the  airplane,  i.e.,  it  has  a  retarding  action.  The  power 
required  to  rotate  the  prop  with  the  engines  off  is  very  large,  3ince 
the  engine  compressor  and  turbine  are  rotated  along  with  the  prop. 

The  rpra  and  retarding  action  will  be  maximal  at  incidence 
angles  0.17  -  0.26  rad  (10-15°).  At  larger  and  smaller  incidence 
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Figure  25.13.  Prop  blade 
operation  in  negative  thrust 
regime. 


Figure  25- 14.  Prop  blade 
operation  in  autorotation 
regime . 


angles  the  drag  fo.ce  and  rpm  decrease  and  the  prop  will  stop. 

Feathering  systems  are  used  to  reduce  prop  drag  in  case  of 
engine  failure  on  airplanes.  The  feathering  systems  drive  the 
props  to  the  feathered  position,  in  which  the  prop  drag  becomes 
minimal  and  the  prop  does  not  turn.  The  automatic  system  is 
activated  when  the  engine  power  drops  off  in  case  of  engine  failure. 


Review  Questions 


1.  Explain  the  necessity  for  using  prop  blade  geometric  twist. 

2.  Why  is  the  prop  efficiency  always  less  than  one  even  in  an 
inviscid  medium?  How  can  the  prop  efficiency  be  increased  under 
these  conditions? 

3.  Under  what  conditions  can  negative  thrust  be  obtained  if 
the  direction  and  speed  of  rotation  remain  unchanged  and  the  blade 
incidence  angle  is  not  negative? 
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4.  How  Will  the  blade  Incidence  angle  and  angle  of  attack 
change  during  airplane  takeoff  acceleration  for  constant  prop 
rotational  speed? 


Problem 


1;  On  the  prop  aerodynamic  characteristics  (see  Figure  25*9) 
indicate  all  the  variable  pitch  prop  (N  *  const,  n  *  const)  and  fired 
pitch  prop  (<j>  =  const)  regimes  if  the  props  operate  in  the  regimes 
6  =  0.315;  X  *  ^.05»  respectively.  For  which  of  these  props  will 
the  range  of  ad/ance  ratio  values  be  larger  for  efficiencies 
exceeding  0;8? 


Answer 


The  horizontal  line  8  *  0.315  corresponds  to  the  variable 
pitch  prop  regimes  in  Figure  25. 9 • 

The  line  for  $  *  0.76  rad  corresponds  to  the  fixed  pitch 
prop  operating  regimes. 
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FOOTNOTES 


As  can  be  seen  in  Figure  25.5*  at  high  flight 
velocities  the  profile  drag  plays  a  decisive 
role,  which  predetermines  the  limits  of 
applicability  of  the  ideal  propeller  theory. 


CHAPTER  XXVI 


Aerodynamics  op  helicopter  main  rotor 


§26.1.  Main  Rotor  Operation 

In  contrast  with  the  airplane  propeller,  the  helicopter  rotor 
not  only  performs  the  functions  of  a  propulsor  but  also  equalizes  the 
helicopter  weight  in  flight  (therefore  it  is  termed  the  lifting  rotor). 
At  the  same  time  the  helicopter  rotor  provides  flight  stability  and 
controllability  and  also  provides  for  safe  descent  in  case  of  engine 
failure . 

Depending  on  the  aerodynamic  arrangement  of  the  helicopter,  there 
are  many  different  lifting  rotor  designs  which  make  it  possible  for  it 
to  perform  its  varied  functions. 

In  order  to  provide  maneuverability,  the  main  rotor  thrust  vector 
must  vary  over  a  wide  range,  both  in  absolute  magnitude  and  in  direc¬ 
tion.  This  problem  can  be  solved  In  various  ways.  However,  the  most 
widely  used  rotors  are  those  in  which  the  blade  plane  of  rotation  can 
change  its  attitude  with  respect  to  the  shaft  axis.  This  capability 
is  provided  by  hinged  mounting  of  the  main  rotor  blades  to  the  'hub  and 
the  use  of  a  special  mechanism,  the  so-called  tilt  control,  first 
suggested  in  1910  by  Academician  B.  N.  Yur’yev. 
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Figure  26.1.  Main  rotor  blade 
mounting:  1  -  horizontal 
hinge;  2  -  vertical  hinge; 

B  -  axial  hinge;  4  -  hub;  5  - 
shaft;  6  -  blade. 


Figure  26.1  shows  a  schematic 
of  the  hinged  mounting  of  a  main 
rotor  blade  on  the  hub.  The  hori¬ 
zontal  hinge  1  provides  for  vari¬ 
ation  of  the  blade  inclination  with 
respect  to  the  plane  of  rotation. 
Moreover,  the  horizontal  hinge  results 
in  zero  bending  moment  at  the  blade 
root  relative  to  this  hinge.  During 
rotation  the  blade  is  subject  to  the 
action  of  the  aerodynamic  force  Y  and 


the  centrifugal  force  Fcent  (Figure 
26.2)  and  automatically  takes  an  equilibrium  position  in  which  the 
resultant  force  vector  F  passes  through  the  hinge  axis. 


Figure  26.2.  Blade  equilibrium  position. 


The  vertical  hinge  2  relieves  the  root  part  of  the  blade  of  the 
moment  created  by  the  drag  and  centrifugal  forces. 

As  a  result  of  the  presence  of  the  horizontal  and  vertical  hinges, 
the  rotor  blades  perform  continuous  oscillatory  motions  in  flight  under 
the  action  of  the  moments,  which  vary  in  magnitude.  The  main  rotor 
design  includes  stops  which  limit  blade  rotation,  for  example,  the 
stops  which  limit  blade  droop  when  the  rotor  is  stopped. 

The  axial  hinge  3  makes  it  possible  to  change  the  blad"  incidence 
angle  in  flight  in  order  to  vary  the  thrust  force. 

The  tilt  control  controls  the  blade  incidence  angles  on  the 
operating  rotor  as  a  function  of  their  position,  which  is  characterised 
by  the  azimuth  angle  \f>  (Figure  26.3).'  if  the  blade  incidence  angles 
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•Figure  26.3.  Blade  azimuthal  Figure  26.4.  Forces  acting  on 

positions.  helicopter  in  flight. 

are  increased  for  values  of  ♦  close  to  0  and  reduced  for  values  of  f 
close  to  ir,  then  as  a  result  of  lift  force  variation  the  blade  plane 
of  rotation  is  tilted  forward,  the  rotor  thrust  force  T  creates  the 
horizontal  component  P,  and  the  helicopter  begins  to  move  forward 
(Figure  26.4).  If  we  reduce  the  blade  incidence  angles  for  values  of 
♦  close  to  3*/2  and  increase  them  for  +  close  to  */2,  then  the  heli¬ 
copter  begins  to  move  to  the  right. 

A  schematic  of  the  tilt  control  is  shown  in  Figure  26.5.  Tilting 
of  the  outer  bearing  ring  1  with  the  aid  of  the  control  stick  2  causes 
tilt  of  the  inner  ring  3,  which  rotates  together  with  the  blades  and 
is  connected  with  them  by  the  rods  4.  Displacement  of  the  rods  4 
leads  to  corresponding  cyclic  variation  of  the  blade  incidence  angle. 

The  collective  pitch  lever  5  can  be  used  to  change  the  Incidence 
angle  by  the  same  amount  simultaneously  for  all  the  blades  (regardless 
of  their  azimuthal  position) ,  which  is  achieved  by  varying  the  magnitude 
of  the  thrust  force  without  altering  its  direction. 

To  obtain  more  uniform  main  rotor  operation,  the  number  of  blades 
is  usually  more  than  two.  The  blades  have  rectangular  or  trapezoidal 
planform  with  small  taper  ratio.  As  a  rule  the  blades  are  twisted  to 
reduce  the  incidence  angle  toward  the  blade  tip. 
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Figure  26.5.  Tilt  control:  1  -  outer  bearing 
ring;  2  -  control  stick;  3  -  inner  bearing 
ring;  4  -  rods;  5  -  collective  pitch  lever. 

§26. 2.  Effect  of  Oblique  Flow  on  Rotor  Aerodynamics 


The  helicopter  main  rotor  blade  plane  of  rotation  forms  some 
angle  with  the  flight  direction  during  flight.  This  angle  is  called 
the  rotor  angle  of  attack.  In  conventional  flight  the  angle  of  attack 
is  negative  (Figure  26.6).  For  angles  of  attack  a  =  +  v/2,  corres¬ 
ponding  to  helicopter  vertical  climb  and  descent,  the  helicopter  rotor 
encounters  the  air  in  the  axial  direction.  For  o  which  differs  from 
+  u/2  the  rotor  operates  in  the  so-called  oblique  flow  regime.  We 
note  that  the  airplane  propeller  may  also  operate  in  this  regime;  how¬ 
ever,  the  angle  of  attack  of  the  airplane  propeller  in  this  case  is 
very  close  to  -it/2. 


Oblique  flow  leads  to  change  of  the  rotor  blade  operating 
conditions  with  variation  of  the  azimuth  angle  i|>.  Let  us  resolve  the 
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Figure  26.6.  Main  rotor  angle 
of  attack.  Axial  and  trans¬ 
verse  flow  through  rotor. 


flight  velocity  Vm  into  the  social 
component  Va  sin  a  and  the  component 
Vw.  cos  o  in  the  plane  of  rotation 
(see  Figure  26.6). 

Oblique  flow  through  the  rotor 
can  be  represented  as  the  sum  of  the 
axial,  (with  velocity  Vm  sin  o)  and 
transverse  (with  velocity  cos  o) 
flows.  The  tangential  velocity  Ut 
at  some  blade  element  (Figure  26.7) 
owing  to  the  transverse  flow  is 
equal  to 


Ut—ur-\-V„cosa  sic 


(26.1) 


K-cwa 


Figure  26.7*  Tangential  velocities  on  main 
rotor  blades. 


The  velocity  depends  on  the  azimuthal  position  of  the  element. 
Figure  26.7  shows  the  variation  of  Ut  along  the  blade  for  ^  «  ir/2  and 
*  »  3w/2.  We  see  from  the  figure  that  on  the  segment  00.^  the  blade 
elements  encounter  the  air  with  their  trailing  edge.  Consequently, 
a  reverse  flow  zone  is  obtained  in  the  case  of  oblique  flow  over  the 
rotor.  It  can  be  shown  that  this  zone  is  a  circle  (shaded  in  the 
figure).  In  the  reverse  flow  zone  the  lift  force  on  the  blade  elements 
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has  a  direction  opposite  the  direction  of  the  lift  on  the  elements 
located  outside  this  zone,  i.e.*  negative  thrust  is  developed  in  this 
zone.  The  higher  the  velocity  cos  o,  the  larger  is  the  reverse 
flow .zone  and  the  more  markedly  the  rotor  effectiveness  decreases. 

The  formation  of  the  reverse  flow  zone  is  one  of  the  factors-  limiting 
helicopter  flight  speed. 

The  blade  element  absolute  velocity 

•  W—y  V^sin2a-{-(i®r-f  V'.cosasin^J1. 


The  inflow  angle  at  the  blade  element  is  defined  by  the  expression 

Vm  *i!t  a 


ur+  Vm  cosas!n£ 


Hence  we  se^  that  the  resultant  absolute  velocity  and  inflow 
angle  for  a  given  blade  element  depend  on  the  azimuth  angle  The 
resultant  velocity  reaches  its  maximal  value  at  ip  *  tt/2  and_  minimal 
value  at  i|>  =  3ir/2,  The  inflow  angle  is  minimal  at  <(;  =  tt/2,  and  reaches 
a  maximum  at  <|»  *  3*/2. 

The  reduction  of  the  inflow  angle,  as  the  azimuth  angle  <|i  varies 
from  0  to  n/2, causes  increase  of  the  blade  element  angles  of  attack. 
Since  in  this  case  there  is  an  increase  of  the  absolute  velocity, 
the  lift  force  also  increases  with  variation  of  i|i  from  0  to  n/2. 

The  lift  Increment,  in  turn,  leads  to  upward  rotation  of  the  blade 
about  the  horizontal  hinge  (the  so-called  flapping  motion) .  The  blade 
flaps  upward  in  that  period  when  it  moves  against  the  transverse  flow. 
Downward  blade  flapping  motion  is  obtained  when  the  blade  travels  in 
the  direction  of  the  transverse  flow. 

As  a  result  of  the  flapping  motion,  an  additional  axial  velocity 
component  appears  on  the  blade  elements;  therefore  the  blade  angle 
of  attack  «r  decreases  for  values  of  ^  close  to  it/2.,  while  it  increases 
for  values  of  <j>  close  to  3^/2  (Figure  26.8).  At  high  flight  speeds 
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Figure  26.8.  Azimuthal  variation 
of  blade  section  angle  of  attack 
because  of  blade  flapping  motion. 

appearance  of  flow  separation  at  high 
helicopter  flight  speed. 


the  angle  of  attack  increase  at 
♦  *  3*/2  can  become  significant 
and  flow  separation  takes  place. 
The  flow  separates  from  the 
blades  at  that  moment,  when  they 
occupy  azimuthal  positions 
close  to  ^  *  3»/2  (zone  A  in 
Figure  26.7). 

Because  of  flow  separation, 
and  also  because  of  the  presence 

of  the  region  of  reversed  flow 

! 

over  the  blade,  the  rotor  plane 
of  rotation  "tilts"  in  the 
direction  of  i|«  =  3*/^.  The 
speeds  is  also  a  factor  limiting 


§26.3.  Rotor  Dynamic  Similarity  Conditions 
in  Forward  Flight 


The  problems  of  main  rotor  modeling  are  of  great  importance. 
Oblique  flow  through  the  rotor,  the  very  complex  blade  motion  in  which 
flapping  motion  about  the  horizontal  hinge  is  also  imposed  on  the 
rotational  motion,  the  lead-lag  motion  about  the  vertical  hinge,  the 
cyclic  variation  of  the  incidence  angle  as  commanded  by  the  tilt 
control  —  all  this  complicates  not  only  the  theoretical  analysis  of 
the  main  rotor  but  also  its  experimental  study.  If  we  take  into 
account  the  deformational  motions  of  the  blade  as  it  bends  and  twists 
(the  deformations  must  be  considered  because  of  the  large  rotor  diam¬ 
eters  and  the  comparatively  low  stiffness  of  the  rotor  blades),  and 
,  also^tjje  necessity  for  ensuring  similarity  of  the  blade  inertial 
characteristics.,  since  their  motion  takes  place  with  acceleration, 
the  entire  complexity  of  the  problem  of  modeling  the  helicopter  main 
rotor  becomes  clear. 
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Let  us  examine  very  briefly  the  dynamic  similarity  conditions 
for  lifting  rotors.  As  always,  geometric  similarity  of  the  rotors 
must  be  satisfied  first  of  all  in  order  to  obtain  dynamic  similarity. 
In  comparison  with  conventional  propellers,  here  we  must  satisfy 
several  additional  requirements  with  respect  to  similar  positioning 
of  the  blade  hinge  axes,  and  also  similarity  of  the  tilt  control  sys¬ 
tem  elements. 

The  kinematic  conditions  for  dynamic  similarity  of  rotors  in 
forward  flight  can  be  obtained  by  examining  separately  rotor  operation 
with  purely  axial  flow  and  with  purely  transverse  flow. 

In  the  axial  direction  the  rotor  operates  with  the  velocity 
V  sin  a.  We  have  for  the  advance  ratio 


Vm  sin  a 


(26.2) 


On  the  basis  of  the  arguments  of  §25- we  conclude  that  for 
aerodynamic  similarity  of  the  rotor  it  is  necessary  to  observe  equality 
of  the  rotor  advance  ratios. 


In  the  case  of  purely  transverse  flow  over  dynamically  similar 
rotors,  it  is  obvious  that  the  velocity  patterns  must  be  geometrically 
similar.  Specifically,  the  blade  reverse  flow  zones  must  be  commen¬ 
surate  with  the  disks,  which  leads  to  the  following  relation  (see 
Figure  26.7) 


0]0  V«cosa  _  2 

— T-= - - — =|A=COnst. 

R  *>R 


(26.3) 


The  quantity  u  is  termed  the  main  rotor  operating  regime  characteristic. 
It  shows  what  part  of  the  blade  operates  under  reversed  flow  condi¬ 
tions  (if  u  =  0.2,  this  means  that  2055  of  the  blade  operates  with 
reversed  flow) .  Large  values  of  y  lead  to  rotor  efficiency  loss  and 
vibrations.  In  addition  to  equality  of  the  advance  ratios,  equality 
of  the  u  characteristics  must  be  satisfied  for  dynamic  similarity  of 
rotors  operating  in  forward  flight. 
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The  main  rotor  operating  regime  characteristic  v  and  the  advance 
:ratio  X  are  connected  by  the  relation 


p  .  K-  co»a _ Vm  »i«  «  c<w  clgm 

xnD  mD  xsiaa  * 


(26.4) 


U  i 

We  see  from  (26.4)  that  in  place  of  equality  of  y  we  can  take 
equality  of  the  angles  of  attack  a  as  the  additional  condition  for 
dynamic  similarity. 


Thus,  while  for  rotors  in  axial  flow  the  condition  for  dynamic 
similarity  inv.olyes  equality  of  the  advance  ratios,  in  the  case  of 
forward  flight  equality  of  X  and  y  or  of  X  and  o  must  be  ensured  for 
idynamic  similarity  of  the  rotors. 


For  the  main  rotor  in  forward  flight  the  blade  incidence  angle 
(pitch)  usually  varies  as  a  function  of  blade  azimuthal  position. 

This  pitch  variation  is  specified  'jy  the  tilt  control  deflection  angle. 
Along  with  geometric  similarity  of  the  blade  retention  and  the  tilt 
control  elements,  to  ensure  identical  blade  pitch  variation  we  must 
obviously  ensure  equality  of  the  tilt  contrpl  deflection  angles. 

The  requirement  for  identity  of  blade  cyclic  pitch  change  complicates 
markedly  the  modeling  of  rotors  and  the  use  of  data  from  flow  testing 
of  a  series  of  rotors. 

In  practical  calculations,  we  normally  use  rotor  aerodynamic 
characteristics  obtained  under  forward  flight  conditions  with  fixed 
blade  pitch,  with  the  pitch  not  varying  as  the  blade  moves  in  azimuth. 
Theory  shows  that  the  constant-pitch  rotor  is  dynamically  similar  to 
a  rotor  with  varying  pitch  if  their  angles  of  attack  differ  by  sore 
quantity  defined  by  a  special  calculation  (this  question  is  examined 
in  detail  in  the  specialized  textbooks).  Such  a  rotor  with  constant 
pitch  but  set  at  some  different  angle  of  attack  is  termed  the 
equivalent  rotor.  The  introduction  of  the  equivalent  rotor  concept 
makes  it  possible  to  make  extensive  use  of  the  results  of  flow 
testing  of  a  series  of  lifting  rotors. 
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To  ensure  dynamic  similarity  of  lifting  rotors,  it  is  necessary 
to  observe  equality  of  the  Reynolds  numbers 

Re=— . 
v 

For  the  lifting  rotors.  Just  as  for  conventional  propellers,  there  is 
a  self-similar  regime  with  respect  to  Reynolds  numbers.  If  both  rotors 
operate  in  the  self-similar  region,  there  is  no.  need  to  observe  equality 
of  the  Reynolds  numbers . 

For  high  Mach  numbers  it  is  necessary  to  ensure  equality  of  the 

Mach  numbers  M=~. 

..  a 

Since  lifting  rotors  have  very  long  and  flexible  blades  (bending 
is  measured  in  tens  of  centimeters  and  twisting  reaches  0.05-0.1  rad), 
for  their  similarity  it  is  necessary  to  satisfy  the  deformation 
similarity  condition.  This  condition  is  satisfied  with  equality  of 
the  Cauchy  numbers 


where  E  is  the  modulus  of  elasticity  of  the  blade  material. 

§26.4.  ,  Lifting  Rotor  Aerodynamic  Characteristics 

Let  us  analyze  the  aerodynamic  characteristics  of  the  main  rotor. 
Assume  a  main  rotor  operates  at  the  angle  of  attack  a  (Figure  26.9). 
The  resultant  aerodynamic  force  R  acting  on  the  rotor  can  be  resolved 
into  components  in  the  wing  or  body  coordinate  systems. 

In  the  body  coordinate  system  we  obtain  the  component  T  perpen¬ 
dicular  to  the  plane  of  rotation  —  the  rotor  thrust,  and  the  compon¬ 
ent  H  in  the  rotor  plane  of  rotation  —  the  rotor  longitudinal  force. 

In  the  wind  coordinate  system  Y  is  the  rotor  lift  and  X  is  the 
rotor  propulsive  force.  For  simplicity  we  shall  not  consider  the 
lateral  components  of  the  force  R,  which  are  associated  with  tilting 
of  the  rotor  plane  of  rotation  in  the  direction  of  the  azimuth  values 

FTD-HC-23-720-71  309 


M 


f  =  3*/2  (see  S26.2).  These  com¬ 
ponents  are  considered  in  the  solu¬ 
tion  of  helicopter  flight  stability 
and  controllability  problems. 

In  accordance  with  the  aero¬ 
dynamic  similarity  laws,  we  can  write 
the  expressions  for  the  components 

I 

of  the  force  R 

H—c„  n/?; 

Y=ct±Q(*Rf*Vi 
*  • 

Here  c™,  c„,  c  ,  and  c  —  the  coefficients  of  the  corresponding 
i  n  y  x 

forces  —  are  dimensionless  quantities  which  depend  on  the  rotor  dy¬ 
namic  similarity  parameters  under  forward  flight  conditions. 

Using  the  equivalent  rotor  concept,  in  approximate  calculations 
we  consider  that  the  aerodynamic  coefficients  are  determined  by  the 
value  of  the  advance  ratio  angle  of  attack  a,  Reynolds  and  Mach 
numbers,  in  addition  to  the  basic  geometric  parameters  (number  of 
blades,  solidity  o,  relative  profile  thicknr.^  T,  blade  incidence 
angle  $). 

The  expression  for  the  torque  on  the  rotor-  shaft  is 

where  cmfc  is  the  torque  coefficient. 

The  set  of  coefficients  cT,  c^,  and  c  t  in  the  body  frame  or 
Cy,  cx  and  cmfc  in  the  wind  frame  defines  the  aerodynamic  efficiency 
of  the  lifting  rotor  and  are  called  its  aerodynamic  characteristics. 


Figure  26.9.  Projections  of 
main  rotor  resultant  aero¬ 
dynamic  force  on  directions 
of  wind  and  body  axes. 
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The  aerodynamic  coefficients  in  the  two  coordinate 
connected  with  one  another  by  the  relations  (see  Figure 


systems  are 
26.9) 


eT =cg  cos  a -J-  Cx  sin 
cm— cxcoso— c,stna.  . 


In  calculations  of  helicopter  flight  characteristics,  we  frequently 
use  dimensionless  coefficients,  obtained  by  dividing  the  above  coef¬ 
ficients  by  the  solidity  a 


ZJL— 


H 


— c 


{  _  cw  Y 

**—  a  ~  1  * 

.  (-/?)» 

i  * 

I  * 

# 

Onx  M* 

~}ZiRH*>Rp 


The  solidity  a  is  the  ratio  of  the  total  area  of  the  blade 
projections  on  the  plane  of  rotation  to  the  area  of  the  circle 
described  by  the  blade  tips. 


REVIEW  QUESTIONS 


1.  Explain  the  purpose  of  the  three-hinge  helicopter  main 
rotor  blade  mounting. 

2.  What  helicopter  operating  conditions  are  accounted  for  by  the 
rotor  operating  regime  characteristic  u? 

3.  What  helicopter  rotor  similarity  criteria  are  used  in  modeling? 
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PROBLEMS 


1.  Find  the  boundary  shape  and  location  of  the  zone  of  reversed 
flow  over  helicopter  blades. 

Solution.  At  the  boundary  of  the  reversed  flow  zone  the 
magnitude  of  the  velocity  .component  U^,  defined  by  (26.1),  equals 
zero .  Then 


«*r -f  Vm  cos  a  slnf— 0. 

(a) 

Converting  to  Cartesian  coordinates  (see  Figure  26.7),  we  obtain 

After  substitution  into  (a)  and  algebraic  transformations,  we  have 

,  (  ,V«co*e\*  /V»cosa\« 

*+(» +’-*“)  -(—£-)•  (b) 

Equation  (b)  describes  the  boundary  of  the  reversed  flow  zone, 
which  is  a  circle  with  diameter  Fcow  and  center  at  the  point  with 
the  coordinates  (0;  — ).  “ 

2.  Find  the  angle  of  attack  of  a  helicopter  main  rotor  if  the 
advance  ratio  A  =  0.5  and  rotor  operating  regime  characteristic  v  *  0.2 
are  known. 

Answer: 


a=arctg— s»0,92  rad. 
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Russian 

Typed 

Meaning 

C 

s 

second 

OC 

ax 

axial 

OHP 

cir 

circumferential 

K 

t 

turning. 

B 

P 

prop  . 

AeflCM.B 

real 

real 

K 

sh 

shrouded 

m 

slip 

slipstream 

He06A 

out 

outside 

HO/iH 

res 

resultant 

U6 

cent 

centrifugal 

B3M 

fl 

flapping 

J] 

b 

blade 
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